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SOME OPERATIONS IN HUB-INTEGRITY OF GRAPHS
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AsstrAacT. The hub-integrity of a connected graph G = (V(G), E(G)) is denoted as
HI(G) and defined by HI(G) = min{|S|+m(G —5), S is a hub set of G}, where m(G —.5)
is the order of a maximum component of G — S. In this paper we discuss hub-integrity
of square graph of path as well as we give some results connecting the hub-integrity of
binary graph operations.
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1. INTRODUCTION

We begin with simple, finite, connected and undirected graph G with vertex set
V(G) and edge set F(G). For graph theoretic terminology, we refer to Harary [9]. In
the remaining portion of this section we will give brief summary of definitions and

information related to the present work.

The vulnerability of network have been studied in various contexts including road
transportation system, information security, structural engineering and communica-
tion network. A graph structure is vulnerable if g6any small damage produces large
consequencesgr. In a communication network, the vulnerability measures the resis-
tance of the network to disruption of operation after the failure of certain stations
(junctions) or communication links (connections). In the theory of graphs, the vulner-
ability implies a lack of resistance(weakness) of graph network arising from deletion
of vertices or edges or both. Communication networks must be so designed that they
do not easily get disrupted under external attack and even if they get disturbed then
they should be easily reconstructible. Many graph theoretic parameters have been in-
troduced to describe the vulnerability of communication networks including binding
number, rate of disruption, toughness, neighbor-connectivity, integrity, mean integri-

ty, edge-connectivity and tenacity. In the analysis of the vulnerable communication
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network two quantities are playing vital role, namely (i) the number of elements that
are not functioning (ii) the size of the largest remaining (survived) sub network within
which mutual communication can still occur. In adverse relationship it is desirable
that an opponentgfs network would be such that the above referred two quantities
can be made simultaneously small. Here the first parameter provides an information
about nodes which can be targeted for more disruption while the later gives the im-
pact of damage after disruption. To estimate these quantities Barefoot et al. [2] have
introduced the concept of integrity, which is defined as follows.

Definition 1.1. [2] The integrity of a graph G is denoted by 1(G) and defined by 1(G) =
min{|S| + m(G — S) : S C V(G)}, where m(G — S) denotes the order of a maximum
component of G — S.

Definition 1.2. [2] A subset S of V(G) is said to be an I-set, if I(G) = |S| + m(G — 5).

The parameters of integrity and edge-integrity were introduced by Barefoot, En-
tringer and Swart in [2] and were studied more extensively by the same authors in
[3]. Computational aspects of these parameters were studied in [4, 5]. Some general
results on the interrelations between integrity and other graph parameters are inves-
tigated by Goddard and Swart [7] while Mamut and Vumar [11] have determined the
integrity of middle graph of some graphs. It is also observed that bigger the integrity
of network, more reliable functionality of the network after any disruption caused by
nonfunctional devices (elements). The connectivity is useful to identify local weak-
nesses in some respect while integrity gives brief account of vulnerability of the graph
network.

Suppose that H C V(G) and let 2,y € V(G). An H-path between = and y is a path
where all intermediate vertices are from H. (This includes the degenerate cases where
the path consists of the single edge zy or a single vertex x if + = vy, call such an H-
path trivial). A set H C V(G) is a hub set of GG if it has the property that, for any
z,y € V(G) — H, there is an H-path in G between = and y. The smallest size of a hub
set in G is called the hub number of GG, and is denoted by i (G) [8, 12].

The concept of hub-integrity was introduced by Sultan et al. [10].

Definition 1.3. [10] The hub-integrity of a graph G denoted by HI(G) is defined by,
HI(G) = min{|S| + m(G — S), S is a hub set of G}, where m(G — S) is the order of a
maximum component of G — S.

Definition 1.4. [9] For a simple connected graph G the square of G denoted by G?, is
defined as the graph with the same vertex set as of G and two vertices are adjacent in
G? if they are at a distance 1 or 2in G .
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Many results on the integrity of graphs in the context of union, join, composition
and product of two graphs have been reported by Goddard and Swart (1988) [6]. The
present work is intended to investigate the hub-integrity of a square graph of P,, com-
position (lexicographic product), (Cartesian)product and join of two graphs. We need
the following to prove main results.

