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1. Introduction

After the Banach’s fixed point theorem many researchers worked on Hilbert spaces for
generalizing this princible, they worked for Random operators. Random fixed point
theorems are stochastic generalization of classical fixed point theorems. Bharucha-
Reid [11] attracted the attention of several mathematicians in his survey article and
gave wings to this theory. the results of Spacek and Hans in multivalued contractive
mappings was extended by Itoh [15]. Random fixed point theorem has become the full
fledged research area and various ideas associated with random fixed point theory are
used to obtain the solution of nonlinear random system (see [11, 16, 18, 20]). Some
of its recent literature noted in [7,8,12,17,19,21]. Beg [2, 3], and Beg and Shahzad
[7, 10] studied the structure of common random fixed points and random coincidence
points of a pair of compatible random operators and proved fixed point theorems for
contractive random operators in Polish spaces. Recently Beg and Shahzad [7, 9] had
used different iteration processes to obtain common random fixed points. Recently
Badshah and Shrivastava [1] introduced the concept of semi-compatibility in Polish
spaces. We first review the following concepts which are essentials for our study in
this paper.

2. Preliminaries Notes
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Throughout this paper, ({2, Y) denotes a measurable space consisting of a set (2 and
sigma algebra X of subsets of ¥, X stands for a separable Banach space and C is a

nonempty subset of X.

Definition 2.1 [12] A function f : Q@ — X is said to be measurable if f~'(B) € X for
every Borel subset B of X. Let C' is a nonempty subset of X. A mapping f: Q2 — C'is
measurable if f~1(B N C) € X for every Borel subset B of X.

Definition 2.2 [13] A mapping T : Q x C — C is random operator, if for each
fixed t € C, the mapping 7'(.,t) : Q@ — C' is measurable.

Definition 2.3 [4] A random operator T : 2 x C — C'is continuous if T'(.,t) : Q@ — C
is continuous, for each t € Q).

Definition 2.4 [14] A measurable mapping ¢ : Q@ — C is random fixed point of
a random operator 7' : Q x C' — C'if T'(t,£(t)) = £(t) for each t € Q.

Definition 2.5 [5] Let X be a Polish space that is separable complete metric space
and 7,5 : Q2 x X — X then T and S are:
(i) compatible if S(t,.) and 7'(¢,.) are compatible for each ¢ € Q). That is,

Jim [|S(8, T(2,€,(1))) = T(t, 5(1,6,()]] = 0,

provided that ILm S(t, &, (t)) and 1Lm T(t,¢,(t) existsin X and lim S(¢,€,(t)) = ILm T(t,&,(1))

n—oo

for each ¢t € (2, where ¢, is a sequence of measurable mappings.

(ii) weakly compatible if
S(t,T(¢,£(t)) =T(¢,S(¢,£(1))),

for every t € (2 whenever T'(¢,£(t)) = S(t,£(t)), where £ is a measurable mapping.

Definition 2.6 [13] A random operators 7,5 : 2 x X — X are semi-compatible
if
Tim 1502, 7. &,(1) = T(t,€,(8)] = 0.

whenever ¢, : 2 — X, n > 0 is a measurable mapping such that
T(t,&,(t)), S(t,&,(t) — &(t) as n — oo,
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for some measurable mapping ¢ : Q — X.

3. Results
We start with the following result:

Theorem 3.1 Let C be a non-empty closed subset of separable Hilbert space X. Let
T be a self random operator defined on C' such that 7'(¢,.) : C — C (for all ¢t € Q)

satisfy the following condition:

@) =T yO)° [1+ [l() — T(t 2()]]
L+ [l (t) — (@)1
ly(t) = Tty + lly(t) — T(¢, x(0))|”
L+ lly(t) = T(, y@)1” - lly(t) = T(t, ()]
+ llz(t) — y(@)I1”

IT(t () = Tt y@)I® <

+5

3.1) +8 [l(t) = T(&, @) + lly(t) = Tt ()],

for all z(t), y(t) in T(t,.), where a, 8,7, € [0,1) with (a + §+ 7 + 46 < 1).
Then T has a unique random fixed point.

