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AssTrRACT. In this paper, we propose an estimation of a class of generalized weighted fractional derivatives
with non-singular kernel of Hattaf in the Caputo sense, applied to certain functions useful in the construc-
tion of Lyapunov-type candidate functions. We derive inequalities associated with the Caputo-Fabrizio
fractional derivative in the Caputo sense, as well as with the Atangana-Baleanu fractional derivative in
the Caputo sense. Moreover, we also establish an extension of the direct Lyapunov method to analyze the
asymptotic stability of fractional differential equations with the generalized weighted fractional derivative
of Hattaf in the sense of Caputo. Furthermore, we apply these results to prove the asymptotic stability
of some examples of systems of differential equations governed by the generalized fractional derivative
of Hattaf. In addition, for each example we carry out numerical simulations to illustrate our theoretical
results.
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1. INTRODUCTION

The concept of fractional-order derivatives was defined in the 19th century by Riemann and Liouville.
The aim was to generalize the notion of derivatives or integrals to non-integer and integer orders. This
generalization led to several approaches to fractional differentiation, including the Riemann-Liouville
(1832’s) [15], Griinwald-Letnikov (1867’s) [21], Hadamard (1892’s) [21] and Caputo fractional deriva-
tives (1967’s) [9]. Applications of these fractional derivatives can be found in various fields such as
ecology [32], hydrology, economics [ 18], automatic [$], control theory, rtheology [4,23] and bioengi-
neering [9,10,17,29].

In recent years, to more accurately model complex phenomena, researchers have introduced non
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local fractional differential operators with non-singular kernels, such as the Caputo-Fabrizio fractional
derivative (2015’s) [11] and Atangana-Baleanu fractional derivative (2016’s) [3]. The concept of singu-
lar and non-singular weighted fractional derivatives was proposed with the aim of better accounting for
memory effect in the dynamics of systems with memory [1]. Notable examples include the weighted
fractional derivative of Caputo and Riemann-Liouville [ 1], the weighted fractional derivative of Caputo-
Fabrizio [2], and the weighted fractional derivative of Atangana-Baleanu. In 2020, Hattaf [25] proposed
anew definition of the generalized weighted fractional derivative in the sense of Riemann-Liouville and
Caputo, with a non-singular kernel based on the Mittag-Leffler function. This fractional-order differen-
tial operator generalizes a broad class of classical non-local fractional derivatives with non-singular
kernels. The theory and applications of these differential operators are discussed in [1,22]. Since the
emergence of fractional-order derivatives, considerable attention has been devoted to the analysis of
differential systems governed by weighted fractional derivatives. In [25,28], the author investigates
the properties of Hattaf’s generalized fractional derivative and establishes stability results using the
direct Lyapunov method for nonlinear fractional differential equations associated with this operator.
However, the extension of the direct Lyapunov method to fractional differential systems remains at an
early stage and calls for further investigation, primarily due to the computational challenges involved
in evaluating fractional derivatives of some Lyapunov candidate functions, particularly with Hattaf’s
fractional derivative. The fractional derivative presented in [25] encompasses a broad class of non-local
fractional differential operators with non-singular kernels, thereby offering a unified framework for
modeling memory dependent phenomena. Since the classical Leibniz rule is not satisfied by these op-
erators, specialized analytical techniques are required to enable the application of the direct Lyapunov
method. Accordingly, several inequalities related to these fractional differential operators have been
developed in both the continuous and discrete settings [13,39,40]. This work has been motivated by
more recent developments in the field [14,16].

The main objective of this work is to first establish inequalities with a class of the generalized frac-
tional derivative of Hattaf in the sense of Caputo and to propose an extension of the direct method of
Lyapunov for the analysis of the asymptotic stability of systems of generalized fractional differential
equations of Hattaf in the sense of Caputo of order 6 € (0; 1) and parameter 5 € (0; 1]. Then in a second
step, to carry out direct applications of these results in the stability analysis of fractional differential
systems.

The remainder of this paper is organized as follows. In section 2, we recall some basic notions useful
for the rest of this work. Then, in section 3, we establish estimates of a class of generalized weighted
fractional derivatives of Hattaf in the Caputo sense, applied to power-type functions as well as to an

integral Lyapunov-type function. These inequalities extend to a large class of non-local differential
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operators with non-singular kernels, such as those of Caputo-Fabrizio and Atangana-Baleanu. In addi-
tion, we propose an extension result of the direct Lyapunov method for the analysis of the asymptotic
stability of generalized nonlinear differential systems. Section 4 is devoted to the application of these
results to some examples, along with numerical simulations. Finally, we end with a conclusion in

section 5.