Theorem 1.5. [1] For any graphs G and H, I(G + H) = min{I(G) + |V(H)|,I(H) +
V(G)I}-
Theorem 1.6. [2] The integrity of

(a): the complete graph K, is p,
(b): the star K, is 2,

(¢): the path P,is [2\/p+ 1] — 2,
(d): the cycle Cy, is [2,/p] — 1.
Proposition 1.7. [10]

(1) The hub-integrity of the complete graph K, is p.
(2) For any path P, with p > 3, HI(P,) =p— 1.
(3) For any cycle C,,

HI(C)Z p_17 ifp:475;

2. MaiN Resurts

Theorem 2.1.
B ifp=2,
3 if p = 3,4,
HI(P))={% if p>5and p = 0(mod 3),
@4—1 if p> 5 and p = 1(mod 3),
\% if p > 5 and p = 2(mod 3).

Proof. Let V(P,) = {v1, v, ....,vp}. Then, [V(P?)| = p and |E(P})| = 2p — 3. We consider
the following three cases:

Case 1: p = 2. P? is isomorphic to complete graph K,. By Proposition 1.7, HI(P}) = 2.
Case 2: p = 3,4. For p = 3, P} is isomorphic to complete graph K;. By Proposi-
tion 1.7, HI(P}) = 3. For p = 4, consider S = {v,,v3} which is a hub set for P} and
m(P? — S) = 1. Therefore, |S| + m(P} — S) = 3. For S = {vy,v3}, {v2,vs} , {v1,02} or
{vs,v4}, m(P? — S) = 2, then we get |S| + m(P} — S)=4. If S = {v;},i=1,2,3,4, then
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m(P —S) = 3,s0|S|+m(P} —S) =4. Hence HI(P}) = 3.
Case 3: p > 5. We consider a hub set S of V(P?) as below:

o If p = 0(mod 3), then p = 3k for some integer k& > 2. Consider
S = {03+3i7v4+3i/0 S 1 S k — 2} and ’S' = Q(k — 1)

We have, S| = 2 — 2.
o If p = 1(mod 3) then p = 3k + 1 for some integer k£ > 2. Consider

S = {U3+3Z‘,U4+3i/0 S 1 S k— 2} U {Up—l} and ’S| =2k — 1.

We have, |S| = @ — 1.
o If p = 2(mod 3) then p = 3k — 1 for some integer k£ > 2. Consider

S = {1}3+3i,1}4+3i/0 < 1 < k]—2} and ’Sl =2k — 2.

We have, |S| = 282 — 2,

In all the above cases S is a hub set for P’ and m(P? — S) = 2.

Now, we discuss the minimality of |S| + m(P; — 5). If we consider any hub set S; of
P? such that, [S;| < |S], then due to the construction of P? (i.e., to convert P} — 5,
into disconnected graph, we must include at least two consecutive vertices in S;), it
generates large value of m(P; — S) such that,

S| +m(P? = S) <|Si|+m(P? - 51). (1)

Let S; be any hub set of P}? such that m(Pp2 — S3) = 1. Then

S|+ m(P? — S) <|Sy|+m(P? —S,), (2)

From (1) and (2) we have,

S|+ m(P? = S) = min{|X| +m(G — X) : X is a hub set}

— HI(P2).
Hence,
(9 ifp—2,
3 if p = 3,4,
HI(P}) =% if p>5and p = 0(mod 3),
@—Fl if p > 5and p = 1(mod 3),
\% if p > 5 and p = 2(mod 3).