Proof: We constract a sequence {z, } as z, : {2 — C is arbitrary measurable function,

forte Qandn=1,2,3,...

Xn+1:T(ta Xn (t))

For fixedt € Qandn =1,2,3, ...
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() = X1 (@)I° = (1Tt 20a() = Tt 2a()]

o a(®) = Tt 2 )* [+ la(t) = Tt 2na (D))
Lt o (t) — za(t)]]°

() = Tt 2a(O)” + J2a(t) = T(t, 201 (t))]]”

) = T(t,za )] l2a(t) = T(t, zua (D)

VAN

+5

1+ ||z, (t
+ [lan-1(8) — 2 (D))"
+6 [lza-1(t) = T(t, 2a (@) + ll2a(t) = T(t, 201 ()1

o Jn(®) = s (O [1+ [z (8) — 20 (8)]]
Lt Jln-1(t) = za(t)]

|20 (t) = T (B + llza(t) — 2a(t)])”

[[n (t) — wn+1( )H la () — 2a (1)1

IN

= a [lea(t) = 2t (O + 8 llza(t) = 2ass O +7 lzar(t) = 2a(t)]’

(3.2) +6 (|01 () = Tna (I + [|2a(t) — 2a()]|7].
By a Parallelogram law, |z +y||”> + ||z —y||> = 2||lz||> + 2|y|*, which implies that
e+l =2 zl” + 2 lyl* = l= = ylI* < 2|2]” +2lyl*, we can write
|01 () = 2pn (O = [|2a-1(t) = 20 (t) + Ta(t) = Tpsa ()]
2 s (®) = I + 2 [0 — B (8]
—[[n-1(t) = 2 (t) = [2(t) = T0sa ()]

2

(3.3) < 2t (1) = 2O + 2 [2a(t) — 2 (O]

From (3.3) in (3.2), we get

lzn(t) = 20 DI < @ an(t) = zper @O + 8 lza(t) = 20O +7 za-1(t) = 2a (D]
+20 [[|20-1(8) = 2a()]” + 2a(t) = i1 (D]]

7+26 2
I* < o= g5 lona (0 =2,

= [len(t) = 2nia (1)
let S = =42 < 1, then
l2(8) = 2nsa (O < S an-a(t) = za ()"
Proceeding in this way we can get
|20 (t) = Zpir (0)]|> < S™ ||zo(t) — 21(2)||*, wheren =1,2,3, ..
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For any integer p,

20 () = ZnipI] < Nzn(t) = 2o O + [2n41(8) = T2 Ol + oo+ ([ Tn4p1 () — Znsp (D)
< (S"H ST + 8™ |20 (8) — 21 (1)
< 15 |xo(t) — x1(t)]| since 0 < S < 1.

So, as n —» 00, L ||za(t) — 21(£)]| —> 0. Then |[2,(t) — 2oip(t)] — 0 8s n — oo.

Therefore {z,} is a Cauchy sequence in C. Since C is closed subset of a Hilbert space
X, there exists an element v () € C(Q2) such that

lim z,(t) = v(t), for all t € Q.

n—00

Now, further we have

= lv(t) = Tt v0))* = v(t) = 2a(t) — (T(tv(t) = za (1))
I (t) = 2a @O + 1T (1 v(t) = za(B)]
+2Re (v(t) — x,(t), T(t,v(t)) — x,(t))
= |lw(t) = 2a O + 1Tt 201 (8) = T(&v()]* +2Re ((t) = (t), T(8,v(1)) — za(t))
= |lv(t) = T(tv@)I* < lv(t) = za(0)]
Lo M) — T, V(O [+ [l 1 (t) = T(t, @0 (1))
L+ |zaa () = ()]

||V(t> _T(t, U(t))” + || ( ) T(t T 1(t))||2 i » )
0 =T ) P o) = T a0 =0l

IA

(3.4)
+6 [lza-1(t) = T(t, v @) + o (t) = T(¢, 20ma(8)) ] + 2Re (w(t) — (1), T(t, 1) — za(?))

