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Abstract. This paper introduces the concept of fq-derivations in BF -algebras and investigates their
fundamental properties. Various types of fq-derivations, including inside, outside, and (`, r) and (r, `)

derivations, are defined and analyzed within the framework of associativeBF -algebras. A characterization
of associativity is established through the identity c ∗ (a ∗ b) = (b ∗ c) ∗ a, which provides an equivalent
condition to the standard associative law. Several results concerning the behavior of fq-derivations at the
zero element are obtained, including explicit expressions for dfq (0) under different derivation types. It is
shown that, under associativity and the condition 0∗a = a, themapping dfq satisfies both inside and outside
properties, and hence becomes an fq-derivation. Special cases, such as df0 , are also examined. Furthermore,
additional results are established for BF -algebras that also satisfy the axioms of a B-algebra, particularly
in relation to regular fq-derivations. These findings extend derivation theory to BF -algebras and provide
a foundation for further studies on generalized derivations in non-classical algebraic structures.
2026 Mathematics Subject Classification. 06F35.
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1. Introduction

The study of non-classical algebraic structures such as BCI- and BCK-algebras has significantly con-
tributed to the development of abstract algebra, particularly in understanding logical and algebraic
systems. These structures were later generalized into B-algebras, introduced by Neggers and Kim [10],
which provide a broader framework for analyzing binary operations and their properties. Extending
this line of generalization, BF-algebras were introduced by Walendziak [12], characterized by the
identity 0 ∗ (a ∗ b) = b ∗ a, offering a richer structure for algebraic investigation.
Derivations have long been recognized as important tools in algebra for studying the structural behavior
of algebraic systems. In non-classical systems such as BCK-, BCI-, and B-algebras, derivations have been
extensively explored, leading to various generalizations including f -derivations. A further extension is
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the fq-derivation, which incorporates both an endomorphism and a fixed element into the mapping.
Recent studies have developed the concept of fq-derivations in several algebraic systems. In B-algebras,
fq-derivations were studied by Muangkarn et al. (2021) [11]. This concept was later extended to
BN-algebras by Gemawati et al. (2023) [7], and further investigated in BP-algebras by Gemawati et al.
(2021) [8]. These works revealed important structural properties such as regularity, symmetry, and the
behavior of derivations under different algebraic conditions.
However, despite these developments, the concept of fq-derivations has not been fully explored within
the framework of BF-algebras. This gap motivates the present study, which aims to introduce and
investigate fq-derivations in BF-algebras. In particular, this work establishes new results concerning
associativity conditions, structural identities, and the behavior of derivations, especially at the zero
element. Furthermore, it examines the conditions under which fq-derivations satisfy inside, outside,
and full derivation properties in associative BF-algebras.

2. Preliminaries

In this section, we recall some fundamental definitions and results related to B-algebras, BF-algebras,
and endomorphisms, which are essential for the development of the present study. These concepts
provide the necessary algebraic framework for investigating the properties of fq-derivations in BF-
algebras.

Definition 1. [10] A B-algebra is a non-empty set X with a constant 0 and a binary operation ∗
satisfying the following axioms:
(B1) a ∗ a = 0,

(B2) a ∗ 0 = a,

(B3) (a ∗ b) ∗ c = a ∗ (c ∗ (0 ∗ b))

for all a, b, c ∈ X .

Example 1. [10] Let X := {0, 1, 2} be a set with the following operation table:

∗ 0 1 2

0 0 2 1

1 1 0 2

2 2 1 0

Then (X, ∗, 0) is a B-algebra.

Definition 2. [12] A BF-algebra is a non-empty set C with a binary operation ∗ and a constant 0 such
that for all a, b ∈ C:
(B1) a ∗ a = 0,
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(B2) a ∗ 0 = a,
(BF) 0 ∗ (a ∗ b) = b ∗ a.

Example 2. [12] Let A = [0,+∞) = {x ∈ R : x ≥ 0} and define a binary operation ∗ on A by

x ∗ y = |x− y| for all x, y ∈ A.

Then (A, ∗, 0) is a BF-algebra.