O

Definition 2.2. [9] The composition G[H| of two graphs G and H has its vertex set
V(GQ) x V(H), with (uy,us) adjacent to (vy,vs) if either u, is adjacent to vy in G or u; =
v and usy is adjacent to vy in H.
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Theorem 2.3.
HI(K[P]) =p+ [2¢/p+1] - L
Proof. Consider K, with vertices u;,u, and P, with vy, vs,....,v,. Let G be the graph
K,[P,]. Then,
VI(G) =A{(usv;)/1 <i<2,1<j<p}

and

E(G) = {(u1,v5)(uz,v6)/1 < j < p, 1 < k < ph U {(ur,v;)(ur, vj11), (g, v5) (g, vj41/1 <
J<p—1}

For the sake of convenience, we denote the vertices (u;,v;) = wy;,1 < j <pand
(u2,vj) = wqj,1 < j < p.

Then graph of K5[P;s] is shown in Figure 1 for better understanding of the notation and
arrangement of vertices. Moreover, K, is a subgraph of G and HI(K,, = p+1, so
HI(G) > p+1.
Consider S; = {ws;/1 < j <p}, |Si| = p. Then, S is a hub set of G and G — S; = P,, so
m(G — S1) = p.

W21 Wa2 W23 Wo4q Was Wae
Figure 1

Let Sy = {wix = (u1,vi) /v € I — set of P,}. Take Vi = {vy/vy € I — set of P,} so
|Sa| = [Val.
Consider S = S; U S,. Then, S is also a hub set of G (as S; C S). We have,

|S| = |S1] + |S2] = |S1| + |[Vi| and G — S = P, — Vi, som(G — S) =m(P, — V1).
By Theorem 1.6, we have

[S1+m(G = 8) =51 + Vi +m(P, = V1)
= S|+ I(P,).

=p+[2y/p+1]—-2>p+1.
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Hence,

S| +m(G—=8)=p+[2y/p+1] —2>p+1.(3)
Now we discuss the minimality of |S| +m(G — S). If S5 is any hub set of G which is not
containing S5; or S, as a proper subset and |S3| = k£ < 2p. Then, due to construction of
G(wy; is adjacent to wey, for 1 < i,k < p),

|S3| +m(G —S3)=k+2p—k=2p>|S|+m(G—275). (4

Let S5 be another hub set of G such that S5 = S; U Sy, where S, C S with |Sy| < p. In
G, wy; is adjacent to woyy, for 1 < i, k < p. Therefore,

m(G — S5) = |Sa| +p — [S4l-
Hence,
55| +m(G — S5) = |So| + [Sa] + |S2| +p — | S4
= 2|5| +p.
> 18| +m(G - S). (5)

Therefore, from the above discussion and (4) and (5), it follows that |S| + m(G — S) is
minimum. Hence, from equation (3) and the minimality of |S| + m(G — S) we have,

HI(K5[Py]) = min{|X|+m(G — X) : X is a hub set}
= |S|+m(G - 9).

=p+[2y/p+1] -2

0
Theorem 2.4. HI(K,[C,)) =p+ [2,/p] — L.
Proof. The proof is similar to that of Theorem 2.3. O
Theorem 2.5. HI(K,[K;,]) =n+ 3.
Proof. The proof is similar to that of Theorem 2.3. O
Theorem 2.6. HI(K,[K,|) = 2p.
Proof. The proof is similar to that of Theorem 2.3. O
Theorem 2.7.
(4 ifp=273,
6 if p=4,

HI(P,[Ky)) = 7+4i  ifp>5andp=5+3i,
8 + 4i ifp>5andp=6+3i,
(10+4i  ifp=5andp="T+3i,
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where i € ZT U{0}.

Proof. Let P, be a path with vertices u,, us, .., u, and complete graph K, with vertices
v1,v2. Let G be the graph P,[K,|. Then,

V(G) = {(ui,v;)/1 <i <p, 1 <j <2}

and

E(G) = {(u,vj)(uir1,v)/1 < @ < p—11 < j < 2} U {(ws,01)(uig1,02)/1 < i <
p— 1} U {(wi, ve)(uip1,v1)/1 <i <p—1}.

Without loss of generality, we denote vertices (u;, v1) by w1, 1 <i < pand (u;, v2) by wio, 1 <
i < p. The graph P;[K>] is shown in Figure 2 for better understanding of the notations
and arrangement of vertices.

w11 Wa1 w31 Wy Ws1 Weg1
W12 Wa2 W32 Wyo Ws2 Weo
Figure 2

We consider the following two cases:

Case1l: 2 <p<4.