2. PRELIMINARIES ON THE FRACTIONAL CALCULUS

In this section, we recall some notions that will be used in the next sections.
Throughout this paper, ¢ ([p; o)) denotes the space of continuous functions defined on [p; o),
€" ([p;©)) stands the class of all real valued functions defined on [p; oco) which have contin-
uous n-th order derivative and N* be the set of non-zero natural integers. Furthermore, we
denote by R the set of real numbers; Ry = {ze€R,2>0};, Ry = {ze€R,z>0};, R} :=

{(z1,22,...,20), z €R4i=1,2,...,n}and RY | = {(21,22,...,20), 2 € Rpy,i=1,2,...,n}.

Let us recall the definition of the Mittag-Leffler function.

Definition 2.1. ( [30,32]) Let 0, v € R, . Then, the two-parameter Mittag-Leffler function Ey () is defined

by the series expansion:

oo qn
Eou(q) = =, R

where I'(+) is Gamma function.

As a particular case, when v = 1, we obtain the Mittag-Leffler function in one parameter:

o0 n

— q _.
Ep1(q) = 7;) T+ 0n) Ep(q), q€R.
Remark 2.1. ([12]) If6 € (0;1] and X < 0, then Eg(\t?) —— 0.

t—o0
We recall below the definitions of the Caputo-Fabrizio, Atangana-Baleanu, and Hattaf fractional

derivatives with non-singular kernels, in the sense of Caputo.
Definition 2.2. ([11]) Let 0 € [0;1) and h € € ([p; 00)). The Caputo-Fabrizio fractional derivative of order 0
of h in Caputo sense is the function DY [h] defined on [p; 00) by:

HO) [* 4
1) DY 1)1 15 [ exp |- 0| W

1-0/, 1-90
where 1 is the first derivative of h and H (-) is a positive normalization function such that: H(0) = H(1) = 1.
Definition 2.3. ( [3]) Let 6 € [0;1) and h € €*([p; <)). The Atangana-Baleanu fractional derivative of order

0 of h in Caputo sense is the function *BCDY [h] defined on [p; o0) by:

@) ABCDz (] (t) := fl(&é/ Ey [—&(t - C)G] h'()dG.
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Definition 2.4. ([25]) Let 6 € [0;1), 8,7 € Ry and h € €*(|[p; 00)). The new generalized Hattaf fractional
derivative of order 6 of h in Caputo sense with respect to the weight function w is the function Cpf,;ﬁﬂ [h] defined
o [p; 00) by:

® DY N0 =1y [ B |~ gt - 67| G (O

where w € €1 ([p; 00)), w > 0 on [p; 00).

Remark 2.2. Note that formula (3) constitutes a generalization of a large class of fractional differential operators.

If w is the identity function on R, we have:

(i) If B = v € [0;1], then (3) extends the generalized fractional derivative in Caputo sense [36];
(ii) If B =~ = 0, then (3) extends the fractional derivative of Atangana-Baleanu [3];
(iii) If B =~ =1, then (3) extends the fractional derivative of Caputo-Fabrizio [11].

Definition 2.5. ( [25]) Let 0 € [0;1), € Ry and h € € ([p; 00)). The generalized fractional integral of
order 0 of h with respect to the weight function w associated with Cngﬁ’ﬁ [h] is the function Iﬁjg’ﬁ [h] defined on

[p; 00) by:
e O = 0 G

where w € € ([p;00)), w > 0 on [p; 00).

t B 5_1w
TN ARG

Furthermore, we have:

(4) 79:8.8 [Cpeﬁvﬁ[h]} (t) = h(t) — w(p)h(p)‘

w(?)

Lemma 2.1. ( [25]) The Laplace transform of chgﬁ’B [h] is given by:

H(0) s5Z{w(t)h(t)}(s) — s* 1w (0)h(0)
1-6 sB + %

07 I
2 {w®DeL ) } (5) =
where t > 0, £{-} stands the Laplace transform and s is the variable in the Laplace domain.

Definition 2.6. ( [34]) A continuous function Y : R, — R is said to be of class K function, if:
(1) Y is strictly increasing;
(i) T(0) =0;
(7i1) Y(t) >0,t € Ryy.

3. UseruL INEQUALITIES AND STABILITY ANALYSIS

The following lemma establishes inequalities associated with the generalized fractional derivative
with power-type functions. These types of inequalities are useful in the stability analysis of generalized

fractional differential systems in the sense of Caputo by the direct Lyapunov method.
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Lemma3.1. Let 0 € (0;1), 3 € (0;1],y € Ry, f € € (Ry) and ty € R,
For all t € Ry such that t > ty, we have:
6.8, m m 0.8, *
(i) “Dyy’ [f2m] (1) < 2f™() Dy i [f™ (£), m € N*.
0.3, m M 0,5, .
Dyt [ t)<2 S OCD T [f](t), m e N

)

(i)

(4i7) CDfOBIAY [fQ } t) < g2 f(t )CDfOﬁlv {fmfl] (t), m,n € N* with m > n and n odd.
) o |

CD(H?W

(tv to 1 f%} (t) me we ( )CDfoﬁlﬂy [f](t), m,n € N* with 2m > n and n odd.