Taking n — oo in (3.4), we obtain that

o (t) — v(t), x,_1(t) — v(t),

= () = T(t,vO)° < a |lv(t) = Tt v()” + 8 v(t) = T(t,v (1)
+8 [lv(t) = T(t.v(®)]’
= (I—a—p-0)|v(t) - Tt r®)* <0,

(since o 4+ B + & < 1), therefore ||v(t) — T'(t,v(t))||* < 0, implies v(t) = T(t,v(t)). So v is
a fixed point of 7.
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Uniqueness: Let w € C is another fixed point of 7', where w # v. Then

() —wOI® = T v(t) - T(t,wt)]’
o) =T w®)[* 1+ [lv(t) = T(t, v )]
L+ [lv(t) = w(t)[”
v w®) - TE, W) + llw(t) — (lﬁ,V(t))H22
L+ Jlw(t) = T(t,w@)” + lw(t) = T(t,v(0)]
[
|

IN

+7 [l (t) = w(®” +6lllv(t) = Tt w®)I + llw(t)

= (1—7y—8-20)v(t) —w(®)]” <0,

(since v + § + 20 < 1), then ||v(t) — w(t)||> = 0. So v(t) = w(t).

— T,
= B () —w®)® +7 lv(t) —w®* +26 [v(t) —w(b)|?

v(t))II°

Hence v(t) : Q@ — X is a unique random fixed point of the random operator 7'

Theorem 3.2 Let C be a non-empty closed subset of separable Hilbert space X. Let

T, F be two self random operators defined on C' such that 7'(¢,.), F(¢,.) :

all ¢ € Q) satisfy the following condition:

M@ = Fey @) [+ [lo(t) — T(t, 2(0)|]
L+ [l (t) =yt
ly(8) = F(t, @) + lly(t) — Tt x())]”

IT(t () = F(t.y(t)* <

+61+Ily(t)—F(t7y(t))|l ly(t) = T(¢, ()]’

(3.5) +6 [lle(t) = F(t,yO)* + lly(t) = T(t, ()],

for all x(t), y(t) in T'(¢,.), where «, 3,7,0 € [0,1) with (« + 8+ + 46 < 1).

Then 7" and F have a unique common random fixed point.

+ [l(t)

C — C (for

—y)l’

Proof: We constract a sequence {z,} as follows: Let z, : @ — C is arbitrary measur-

able function, fort € Q and n =1,2,3, ...

Tp1=T (t, 2, (1)), Tpio=F(t,2,(t)).
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For fixedt € Qandn =1,2,3, ...

() = 2O = (Tt 201 () = F(t, 2a()]
o Nza®) = F(t 2n ) [+ [on-a(t) = T(t 201 (D)

= Lt [0 () — a0
() = Pt 2D + foalt) = Tt 20cs ()]
Tt [20(®) = F (6 in )P [n(8) — T 2ma ()]
o (1) — () + 8l zas(8) — Ft () + [a0(8) — Tt s (8]
o ) = 2 O [+ s (8) — 2O

Lt [l (t) = za(t)]]”
|0 (t) = zurr O + llza(t) — 22|
() = zurr O la(t) — 2a ()]

= an(t) = zan (O] < (

. _ Y+20
since S = o5 < L, then

la(t) = Zpn (O < S [Jan-a(t) = za (D)
Proceeding in this way we can get
|20 () — Zns1(8)]|> < S™ ||2o(t) — 21(t)|*, where n =1,2,3, ..
For any integer p,
[0 (t) = Tngp(O)] < [lan(t) = 2aga (O] + lznsa () — znsa ()] +

------ Flznip1(8) = Tngp (D))

(S + 8™ 4+ ST ||z (8) — 2 (2)]
Sn
(T3

IN

IN

Y||zo(t) — z1(t)|| since 0 < S < 1.