For p = 2, P,|K5] is isomorphic to a complete graph K. By Proposition 1.7, HI( P[K3]) =
4.

For p = 3, consider S = {ws;, wes }, which is a hub set of P;[K5] and m(G —S) = 2. There
does not exist any hub set 5; of G such that |S;| +m(G — S1) < |S|+m(G — 5). Hence,
HI(P[K,]) = 4.

For p = 4, consider S = {wsa, was, w32 }, which is a hub set for P,[K,] and m(G — S) = 3.
Moreover, for any hub set S; of G’ we have, |5;| + m(G — S1) > |S| +m(G — S). Hence,
HI(P,[K>]) = 6.

Case 2: p > 5. We consider a subset S of V(G) as below :

o If p = 5+ 3i, where i = 0,1,2, ..., then consider S = {w3))1, Watsj)2/0 < j <
it U{wage, wejrn2/1 < J <i+ 1 U{we-1}-
Then, |S| =5 + 4i.

o If p =6+ 3i, wherei = 0,1,2,...., then consider S = {w3j)1, We43j)2/0 < 7 <
1+ 1} U {w(gj)27 w(3j+1)2/1 S j S 1+ ]_}
Then, |S| = 6 + 4i.
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o If p =7+ 3i, where i = 0,1,2, ..., then consider S = {wpuy3j)1, Watsj)2/0 < j <
14 1} U w2, w2/l < j < i+ 2}
Then, |S| = 8 + 4i.

Moreover, in all above three cases m(G — 5) = 2.

Now, we discuss the minimality of |S|+m(G—S). If we consider any hub set S; of G such
that |5;| < |S], then due to construction of G (i.e., to convert G — S; into disconnected
graph we must include vertices w;; and w;; in 5), it generates large value of m (G — 51)
such that

|S|+m(G — S) < |51+ m(G — S;). (6)

Let S, be any hub set of G such that m(G — S;) = 1, then,
|S| +m(G — 8) < |Ss] +m(G — Ss). (7)

Thus, from above discussion and (6) and (7), |S| + m(G — S) is minimum. So, in both
the cases we have,

|S| 4+ m(G = 8) =min{|X|+m(G — X) : X is a hub set}

= HI(G).
Hence,
.
4 ifp=23,
6 if p =4,

HI(PK>]) = 7+ 4i ifp>5andp=>5+3i,
8+ 43 if p>5andp=6+3i,
|10+ 4i ifp>5andp =7+ 3i.

U

Definition 2.8. [9] The (Cartesian)product G x H of graphs G and H has V(G) x V(H)
as its vertex set and (uy, us) is adjacent to (vy,vs) if either u; = vy and uy is adjacent to
Uy OF Uy = Vg and uy is adjacent to v, .

Theorem 2.9.
3 ifp=2,
4 if p=3,
6 if p=4,

HI(K, x P,) =
7+ 4i ifp>5andp=>5-+3i,

8 + 4i ifp>5andp=6+3i,
| 10+4i  ifp=5andp=7+3i




where i € ZT U{0}.

Proof. Let P, be a path with vertices u,, us, .., u, and complete graph K, with vertices
v1,v2. Let G be the graph K, x P,, it has 2p vertices and 3p — 2 edges.

For the sake of convenience, we denote vertices (v, u;) by wy,1 < j < pand (vq, u;) by way;, 1 <
j < p. The graph K, x P; is shown in Figure 3 for better understanding of the nota-
tions and arrangement of vertices. Moreover, P, is a subgraph of G and HI(P,) =
p—1,HIG)>p—1

w11 W12 W13 W14 W1s W16 Wiz
Wa1 Wa2 Wa3 Wa4 25 26 27
Figure 3

We consider the following two cases :

Casel:2<p<4.

For p = 2, K, x P, is isomorphic to a cycle C,. By Proposition 1.7, HI(K, x P,) = 3.
For p = 3, consider S = {wjs, wys}, which is a hub set for Ky x P;. and m(G — S) = 2.
There does not exist any hub set S; of G such that |S;| + m(G — S;) < |S| + m(G — 5).
Hence, HI(Ky x P3) = 4.