Example 3. Let C = {0, a, b, c} be a nonempty set with binary operation ∗ defined in the following
Cayley table:

∗ 0 a b c

0 0 a b c

a a 0 c b

b b c 0 a

c c b a 0

Then C is a BF -algebra.

Note 1. Let C be a BF-algebra. If C satisfies B3, that is

(x ∗ y) ∗ z = x ∗ (z ∗ (0 ∗ y))

for all x, y, z ∈ C, then C is also a B-algebra.

Definition 3. [6] Let C be a BF-algebra. A mapping f : C → C is called an endomorphism of C if for
all a, b ∈ C,

f(a ∗ b) = f(a) ∗ f(b).

Example 4. Consider the BF -algebra defined in the Example 3. Let f : C → C be defined by

f(0) = 0, f(a) = a, f(b) = 0, f(c) = a.

Hence, the map f is an endomorphism of the given BF -algebra.

Associativity is a fundamental property in algebraic structures such as groups, rings, and semigroups,
given by (a ∗ b) ∗ c = a ∗ (b ∗ c). It ensures that the grouping of elements does not affect the result. In
BF-algebras, the operation ∗ is not necessarily associative, especially in the study of (r, l)-fq and (l, r)-fq
derivations. To address this, BF-algebras satisfying the associative law, called associative BF-algebras,
are considered.
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Proposition 1. Let C be a BF-algebra. Then C is associative if and only if

c ∗ (a ∗ b) = (b ∗ c) ∗ a

for all a, b, c ∈ C.
Proof:

Suppose C is associative. Then
(a ∗ b) ∗ c = a ∗ (b ∗ c).

Applying the BF-axiom 0 ∗ x = x, we obtain

0 ∗ ((a ∗ b) ∗ c) = 0 ∗ (a ∗ (b ∗ c)).

Hence
c ∗ (a ∗ b) = (b ∗ c) ∗ a.

Conversely, suppose
c ∗ (a ∗ b) = (b ∗ c) ∗ a

for all a, b, c ∈ C. Applying 0∗ to both sides gives

0 ∗ (c ∗ (a ∗ b)) = 0 ∗ ((b ∗ c) ∗ a).

Thus
(a ∗ b) ∗ c = a ∗ (b ∗ c).

Therefore, C is associative.

Example 5. Consider the BF -algebra C in Example 3. It follows that, C is an associative BF -algebra.

Lemma 1. Let (C) be an associative BF -algebra. Then 0 ∗ x = x for all x ∈ C.
Proof:

By axiom (B1), 0 ∗ 0 = 0. Using Proposition 2, we have

(0 ∗ x) ∗ 0 = x ∗ (0 ∗ 0) = x.

On the other hand, by axiom (B2),
(0 ∗ x) ∗ 0 = 0 ∗ x.

Hence 0 ∗ x = x.

Proposition 2. Let (C, ∗, 0) be an associative BF -algebra. Then, for all a, b ∈ C,

a ∗ b = b ∗ a.



Asia Pac. J. Math. 2026 13:98 5 of 12

Proof:

Let a, b ∈ C. By the BF-axiom,
0 ∗ (a ∗ b) = b ∗ a.

Since 0 ∗ a = a for all a ∈ C, we have
0 ∗ (a ∗ b) = a ∗ b.

Thus,
a ∗ b = b ∗ a.

3. Main Results

This section presents the main results on fq-derivations inBF -algebras. Various types of fq-derivations,
including inside, outside, and (`, r) and (r, `) derivations, are introduced and analyzed. Their funda-
mental properties in associative BF -algebras are established, together with results for BF -algebras
that also satisfy the axioms of a B-algebra.

3.1. fq-Derivations of BF -Algebras. The relevant definitions are provided below to serve as a foun-
dation for the study of their properties.

Definition 4. Let C be a BF-algebra, let f be an endomorphism of C, and let q ∈ C. The self-map
dfq : C → C is defined by

∀a ∈ C, dfq (a) = f(a) ∗ q.

Definition 5. Let C be a BF-algebra and let f be an endomorphism of C. A self-map dfq : C → C is
called:

(1) an outside fq-derivation of C if

∀a, b ∈ C, dfq (a ∗ b) = f(a) ∗ dfq (b);

(2) an inside fq-derivation of C if

∀a, b ∈ C, dfq (a ∗ b) = dfq (a) ∗ f(b);

(3) an fq-derivation of C if it is both an outside and inside fq-derivation.