Proof.
(¢) Itis enough to prove that:

DY 12 (1) = 2™ (0D [ () < 0
For this, we pose: for all ¢ € R} such that ¢t > ¢
Uy () = “DY5T [ (1) — 20D [ (1),

Using the Definition 2.4, we have

i) = 10 [ B |-ty 07| a0
- ROE [ e mrormou
= f[feg /t s [—&(t - 07] 2mf () f" MO LF™(Q) — F™(B)] dC.
By setting g1(¢) = f™(¢) — f™(t), with ¢} (¢) = mf'(¢) f™1(¢). It follows that:
Q W) =1 [ B[ 07| 20mrac

By integration by parts (5), we obtain

wo = [H0om [

to

0 g S
ot — to)y]

= —fl(eggf(to)Eﬁ [— -

_M/t (t=¢)" " Egp [—9(1:2)7] g1(Q)d¢ < 0.

g 0,8, m - 0
(i) We prove that CDtO'iW [F27] (¢) —2m f27 = M¢ )CDtOﬁl7 [f](t) <o0.
For this, we pose for all t € R such that¢ > ¢y

Uy () = “DY5T [127] (1) — 27 2" (0D 1] ().
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By using the Definition 2.4, we have
_ H(e) ! 0 m g/ 2m—1
wait) = 10 [ B (- 07) O
m H() [ 0
- 2 i [ (- 07) rou

= O [ (550 07) oo - 2 0 o) ac

We pose for all ¢ € [to,t], g2(¢) = f27(¢) — 2mf2" L) f(¢) + (2™ — 1) f2"(¢). As a result,

© walt) = 10 [ B (1250 - 07) h(hac

By integration by parts (6), we obtain

Uy(t) = [WEB (W)];

g (Y

_92(t0)H(0) . (_9(75 - toﬁ)
B

1-6 1-6
VOH () [ 1 ot — )
We still have to prove that for all { € [t;t], g2(¢) > 0. By applying Young's inequality ( [14]),
we find
2m 1 2m—1 2™ =1 om L om
FOFP™ 0 < QI 0] < 2ot 270 + 5 270
Consequently
92(0) = Q) -2" OO + 27 =1) 2 (2)
= Q-2 <2”;; S0+ 5 (O) + @M =) ) =0,
(

Therefore, U5(t) < 0, hence CDtO 27 @) <2mprt t)CDfofB{Y[ f1().

The inequalities (iii) and (iv) can be proved similarly to (¢7).

Remark 3.1. We further observe that:
(1) If m = 1in inequalities (i)-(i7) or m = n in inequalities (iii)-(iv) of Lemma 3.1, we obtain the estimate

with the quadratic Lyapunov function established in [27]: for all t € R, such that t > tg
0,8, 9 B
(7) Dy’ [/ () <2 (6) Dy 1" [£1(2)

where § € (0;1), B € (0;1], v € Ry 1 and f € €1 (R,).
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(2) If n =1, we obtain the following inequalities: for all t € R such that t > t

®) DY [P (1) < g PP [ (0
(9) DR 12 (1) < 2mp™ (0D 1))

wherem € N*, 0 € (0;1), B € (0;1], y € Ry and f € €L(R,).
We immediately deduce the following corollaries.

Corollary 3.1. Let 6 € (0;1), f € €*(Ry) and to € R, Forall t € Ry such that t > to, we have:

(i) ABEDy [£2m] () < 2f™(8)BODY, [ ](t) m € N*.

(id) ABCDq [f2"] (1) < 2mf" (1 )ABC to Lf1(), m € N*.
(iii) ABCD! [f%’”} (t) < 22 f(1)ABCD [f?*l} ), m,n € N* with m > n and n odd.
(iv) ABCD! [ f%’”} (t) < 2m fT_l( HABCD] [£](£), m,n € N* with 2m > n and n odd.

Proof. This is a direct consequence of the Lemma 3.1. Indeed, by setting 5 = v = 6, we obtain the

result. O

Corollary 3.2. Let § € (0;

(i) CFDy [£2m] (t) < 2f™()CF DY, [ (), m € N*.

(i) CFDY [12"] (£) < 2m 2" (1)CF DY, [f] (t), m € N*.

i) CFDY [ ﬂ 1) < 2 f(£)CF D [f%m*l} (t), m,n € N* with m > n and n odd.
)

(i ( T—
(iv) CFDY | £ [ ] (t) < 2nf T (OCED (] (1), m.n € N* with 2m > n and n odd,

1), f € ¢Y(Ry)and ty € Ry. Forall t € R, such that t > tq, we have:

Proof. This is a direct consequence of the Lemma 3.1. Indeed, by taking 5 = v = 1, we obtain the result.
O

Remark 3.2. Corollaries 3.1 and 3.2 extend an original estimate for quadratic-type functions, which is useful for
the stability analysis of nonlinear fractional order differential systems with Caputo-Fabrizio and Atangana-Baleanu

fractional derivatives in the Caputo sense ( [33,35]).