For p = 4, consider S = {wi2, waa, w14, was} or S = {wy1, w1, wi3, wes}, which is a hub
set for Ky x P, and m(G — S) = 2. Therefore |S| + m(G — S) = 6. It is easy to ob-
serve that there does not exist a hub set S for which |S| + m(G — S) < 6. Therefore,
HI(Ky x P;) = 6.

Case 2: p > 5. We consider a subset S of V(G) as below :

e If p =5+ 3i, wherei =0,1,2, ..., then consider
S = {wi(2135), Waa135) /0 < J < i} U {wasg), wajirny/1 < j < i+ 11U {wi,}
Then, |S| =5 + 4i.

e If p=16+ 3i, wherei=0,1,2, ..., then consider

S = {wi2435), Waga+35)/0 < J < i+ 1} U {wasjy, wasipn /1 < j <i+ 1}

Then, |S| = 6 + 4i.
o If p=7+3i, wherei=0,1,2, ..., then consider

S = {wig+3j), Wae+3j) /0 < J < i+ 1} U {wasg), wasjeny /1 < j <42}
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Then, |S| = 8 + 4.
In all the above cases, S is a hub set for (K, x P,) and m(G — S) = 2.
Now we discuss the minimality of |S|+m(G—S). If we consider any hub set S; of G such
that |5,] < |S|, then due to construction of G (i.e., to convert G — S; into disconnected
graph we must include vertices wy; and w,; in 51), it generates large value of m (G — S1)
such that
|S|+m(G —S) < |Si|+m(G — 51). (8)

Let S; be any hub set of G such that m(G — S) = 1, then, for p > 5,
IS| 4+ m(G = S) < |S:] + m(G — 55). (9)

Thus, from above discussion and (8) and (9), |S| + m(G — S) is minimum. So, in both
the cases we have,

|S| 4+ m(G = 8) =min{|X|+m(G — X) : X is a hub set}

= HI(G).
Hence,
3 if p=2,
4 if p = 3,
6 if p=4,
HI(K, x P,) =
7+ 4i ifp>5and p=>5-+ 34,
8+ 41 if p>5and p =06+ 3i,
\10—1—41’ ifp>5andp =7+ 3i.
[
Theorem 2.10.
5 if p=3.,4,
+2 ifp=5,6,
HI(Ky x C) =" P

p+3 ifp=738,
13 if p=0.

Proof. Let K, be a complete graph with vertices v, v, and C, be a cycle with vertices
Uy, Usg, ..., uy. Let G be the graph K, xC,, with 2p vertices and 3p edges for p > 2. Without
loss of generality, we denote vertices (vq, u;) by wy;, 1 < i < pand (vy, u;) by wo;, 1 < i < p.
The graph K, x C, is shown in Figure 4 for better understanding of the notations and
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arrangement of vertices.

Figure 4

For p = 3, consider S = {wj;,wa, w1z, wa3}, Which is a hub set for Ky, x C5. and
m(G — S) = 1. For S = {wy1, w1, wey, w3} also, we have m(G — S) = 1. There does
not exist any hub set S; of G such that |S;| + m(G — S;) < |S| + m(G — S). Hence,
HI(Ky x C3) = 5.

For p = 4, consider S = {wj;, w3, wes, wo}, which is a hub set for K, x C,. and
m(G — S) = 1. There does not exist any hub set S; of G such that |S;| + m(G — S;) <
|S| 4+ m(G — S). Hence, HI(K, x Cy) = 5.

For p = 5, consider S = {wi;, w3, w5, wae, weys }, which is a hub set for K, x C5. and
m(G — S) = 2. There does not exist any hub set S; of G such that |S;| + m(G — S;) <
|S| +m(G — S). Hence, HI(K, x C5) =T.