Example 6. Let C = {0, a, b, c} be a BF -algebra in Example 3 and consider the endomorphism f

defined in Example 4. Then the self-map dfq is both an inside and outside fq-derivation of C. Hence, dfq
is an fq-derivation of C.

Definition 6. Let C be a BF-algebra and let f be an endomorphism of C. A self-map dfq : C → C is
called:
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(1) a left-right (`, r) fq-derivation (l, r) of C if

∀a, b ∈ C, dfq (a ∗ b) = (dfq (a) ∗ f(b)) ∧ (f(a) ∗ dfq (b));

(2) a right-left (r, `) fq-derivation of C if

∀a, b ∈ C, dfq (a ∗ b) = (f(a) ∗ dfq (b)) ∧ (dfq (a) ∗ f(b)).

Example 7. Let C = {0, a, b, c} be a BF -algebra in Example 3 and consider the endomorphism f

defined in Example 4. Then the self-map dfq is both an (`, r) and (r, `) fq derivation of C.

Definition 7. The fq-derivation dfq is called regular if

dfq (0) = 0.

3.2. Properties of fq-Derivations of Associative BF -Algebra. By incorporating the associativity
condition, several identities and structural behaviors of fq-derivations are established and simplified.
These results provide deeper insight into the interaction between the algebraic operation and the
endomorphic mapping, leading to useful characterizations and applications in the study ofBF -algebra
structures.

Theorem 1. Let C be an associative BF -algebra, and let dfq be an (r, `)- or (`, r)-fq-derivation on C.
Then for any a ∈ C,

dfq (0) =


dfq (a) ∗ f(a), if dfq is an (r, `)-fq-derivation,

f(a) ∗ dfq (a), if dfq is an (`, r)-fq-derivation.

Proof:

Let C be an associative BF -algebra.
Case 1. If dfq be an (r, l)fq derivation of C, then for any a ∈ C,

dfq (0) = dfq (a ∗ a)

= (f(a) ∗ dfq (a)) ∧ (dfq (a) ∗ f(a))

= (dfq (a) ∗ f(a)) ∗
[
(dfq (a) ∗ f(a)) ∗ (f(a) ∗ dfq (a))

]
Using B2 axiom,

(dfq (a) ∗ f(a)) ∗ (f(a) ∗ dfq (a)) = [(dfq (a) ∗ f(a)) ∗ (f(a) ∗ dfq (a))] ∗ 0

Let a = 0, b = dfq (a) ∗ f(a), and c = f(a) ∗ dfq (a). By associativity,

[(dfq (a) ∗ f(a)) ∗ (f(a) ∗ dfq (a))] ∗ 0 = (f(a) ∗ dfq (a)) ∗ [0 ∗ (dfq (a) ∗ f(a))]

= (f(a) ∗ dfq (a)) ∗ (f(a) ∗ dfq (a))
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= 0

So,

(dfq (a) ∗ f(a)) ∗
[
(dfq (a) ∗ f(a)) ∗ (f(a) ∗ dfq (a))

]
= (dfq (a) ∗ f(a)) ∗ 0

= (dfq (a) ∗ f(a)).

Therefore,

dfq (0) = dfq (a) ∗ f(a).

Case 2. The proof is done similarly.

Theorem 2. LetC be an associativeBF -algebra and let f be an endomorphism ofC. Then, the following
holds:

(i) df0 is an f0-derivation; and
(ii) for any q ∈ C, dfq is an fq-derivation of C.

Proof:

Let C be an associative BF -algebra and let f be an endomorphism of C.
For any a, b ∈ C,

dfq (a ∗ b) = f(a ∗ b) ∗ q = (f(a) ∗ f(b)) ∗ q.

If q = 0, then

df0(a ∗ b) = f(a) ∗ f(b).