Many works in the literature use an integral Lyapunov-type function as the main tool to study the
stability of equilibrium points ( [7,19,24,38], etc.). More recently, estimates of this type of function have
been proposed in the Caputo, Caputo-Fabrizio and Atangana-Baleanu-Caputo fractional differential
operators ( [5,6]). In the following Lemma, we establish a new estimation of the generalized Hattaf

fractional derivative in the Caputo sense applied to an integral Lyapunov-type function.

Lemma 3.2. Let z € €1 (R.) be a positive function, z* € Ry and tg € Ry. Forall t € Ry such that t > t,

a0 ol 0 < (1- SE5) o, se@n.pe 01l e R
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with Wy(z) =z — 25 — [ “U((ZC*)) d¢; and u : Ry — Ry a differentiable and strictly increasing function on R

Proof. By using the Definition 2.4, we have

eppi CHO [ (0 ) (1 ) )
an Di e 0 = 70 [ (— 25007 (1- gy ) #ac
and
(12) DA = 1 [ 2 (~r =07 Z0uc

Since u is a function taking values in R, expression (10) can be written as follows
97ﬁ7 0767 * 6757
u(z() D1 [Hul2)] (1) = ulz(£) Dy 1 [](1) + u(=*) Dy 1 [](t) < 0.

Let G(t) = u(z(t) D5 ()] () — u(=(6) DL [2](8) + ulz9)CDLT T 2](8).

From (11)-(12), we arrive at

6 = 19 [ (1- 288 1 [ 20— 07 Hoc

Using the integration by parts technique, we obtain

H(0)u(z*)Ep |- 2410 (t0) 4y(
alr) = [ s }<z(to)—z(t)—/ t “t”dT)]

1-46 (t) U(T)
- O [-crmy, (<) e
[ H(O)u(z")Ep (-%(t - C)’*) 20 w(2(t))
+ lim —— <z(g) () — /z@ U(T)d7> |
H(O)u(z")Eg (-2t —¢)? 2Q) y(z
Since %13 /61)<_01 ’ ) <z(() —2(t) — /Z(t) Et(s_t)))d7>] = 0. We get
H(Q)U(Z’*)E _9(15—_150)AY 2(to) w(z
G = - [ : ig =) (z(to) (1) - /(t) i((:)))m)]
VOH(9) (! Y ot —¢)"
T B-6)2 /to (t—C) " Eg g <—1_9> Wu(2(¢))d¢ < 0.
Therefore,
D e 0 - (MO ED ) enlop <o
This completes the proof. 4

Remark 3.3. We note that our estimation with the generalized fractional derivative established in the Lemma 3.2

extends the inequalities established in recent work ( [6,27,35]):
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(1) If wis the identity function on R, then (10) becomes

*

(13) CpyiT s -2 = 2 In (;)} (t) < <1 - ;@) Dy (),

where 6 € (0;1), B € (0;1] and v € Ry . It is important to note that inequality (13) corresponds to
the estimate of Lyapunov function established in [27] with the generalized fractional derivative in the
Caputo sense.

(2) For 6 = 8 =, the inequality (10) corresponds to the estimation of the Lyapunov function associated
with the Atangana-Baleanu fractional derivation in the sense of Caputo introduced in [6]. Moreover,
when w is the identity function on R, we obtain the inequality established in [ 35] with the fractional
derivation of Atangana-Baleanu.

(3) When B =~ =1, in this case inequality (10) extends the estimation of the Lyapunov function with the
Caputo-Fabrizio fractional derivation [6]. In particular, if u is the identity function on R, then the
inequality (10) corresponds to the estimate established with the Caputo-Fabrizio fractional derivative of

the Lyapunov type function (see [0]).

Using the Lyapunov’s direct method and positive definite functions, we can obtain an extension of
the asymptotic stability of fractional systems with the generalized weighted Hattaf fractional derivative

in Caputo sense.

Theorem 3.1. Let zero be an equilibrium point of the following non-autonomous generalized fractional system:

97 k)
DG 1) (1) = F (¢ y (1)),
y(0) = %o
With F : [0,00) x D — R"isa € function with D C R™ is a domain that contains the origin y = 0. Assume

that there exists a continuously differentiable function L(t,y) : [0,00) x D — Rand o;(i = 1,2,3) three

continuous positive definite functions on D such that

(1) en(y) < L(t,y) < a(y),

(i1) “D50” [LCy()] (1) < —as(y(1)),
forallt >0,0 € (0;1), 3 € (0;1], w € €([0;00)), w > 0 and w' > 0 on [0; 00). Then zero is asymptotically
stable.