So, as n — 00, 25 ||zo(t) — x1(t)| — 0. Then [|z,(t) — znipy(t)]| — 0 as n — oo.
Therefore {z,} is a Cauchy sequence in C. Since C is closed subset of a Hilbert space
X, there exists an element v(t) € C'(Q2) such that

lim x,(t) = lim 2,41(t) = im x,42(t) = lim x,_(t) = v(t), for all t € Q.

n—oo n—00 n—oo n—oo
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Now, further we have

= |v(t) = F(t,v0))II* = lv(t) = 2a(t) = (F(t, () = za(t)]

l(t) = 2a O + 1E (2, v (1)) — 2a (D]

+2Re (v(t) — z,(t), F(t,v(t)) — zu(t))

= |lv(t) = 2" + IT(t 2ar () = E(t,v(0)]° + 2Re (v(t) — za(t), F(t, v(1)) — xa(t))

= v(t) = F(t, v < [lv(t) — ()]
(@) = F(t v()* [1 + |l (

) —
)

IN

|
t) = T(t, 20 (1))
L+ [lza-1(t) = v(t)II”
lv(t) = F(t, v + lv(t) = T(t, 20 (1))
Lt flv(t) = Etv@)* - v(t) = Tt zar (D))
+6 [lzn-1(t) = F(t v + (1) = T(t 20 (1))17]
+2Re (v(t) — z,(t), F(t,v(t)) — xa(t)) .

3+ lzama(t) = v(OI

As n — oo, we obtain that

xn(t) — v(t), xp_1(t) — v(t),

= () = T(t,v0))|° < a |lv(t) = Ft,v@)I° + 8 llv(t) — Ft,v(t))]”
+8 [l (t) — F(t,v(t))|”
= (I—a—g-0)|vt) - Flt.vt)|” <0,

(since o + 5 + & < 1), therefore ||v(t) — F(t,v(t))||* < 0, implies v(t) = F(t,v(t)). So v is
a fixed point of F. By the same way we can obtain that v(t) = T'(¢,v(t)).
Uniqueness: It is obvious, as in the proof Theorem 3.1.

Then T and F have a unique common random fixed point.
Theorem 3.3 Let C be a non-empty closed subset of separable Hilbert space X. Let
E,J S, H Aand B : Q) x C' — C be six random operators satisfy the following condi-

tions:

() A(t, X) € E(t, J(t, X)) and B(t, X) C S(t, H(t, X)),
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(ii)
1At «(8)) = B(t,y(®)|’
B I y®)) = Bty [+ S H(E 2(1) — At 2(0)]]]
B L+ (|, H{t, x(1)) = E@, J (8 y(1)))]
L g BRI y(1) — BE, yO)I* + IB(t, Ity (1)) — A(M(WIZ2
L+ [E(t, I (8, y(8)) — Bty@)I”- B, J (8, y(t)) — At z(0)]
+y ISt Ht 2 (t) — B(t It y()]

(3.6) +O[lIS (¢, H(t,x(1))) — Blt,y))II* + | B, T (¢, y(1))) — At z(t)]]],
(i)
3.7) AH = HA,SH = HS,JB = BJ and EJ = JE.

For all z(t), y(t) € C and t € Q, where «, 8,7, € [0,1) with (a« + 8+ ~v+ 40 < 1).

If either:

(iv) (A, SH) are semi-compatible, SH or A is continuous and (B, F.J) are weakly com-
patible,

Or:

(v) (B, EJ) are semi-compatible, F.J or B is continuous and(A, SH) are weakly com-
patible.

Then E, J, S, H, A and B have a unique common random fixed point.

Proof: Let zy : Q@ — C is arbitrary measurable mapping. We define a sequence
of measurable mapping z, : 2 — C as follows:
(3.8)

A(t, won(t)) = E(t, J(t, 22n41(1))) = fon () B(E, 22n41(1)) = S(t, H(t, 22n42(t))) = fons1(t).

From condition (3.6) we have forn = 1,2,3,... and t € Q.