Using (BF ) and associativity,

f(a) ∗ f(b) = (f(a) ∗ 0) ∗ f(b) = df0(a) ∗ f(b),

so df0 is an inside f0-derivation. By Lemma 1, then

f(a) ∗ f(b) = (f(b) ∗ 0) ∗ f(a) = df0(b) ∗ f(a) = f(a) ∗ df0(b),

so df0 is also an outside f0-derivation.
For arbitrary q, associativity gives

(f(a) ∗ f(b)) ∗ q = f(b) ∗ (f(a) ∗ q) = f(b) ∗ dfq (a),

and

(f(a) ∗ f(b)) ∗ q = f(a) ∗ (f(b) ∗ q) = f(a) ∗ dfq (b).

Thus, dfq is both inside and outside, hence an fq-derivation.
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Example 8. Consider the BF -algebra in Example 3 and the endomorphism map in Example 4. Define
df0(x) = f(x) ∗ 0 for all x ∈ C.
Let x = a and y = b. From the Cayley table,

a ∗ b = c.

Then
df0(a ∗ b) = f(c) ∗ 0 = a ∗ 0 = a.

Also,
df0(a) ∗ f(b) = (a ∗ 0) ∗ 0 = a ∗ 0 = a.

Thus,
df0(a ∗ b) = df0(a) ∗ f(b),

so df0 is an inside f0-derivation.
Now choose x = b and y = a. From the table,

b ∗ a = c.

Then
df0(b ∗ a) = f(c) ∗ 0 = a ∗ 0 = a.

On the other hand,
f(b) ∗ df0(a) = 0 ∗ (f(a) ∗ 0) = 0 ∗ (a ∗ 0) = 0 ∗ a.

Using in the Cayley Table,
f(b) ∗ df0(a) = 0 ∗ a = a.

Hence,
df0(b ∗ a) = f(b) ∗ df0(a).

This shows that the outside property depends essentially when the identity 0 ∗ a = a is satisfied. And
since C is an associative BF -algebra, 0 ∗ a = a, ∀ a ∈ C. Therefore, df0 is always an f0-derivation.
Consequently, under this condition, dfq is an fq-derivation for all q ∈ C.

Theorem 3. Let C be an associative BF -algebra and f be an endomorphism of C. If dfq is an inside
derivation of C, then dfq (0) = q.

Proof:

Let C be an associative BF -algebra and f be an endomorphism of C.Then,

dfq (0) = dfq (a) ∗ f(a)

= (f(a) ∗ q) ∗ f(a)

= q ∗ (f(a) ∗ f(a))
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= q.

Remark 1. The result shows that for inside fq-derivations, the value of dfq (0) is uniquely determined
by the parameter q.

Theorem 4. Let C be an associative BF -algebra, and let dfq be an (`, r)- or (r, `)-fq-derivation on C. If
dfq (a) = 0 and dfq (b) = 0 for some a, b ∈ C, then

dfq (a ∗ b) =


f(a) ∧ f(b), if dfq is an (r, `)-fq-derivation,

f(b) ∧ f(a), if dfq is an (`, r)-fq-derivation.

Proof:

Case 1. Let C be an associative BF-algebra and let dfq be an (r, l)-fq derivation on C. Then, for some
a, b ∈ C, let

dfq (a) = 0 and dfq (b) = 0.

dfq (a ∗ b) = (f(a) ∗ dfq (b)) ∧ (dfq (a) ∗ f(b))

= (f(a) ∗ 0) ∧ (0 ∗ f(b)) = f(a) ∧ (0 ∗ f(b))

By Theorem 1,
(0 ∗ f(b)) ∗ 0 = f(b) ∗ (0 ∗ 0) = f(b).

Hence,
dfq (a ∗ b) = f(a) ∧ f(b).

Case 2. The proof is done similarly.

Corollary 1. Let (C) be an associative BF -algebra, and let dfq be an fq-derivation on C. If dfq (a) =

dfq (b) = 0, then dfq (a ∗ b) is determined entirely by f(a) and f(b). More explicitly,

dfq (a ∗ b) =


f(a) ∧ f(b), in the (r, `)-case,

f(b) ∧ f(a), in the (`, r)-case.

This corollary shows that the value of the derivation at a ∗ b depends only on the images of a and b

under f whenever both are annihilated by dfq .