Proof. Let B, = {y € R" : |ly|| < r} C D for some r > 0. Since o, az and a3 are continuous and
positive definite functions [20,34], then there exist three functions of class K, 51, 52 and (3 defined on
0, 7] such that a1 (y) > B1(Jlyl]); a2(y) < B2(]lyl]) and as(y) > Bs(||yll). According to assumptions (¢)

and (ii) of Theorem 3.1, we have:

(14) Ailllyll) < L(t,y) < Ba(llyll)
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and

(15) g’ (L y()] (6) < =Bs(llyl)-

We show that y = 0 is Lyapunov stable.

B3 being a class K function, from inequality (15), we obtain that CDgﬁ’ﬁ [L(-,y(-)] (¢) <O0.
Consequently, L(t,y) < L(0,y0). Let e > 0 such thate < rand n = 85 o Bi(e). If ||yo|| < 7, then:
L(0,30) < B2(llyoll) < B2(n). Therefore Si(|lyll) < B2(n) = Ilyl| < By " o B2(1)) = e. We conclude that
y = 0 is stable.

Let us now show that tlgélo y(t) = 0.

By combining relations (14) and (15) we arrive at

CDY (- y())] (8) < —Bs(llyl) < —Bs 0 B3 (L (t,y)).

Note that 33 o 3, ! is a class K function defined on [0, ]. Using the comparison principle ( [28], Lemma
1.), we obtain that L(t,y) is bounded by the positive solution of the following fractional differential

system

CDEEPIR)(t) = —B5 0 B3 k(1))
k(0) = L(0,y0) > 0.

(16)

From the first equation of the system (16), we obtain that for all ¢ € [0; c0),
(17) DIk t) < 0.

By applying the generalized fractional integral operator to the inequality (17) and taking into account

relation (4), we have:

w(0)k(0)
— <
E(t) w(D) 0
Asforallt >0, 71:;(((2)) < 1, it follows that k(t) < k(0).

If £(0) = 0 then k() =0 for all t € [0, 00).
If £(0) # 0 then tlim k(t) = 0. Indeed, suppose there exists € > 0 such that k(t) > e for all ¢t € [0, 00).
—00

From the first equation of system (16), we have

CDYPIRI) = —Byo By (k)
< —B3085 (e)
_ —B30B5(e)
B k:(0§ k(0)
Given that k(t) < k(0), it follows that
(18) CplPA ) < 250D
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It follows from ( [26], Corollary 1.), and under the additional assumption that § € (0, 1], we obtain
that:

k() < k(0) g (pt”)

—B308; ' ()6
k(0)H (8)+03085 ' (€)(1-6)
contradicts the hypothesis. As forallt € [0,00), L(t,y(t)) < k(t), L(t,y(t)) converges to zero when

where p =

< 0. According to Remark 2.1, Eg(pt”) == 0, forall 8 € (0, 1], which

t — oo. Therefore, ||y(t)|| < B (L(t,y(t))). We conclude that the origin is asymptotically stable. [

4. JLLUSTRATIVE EXAMPLES

In this section we present two examples of use of the results established in section 3 then in each
example we carry out some numerical simulations to illustrate our results. We use the numerical

method developed in [28] to obtain the numerical solutions.

4.1. Empirical example. We consider the following nonlinear generalized fractional differential equa-
tion in the sense of Caputo:

CPOBBIIE) — —55(4) — »
(19) Doy " [2](1) (t) — 2(t)

2(0) = 0.5
where z(t) € R, CDgf # denotes the generalized fractional derivative of Hattaf in the sense of Caputo
with 0 € (0,1) and 8 € (0,1]. We will show that z = 0 is asymptotically stable. For this, we use
Theorem 3.1. We consider the following Lyapunov candidate function L(¢, 2(t)) = 28 (t). It is easy to
see that uy (z(t)) < L(t, 2(t)) < ua(z(t)) where uy(z(t)) = %zg(t) and wua(z2(t)) = 2z%(t). Furthermore,
by differentiating the Lyapunov function in time with the generalized fractional derivative and then

using inequality (iv) of Lemma 3.1, we obtain:

DY L, () <

26
5

By setting us(2(t)) = 825 (1) + 825 (t), we obtain that “DJ P [L(-, 2()](t) < —us(=(t)).

According to Theorem 3.1, the fractional system (19) is asymptotically stable.

rrrrrrrrrrrr

(a) (b) (c) (d)

FiGure 1. Numerical simulation of the asymptotic behavior of the solution z of the

fractional model (19) for certain values of the order of derivation # and the parameter .
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4.2. Application in ecology. Motivated by the work presented in [31], we propose the generalized
fractional-order model with memory effects of the transmission dynamics of foliar diseases in maize
plants. Thus by replacing the classical derivatives in the ordinary differential system with the general-

ized fractional derivatives of Hattaf of the Caputo type, we obtain the following generalized model:

CDRPAISI() = Ay — f(S,Y) — 1y S,

20) DY) = f(S.Y) — (6 + ),

CDYTPIXN(E) = Ay — g(X, ) — X,

COLPPIYI(E) = 9(X, 1) — pyY,

\

with the following initial conditions:
(21) S(0)=S8y>0, I(0)=1>0, X(0)=X,>0, Y(0)=Yy>0.