For p = 6, consider S = {wy1, w13, w4, W15, Waz, Wy, wae }, Which is a hub set for Ky x C.
and m(G — S) = 1. For S = {w1, wia, w14, wig, War, Wag, wos}, also m(G — S) = 1. There
does not exist any hub set S, of G such that |S;| +m(G — 51) < |S|+m(G — S). Hence,
HI(Ky x Cg) = 8.

For p = 7, consider S = {wi1, w12, w13, Wis, W17, Wa1, Wa2, Was, wae }, Which is a hub set
for Ky x C7. and m(G — S) = 1. There does not exist any hub set S; of G such that
S| +m(G — S;) < |S| +m(G — S). Hence, HI(K, x C7) = 10.

For p = 8, consider S = {wi1, w3, w14, W15, Wig, W17, Wag, Way, Wag, Was }, Which is a hub
set for Ky x Cs. and m(G — S) = 1.

For S = {wi1, w2, w13, wis, Wi, Wis, Wag, Wag, Wag, Wag }, also m(G — ) = 1. There does
not exist any hub set S; of G such that |S;| + m(G — S;) < |S| + m(G — S). Hence,
HI(K; x Cy) = 11.
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For p =9, consider S = {w11, w12, w13, W14, Wig, W1s, Wig, Wa1, Wag, Was, War, Wag }, Which is a
hub set for Ky x Cy. and m(G — S) = 1. There does not exist any hub set S; of G such
that |S;| + m(G — S1) < |S|+ m(G — S). Hence, HI(K, x Cy) = 13.

OJ
Theorem 2.11.
£ 49 if p > 10 and p = 0(mod 3),
HI(Ky x Cy) =222 13 if p > 10 and p = 1(mod 3),
@ if p > 10 and p = 2(mod 3).

Proof. Let K, be a complete graph with vertices v, v, and C, be a cycle with vertices
Uy, Usg, ..., uy. Let G be the graph K, x C,, with 2p vertices and 3p edges for p > 10.
We consider a subset S of V(G) as below:

e If p = 0(mod 3) then p = 3k for some k£ € Z*. We have

S = {wia+3i), Wo143:/0 <1 <k — 1} U {was /0 < i < kYU {wyo43:)/0 <i < k—1}

and |S| = 4k. So, |S| = % for p=0(mod 3).
o Ifp = 1(mod 3) then p = 3k+1forsome k € Z*. Wehave S = {w1(143:), Wa(143i)/0 <
i <k —1}U{wp} U{wsn/0 <i < k}U{wyots)/0 <i < k—1}and |S| =4k + 1.
So, |S| = @ +1 for p = 1(mod 3).
o Ifp = 2(mod 3) thenp = 3k—1forsome k € Z*. Wehave S = {w1(143:), Wa(143i)/0 <
1< k- 1} U {wg(gi)/o <1 <k-— 1} U {w2(2+3i)/0 <1 <k-— 2} and |S| =4k — 2.
So, |S| = @ — 2 for p=2(mod 3).
In all the above cases, S is a hub set for G and m(G — S) = 2.
Now we discuss the minimality of |S|+m(G—S). If we consider any hub set S; of G such
that |5,| < |S], then due to construction of G (i.e., to convert G — S; into disconnected
graph), it generates large value of m(G — S;) such that

|S| +m(G — S) <|S1| +m(G — Sy). (10)

Let S; be any hub set of G such that m(G — S) = 1, then, for p > 10,
|S| +m(G — S) < |Ss| +m(G — Ss). (11)
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Thus, from above discussion and (10) and (11), |S| +m(G — S) is minimum. So, in both
the cases we have,

|S|+m(G — 8) =min{|X|+m(G —X): X is a hub set}

= HI(G).
Hence,
4{—1—2 if p > 10 and p = 0(mod 3),
HI(Ky x C)) = @—1—3 if p > 10 and p = 1(mod 3),
4(me if p > 10 and p = 2(mod 3).

Theorem 2.12. HI(K; x K;,) = 4.