Example 9. Let C = {0, a, b, c} be a BF -algebra with the operation given in Example 3. Define an
endomorphism f : C → C by

f(0) = 0, f(a) = a, f(b) = a, f(c) = 0,

Let q = a, then
dfq (x) = f(x) ∗ q.
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It follows that,
dfq (a) = a ∗ a = 0, dfq (b) = a ∗ a = 0.

Thus, dfq (a) = 0 and dfq (b) = 0.
i. (r, `)-case:

dfq (a ∗ b) = (f(a) ∗ dfq (b)) ∧ (dfq (a) ∗ f(b)).

Substituting,
= (a ∗ 0) ∧ (0 ∗ a) = a ∗ (0 ∗ 0) = a.

Hence,
dfq (a ∗ b) = f(a) ∧ f(b).

ii. (`, r)-case:
dfq (a ∗ b) = (dfq (a) ∗ f(b)) ∧ (f(a) ∗ dfq (b)).

Substituting,
= (0 ∗ a) ∧ (a ∗ 0) = a ∗ (0 ∗ 0) = a.

Hence,
dfq (a ∗ b) = f(b) ∧ f(a).

3.3. Properties of fq-Derivations of BF -Algebra that Is Also a B-Algebra. It is known that not every
BF-algebra is a B-algebra. As introduced by Walendziak et al. [12], BF-algebras are a generalization
of B-algebras. This motivates the study of those BF-algebras that also satisfy the defining identity of
B-algebras.

Theorem 5. Let C be a BF -algebra which is also a B algebra. If dfq is regular, then the following holds,
(i) if dfq be an (r, `)-fq-derivation of C, then dfq (0) = f(a) ∗ dfq (a).
(ii) if dfq be an (`, r)-fq-derivation of C, then dfq (0) = dfq (a) ∗ f(a).

Proof :

i. Let C be a BF -algebra, and let dfq be an (r, `)-fq-derivation on C. Assume further that C is also a
B-algebra and dfq is regular. Then, dfq (0) = 0 and for any a ∈ C,

dfq (0) = dfq (a ∗ a)

= (f(a) ∗ dfq (a)) ∧ (dfq (a) ∗ f(a))

= (dfq (a) ∗ f(a)) ∗ ((dfq (a) ∗ f(a)) ∗ (f(a) ∗ dfq (a)))

SinceC is also aB algebra, applying a∗(b∗c) = (a∗(0∗c))∗bwith a = (dfq (a)∗f(a)), b = (dfq (a)∗f(a)),
and c = (f(a) ∗ dfq (a)), we obtain

dfq (0) = ((dfq (a) ∗ f(a)) ∗ (0 ∗ (f(a) ∗ dfq (a)))) ∗ (dfq (a) ∗ f(a))
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= ((dfq (a) ∗ f(a)) ∗ (dfq (a) ∗ f(a))) ∗ (dfq (a) ∗ f(a))

= 0 ∗ (dfq (a) ∗ f(a))

= f(a) ∗ dfq (a)

ii. The proof is done similarly.

4. Conclusion

This study introduced the concept of fq-derivations in BF -algebras and investigated their fundamental
properties within this framework. The notions of inside, outside, and (`, r) and (r, `) fq-derivations
were defined, providing a systematic approach to analyzing derivation behavior in BF -algebras.
A significant result of this study is the characterization of associativity in BF -algebras through the
identity

c ∗ (a ∗ b) = (b ∗ c) ∗ a,

which is equivalent to the usual associative law and serves as a useful tool in simplifying computations
involving derivations.
Moreover, several identities involving the zero element were established. In particular, explicit expres-
sions for dfq (0) were obtained under different derivation types, showing that its value depends on both
the endomorphism and the algebraic structure. It was also shown that, under associativity and the
condition 0 ∗ a = a, the mapping dfq satisfies both inside and outside properties, and hence becomes an
fq-derivation.
Special cases, including df0 , were examined and shown to satisfy derivation properties under suitable
conditions. Furthermore, additional results were obtained for BF -algebras that also satisfy the axioms
of a B-algebra, particularly in relation to regular fq-derivations.
Overall, this work extends the theory of derivations to BF -algebras and provides foundational results
that contribute to a deeper understanding of generalized derivations in non-classical algebraic systems.
These results may serve as a basis for further investigations in algebraic structures and their applications.
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