Where 6 € (0,1), 5 € (0,1]; CDS:? ” denotes the generalized fractional derivative with w(t) = 1; and
f(S,Y)=p6,8Y,9(X,I) = 3,XI. In Table 1, we provide a description of all the states of the fractional
system and a description of the biological parameters of the model.

TabLE 1. Notations and descriptions of the different classes and the biological parameters

of the model.

Notations Descriptions

S class of susceptible of maize plants

I class of infected of maize plants

X class of vectors susceptible to foliar disease
Y class of vectors infected to foliar disease

Ay recruitment rate of susceptible maize plants
As recruitment rate of susceptible vectors

1 natural death rate of maize plants

) natural death rate of vectors

b1 infection rate of susceptible maize by vector
B2 infection rate of susceptible vector by maize
0 mortality rate from infected state

In the following, we denote: % =0sf, % =0y f, g—)’} = Oxg and % = 0ig.

Proposition 4.1. Let € > 0, there exists to > 0 such that for every solution (S,1,X,Y) € R of the fractional

system (20), we have:

A A
(22) 0§S(t)+[(t)§u—1+e,OgX(t)—i—Y(t)gM—Q—i—e,tZto.
1 2
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Proof. By setting N1(t) = S(t) + I(t), we get
Dl Il = “DI8](0) + Dy ().
Consequently, by adding the first two equations of the generalized fractional system (20), we obtain
CDRYIINI®) = Ay = 8T() — I () — i S(1)
< Ay —min{d + pgsp (L) +5(2))
(23) — A - N (E).

By applying the Laplace transform to both sides of the inequality (23), we obtain:

sB s) — st
fﬁ z{Nl(t)S}B(ln MO _ % — LN ()} (s)

SLIND}(s) =P INO0) _ (1-0)A,  p(1-06)
Tetn S H® s H@ TMOE
Q=04 SINO)

s m(1-9)
sﬂ+77+ 1H(G) }X{Nl(t)}(s) = H(0) P sP+n

where n = % and N;(0) = Sp + Ip. Consequently,

(1-0)A, s7 1 4 ps? H(0)N1(0) 71
LN} (s) < x *
H(o 1—0 #yn(1-0) H(6 1-46 g n(1-0)
0)+ (1 =0) = oo 4 iCoD o HO) + i (1=0) g 4 il D
. (1-0A { il +- s ]
= H 1-0 1,n(1—0) pyn(1-06)
O +mA=0) | + gty o° + m@ite s
H(0)N.(0) 71

(24)

H(9) + (1 —0) 48 1 7}1(’;)118;(?_9)

By now applying the inverse Laplace transform to both sides of the inequality (24), we obtain
Ni(t) < < + &
H(o 1-6 pq1(1—6) 1, n(1—0)
0)+ {1 =) 7+ Tt -0 7+ ot -0

B—1
+H(£$)Nl((10)— 0)"%1{ Su n(1=0) }
! s” T H O+, (1-0)

_ (1-6)A, _ py(1—0)nt 8 _ M1(1—9)77t5
= HO) +m(1-0) {E ( H(9)+u1(1—9)>+nt Eﬁ’ﬂ“( H(9)+u1(1—9)>]

H(0)N1(0) _ py(1—6)n 8
H<9>+u1<1—9>Eﬁ< H(0) + 15,(1— ) >

where #~1{.} denotes the inverse Laplace transform. Thus,

(1= 6)n g (1 = O)nt? pa (1= 6)n
M) < [Eﬁ (‘H<0>1+ (= 0) tﬁ) CHO) 11— <‘H<9>1+ (1 — 9)@]
max (1-0)A, . ﬁ H(0)N1(0) . pi(1—6)n B
s {Hw) T n(i-0) m} HO) + 1y (1—0) " < H(O) + (- 0)' >
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(1—-0)A, A } H(6)N1(0) E ( (1 —0)n /3)
o { HO) + i (L—0) [ HO) +py(1—0) "\ HO) +p,(1— 0)

_ A HO)Ni(0) __omd-0) s
- M1+H(«9)+M1(1—9)E < H(9)+u1(1—9)t> Pl

Consequently, if t — oo, P(t) — % Thus, for all € > 0, there exists ty > 0 for which S(¢)+1(t) < 2—11 +¢,

t > to.
Similarly, we set Ny(t) = X (¢) + Y (¢). Then, we obtain
A H(0)N>(0) ( po(1 —0) )
No(t) < =2 + Es (- ) = Q(t
S T HG) + (1 —0) T HG) + (1 - 0) ©)
where N2(0) = X + Y. Consequently, if t — oo, Q(t) — 2—; Thus, for all € > 0, there exists 5 > 0
such that X () + Y (¢) < %Jre,tzto. O