Proof. Consider the graph K, x K;,. The number of vertices in K, x K, is 2n + 2.
Let S be a hub set of K, x K;,. We choose S = {u,v} as shown in Figure 5. If we
remove the set S and all its adjacent vertices, we get n components of order 2, i.e
m(Ky x Ky, —S) =2. So, |S| + m(Ks x Ky, —S) =4. Therefore, HI (K, x K;,) = 4.
If S) is any hub set of K, x K, ,, other than S with m (K, x K, ,—S5;) = 1, then |S;| > n+2.
This implies that |S;| + m(K; x Ky, —S1) >n+3 > 4.

If m(Kyx Ky ,—S1) > 3, then trivially | S| +m(Kyx Ky ,—S1) > 4. Thus HI(Kyx K, ,,) =
4.

O

The join of two graphs G, (V4, E1) and Gy(V3, E»), denoted Gy + G5 consists of vertex
set V=V, UV,, and edge set £ = E; U E, and all edges joining V; with V5 [9].

Theorem 2.13. HI(K, + P,) = [2y/p+1].

Proof. Let K, be a complete graph with vertices u,, u, and P,, a path with vy, v, ...., v,.
Let G be the graph K+ P,. Then, V(G) = {u, ug, v1,...,v,}, |[V(G)| = p+2, and |E(G)| =
3p.
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The graph K, + Ps is shown in Figure 6 for better understanding of the notation and
arrangement of vertices. Consider S; = {uj,us}, |S1| = 2. Then, S5 is a hub set of G
and G — S; = P,, so that m(G — S;) =p.

Uy Ug

1 Vg U3 U4 Us

Figure 6

Let Sy = {vi /v, € I — set of P,}. Take Vi = {vy, /v, € I — set of P,} so that |Sy| = |V
Consider S = S; U S,. Then, S is also a hub set of G as S; C S. Thus,

|S| = [S1] + [S2] = |S1]| + |[Vi| and G — S = B, — Vi, so m(G — S) = m(P, — V4).
By Theorem 1.6, we have

S|+ m(G = 5) = [Si] + Vi + m(B, = V1)
= |S1| + I(B).
=2+ [2yp+1] -2
Hence,
|S|+m(G —S) = [2y/p+1]. (12)

Now we discuss the minimality of |S| +m(G — S). If S; is any hub set of G which is not
containing S; or S, as a proper subset and |S;| = £ < 2 + p. Then, due to construction
of G, (u; is adjacent to vy for 1 < i,k <p),

|Ss| +m(G—S3) =k+2+p—k=24+p>|S|+m(G—-5).(13)

Let S5 be another hub set of G such that S; = S, U Sy, where S, C S; with [S;| < 2. In
G, u; is adjacent to v, for 1 < i, k < p. Therefore,

m(G — 55) = |52’ +p— |S4|
Hence,

‘55’ +m(G — 55) = |SQ’ -+ |S4‘ + |SQ| +p — ’54‘
= 2[5 +p.
> 8]+ m(G — ). (14)
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Therefore, from the above discussion and (13) and (14), |S| + m(G — S) is minimum.
Hence, from equation (12) and the minimality of |S| + m(G — S) we have,

HI(K; + P,) = min{|X|+m(G — X) : X is a hub set}
=|S|+m(G - 9).

=[2¢/p+1].

Theorem 2.14. HI(K, + C,) = [2,/p]| + L.
Proof. The proof is similar to that of the Theorem 2.13. O
Theorem 2.15. HI(K; + K,) =p+ 2.

Proof. Since K, + K, = K5, a complete graph of order p + 2, by Proposition 1.7 , we
get HI(Ky + K,) = HI(K(y2) = p+ 2. O

Proposition 2.16. For any two graphs G and H, HI(G+ H) = I(G + H).
Proof. Let S =V (H), and let T' be an I-set of G. Then SUT is a hub set of G+ H. Then
HI(G+H)<|SUT|+m(G+H)—-(SuT))
=|V(H)|+|T)+m(G-T)=|V(H)|+ I(G).

Also, we have HI(G + H) < |V(G)| + I(H).

By Theorem 1.5 we get , HI(G+ H) < min{I(G)+ |V(H)|,I(H)+|V(G)|} = I(G+ H) <
HI(G + H).

Hence, HI(G + H) =1(G+ H).
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