Remark 4.1. The generalz’zed fractional model (20) admits a disease-free equilibrium point ¢f = (Sg,0, X5, 0)T

with S§ = 1 and Xp = ;72

Remark 4.2. By using the Van Den Driessche and Watmough method [37], we obtain that the basic reproduction
number of the generalized fractional model (20) given by:

25) R fayf S5, 0)919(X;,0) _ \/ BiByA A,

o (8 + 1) a3 (0 + )

Proposition 4.2. If Ry > 1, then the generalized fractional model (20) admits a unique endemic equilibrium

point ¢* = (S*, I*, X*, Y*)T with

S* — A1”2(ﬁ21*+u2) X* = A2 I*
B1Ba A" +N1“2(521*+N2) #25+/[i2 I*

I = H1H2 (R2 . 1) a— 2272*
B1Bo Aoty pio By KatHoBol

where Ry is given in (25).

Proof. Let ¢* = (S*, I*, X*, Y*)” be a positive equilibrium point of the system (20). The search for
the equilibrium points of the generalized fractional model (20) is similar to the classical model. This

amounts to solving the following system of equations:

¢

— B,S*Y* — py S* =0,

B, S*Y* — (6 + g ) I* = 0,
26) ! (0 + p1y)

Ay — By X*I* — i, X* =0,

BoX*T* — pY* = 0.
According to system (26), we obtain:
— Ay

fig + BoI*’
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v - ,
o 13+ 1By
g — Ay _ Ay g (Bol™ + o)
BiY*+ g BiBplol* + py iy (Bol* + piy)’
and
(27) — (8 + 1) (B1BaPs + pr12B2) I'? + (M Ag 31 By — pir i (8 + py)) I* = 0.
2
It follows from equat210n (27) that: I* =0 or [* = m (RE—1).
IfRo<1,I*= m (R — 1) <0, therefore I* = 0 and in this case we obtain the disease-free
equilibrium point ¢} = (S, 0, X§,0)7.
. x Liq 12 2 . YN .
However, if Ry > 1, I* = BB AL s, (R§—1) > 0, then we get the endemic equilibrium point
o* = (S*, I*, X*, Y*)T. This completes the proof. O

Proposition 4.3. When R > 1, the endemic equilibrium point ¢* of the generalized fractional model (20) is
asymptotically stable.

Proof. In order to use Theorem 3.1, we consider the candidate Lyapunov function:

V(D)) = p[S—S*— SWdT}%—p[I—I*—/II*dU}

S* f(Taj*) U
X X* Y* Yy*
+ q[X—X*—/ g(xX*, ") ’*)dT]—l—q[Y—Y*—/ dv}
« g(T,Y™*) ye U

where ¢ = (5,1, X,Y)T e RY |, p=g(X*,I*) and ¢ = f(S*,Y™).

It is easy to see that # (¢*) = 0 and # (¢)(t) # 0 for ¢ # ¢*. We have for all (5,1, X,Y) € R% , the
Lyapunov function % satisfies U (S, 1, X,Y) < #(S,1,X,Y) < Us(S,I,X,Y),whereU;(S,1,X,Y) =
%“//(S, I,X,)Y)and Ux(S,1,X,Y) =2%(S,1,X,Y). Uy and U are continuous and positive definite
on R% . . Indeed, Ui(¢*) = 0, U1(S,1,X,Y) > 0for (S,1,X,Y) # (S*,I*, X*,Y*); and Us(¢*) = 0,
Ua(S,1,X,Y) > 0for (S,I,X,Y) # (S*, I*, X*, V™).

By differentiating # in time in the sense of generalized fractional derivative and taking account the

linearity of CDgf P and using Lemma 3.2, we have:

Cy05,8 B8 | AN Cmf3,8 . [T
Do 7 (9)I(t) = p"Dyy" |S—85* = e —odr| (t) +p Doy (I 1" — —dv| (t)
, ’ L S* f(T7Y ) « U
r X * Tk
Cy0.5.,5 . g(X*, I")
+ ¢°D X-X —/ 220 dr| (¢t
ol - g(r,I7) Q
0 r Yy*
+ ¢“Dy’ Y—Y*—/ dv] (t)
’ Y v

IN

1Y)\ i I 0.5,5
p(1- Do) eobi s +0 (1- 15 ) 288

g (1- S Db x40 (1- 3 ) PR M0
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s Y)
P (l (5.7

) [Ay = f(S,Y) — 111 5]

o (1= S e - 006 D) = X0 (1= 5 ) X D) = ]
+ (1 40 ) V) - G+,

Using the following conditions for the endemic equilibrium:

¢

Ay = F(S*,Y*) + 11, S*

f57,Y") = (6 — ) I

g(X*, I") = pp Y™

we obtain
D@0 < 9(XTT) (1 - f}éff) (8 Y") 4wy = f(S,Y) ~ 1, 5]
+ g(X*, 1) <1— 1%)) [f(S,Y) - f(SIY)I}
+ f(55Y7) <1 - gg(g”[))> [g(X*, T%) + 115 X" — g(X,T) — p1pX]
w05y (1 g ) ot - XL,
Therefore,

<k
- u2f<5*,Y*><X—X*>< f( f: )
N

. < (X*J*) g(X, Y™
- g - 5 <“§f<f>
= —ug(X",I")(S - 87 (1 N Jm>

— af(s e - (1- 2000

+ F(SF,YN)g(X*, T*) x P(S,1,X,Y)

_ I £(S,Y FS*Y*)  f(SY)I* X,I (X*,I* X,1)Y*
where P(S,1,X,Y) = [4— L AR AL YaN (i S L 10T 9(<X]*>) _ 00 gy ]

SY 5%y X, X*,T*
Furthermore, by adding and the subtracting 2+ In f((s Y*)) +In{ (( 5 Y*)) +In£ +In gg((X7 1*)) +In gg(( e ]*)) +
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In YL from the expression of P(S,1, X,Y), it follows that

f(S*,Y*)>

DR (6))(0) S‘Wﬂ5—§m<y_ﬂ&yﬂ ﬂxﬁpv

— poq(X — X7) (1— (X T)

FS5 Y F(S YY) [V THSY)
+1”@‘f@Yﬂ*mf@Yﬂ>“”O‘ﬂwﬂﬂf“ﬁﬂ9mﬂ>
[SY) | S(SY) X (X

+_m<ﬂ&W)]’1fwlﬂ>ﬂwo g@Jﬂ+1guJﬂ>

+ pq<1— Yg(X, 1) +1 Y*Q(X’I)>+pq<9(XJ) 11 g(X,I)>

n —1—1In
Yg(X*,Iv)  Yg(X*,I¥) 9(X, I*) 9(X, I")

I I Y Y

Let us note that for all (5,71, X,Y) € Ri+, Osf(S,Y) > 0and 0xg(X,I) > 0. It follows that: if S < S*,
then1— £ < gandif § > S, then 1 — £ > . This implies that (S —.S*) ( ((SS;/*))> > 0.

FEY FEY
Similarly, we have: if X < X*, then1 — ((); II*)) <0,andif X > X*, then1 — % > 0. Therefore,
(X —-X7") (1 -4 (())(( II ))> > 0. Moreover, considering L the function defined on Ry by L(s) =s — 1 —
F(SY X0\ _
In(s), we obtain L (Jf((s Y%) =L (i) and L <gg((x,1*))) =L(%).
Let us set

Us(S,1,X,Y) = ,ul(S—S*)p<1—f(S*’Y*) g(X*J*)>

f@ﬂﬂ)ﬂMX_FMQ_g@Jﬂ

(v ) (7 s e)
" pq(I{‘_l_lnp>+pQ(;—1—ln;>
e (1_%) + (X — X*)g (1—%)

( L(£80)]
* (5°.77) 15.7°)
o) 1 (5] o () ()
)

)
= (S —S*p (1 — J;fég))) + po(X — X¥)q <1 - m>
(X

el (v 2 (s o2 (e ) ++ ()|

We observe that U is continuous positive definite function. From relation (28), it follows that

CDg:'f # (7 (9)|(t) < —Us(S,1,X,Y). Therefore, according to Theorem 3.1, the endemic equilibrium

f(S*,Y*) I f S,Y)I*
* m{L<ﬂ&Yﬂ>+L(F>+L(f9J”I>_
+

point ¢* is asymptotically stable when Rg > 1. O
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For numerical simulations, we select the normalized function H given by: H(f) =1 — 0 + %,
6 € (0;1). The values of the model parameters used for the numerical simulations from the literature
[31] are: A; = 10day !, Ay = 5.32day ', iy = 0.0103day ', o = 0.1236day ', B1 = 0.024day *,
By = 0.0078day ' and § = 0.0206day .

58888838

(a) (b) (c) (d)

Ficure 2. Numerical simulation of the asymptotic behavior of the fractional model (20)

for certain values of the order of derivation ¢ and the parameter .

5. ConcLusioN

In this paper, we established new inequalities using power-type and integral-type functions associated
with the generalized fractional derivative with non-singular kernel of Hattaf in the sense of Caputo.
We also proposed an extension of the direct Lyapunov method to analyze the asymptotic stability of
nonlinear differential systems involving the generalized weighted fractional derivative of Hattaf of
order § € (0;1) and the parameter 5 € (0; 1]. Two examples were presented to illustrate the application
of these results to study of the asymptotic stability of generalized fractional systems of Hattaf in the
sense of Caputo. Numerical simulations were carried out to illustrate our results. This work is part of a

framework of the application of generalized fractional derivatives to the analysis of complex systems.
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