1 fon(t) = Fonrr (D" = At 220 (t) — B(t, 22041(t))]|”
< JEEIE 220 (1)) — B(t, 2041 (8))[I” [L + 1S(8, H(t, 224(1))) — At 224 (1)) "]
- L+ ||S (¢, H(t, 220 (1)) = E(t, I (8, 22041 (1))
8 1E(t, I (8, 22041(2)) = B(t, 22001 (8)I” + 1B, I (8, 22041(2))) — At 22(2))]] i
L+ | B(t, T (8, 22041 (1)) = Bt @ana (0) |- | E(, T (1 w201 (1)) — A(t, 220 (8))]
7 St H(t, 220(1))) = B(t, T (¢, 22041(8))) |

O[S (t, H(t w2a (1)) = B(t, 2ansr () ” + | B(E, T (¢, 22041 (1)) — At w2a (1) ]

2
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It follows by (3.8) that

2 fan(®) = fanr I L+ [ foner (8) = fon (D[]

| fon(t) = fona ()" = « L+ [ fana(f) — f2n(t)H2

5 1f2n (8) = fonsr (DI + |l fan(t) — f Gl
L+ [ fan(t) = fonar 7 - 1| fon (8) = fan (D)

7 | fon1(8) = foa (01"

(3.9) [l fon-1(t) = fenr1 (B> + | fon(t) = fon(B)]1?].

By a Parallelogram law, we can write as (3.3)

| faet(t) = ot O = N faci(®) = fut) + falt) = frsar (DI
= 2| fuc1(t) = fu®? + 21 fu(t) = frrar (D))
— [ famt(t) = fult) = [fa(t) = fasr (DI
(3.10) <2 facr(8) = (P + 21 falt) = fara (D]
Applying (3.10) in (3.9) we get
120 (t) = fonr (O = (T—— 5

< 1. Similarly proceeding the same way, by induction we get a

) fon s (8) = Fanl®* = S fon s (8) = Fon()]”
Y+26
1—a—p—-26
measurable mapping fy,(t) : @ — X such thatn =1,2,3,...and ¢t € ), we have

1 fon(t) = foasr (I < S folt) = F ()]

since 5" — 0 as n — oo and by the argument of Theorem 3.1, we have {f,,(¢)} is a

where S =

Cauchy sequence and hence is convertgent in the separable Hilbert space X. For ¢ € (),

let {f5,(t)} and it subsequences converges to some measurable mapping = : Q@ — C,

therefore
fon(t) — z(t) asn — o,
Aty za,(t)) = E(t,J(t, xon41(t))) — x(t) as n — oo,
(3.11) B(t, xon41(t)) = S(t, H(t, x2n42(t))) — z(t) as n — 0.

Now, for every t € Q). If SH is continuous, we have
(3.12)
S(t, H(t, A(t, z20(t)))) —> S(t, H(t,2(t))), S(t, H(t, S(t, H(t, 22042(1))))) — S(t, H(t,x(t))),

since A and SH are semi-compatible, hence

(3.13) A(t, S(t, H(t, 2an(1)))) — S, H(t,z(t))).
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For every t € (), we get

1A, (¢, H(t, 224(1)))) = B(t, 2201(2))||”

< o LEGT o1 (1)) = B(tzan 41 (t NI (LIS (¢ H (8,8 (6 H (t:2n (D)) —A(t,S (6 H (20 (D))))[|]
L[S (¢, H (t,S (t,H (t.220 (1)) = E (8, (¢,220+1 (D)) |

+ IE(tJ (tan+1()) =B(tzant1 (0> H B (Gazns1(0) = A,S(¢H (Ewan ()]
L B(t,J (t@2n+1(0)) = B(t.e2n+1 (1)) |7 B(t, I (2041 (8) —A(E,S (8, H (te2n (1))

1St H(t, S(t H(t wa (1)) = E(t, I (8 2041 (1))
+8[l1S(t, H(t, S(t, H(t, 220 (t))))) = B(t 2o (D) HE(t I (1 w041 (1)) — Alt, S(8, H(E, 220 (1)),

Letting n — oo and using (3.11), (3.12) and (3.13) we get
ISt Ht,2() =@ < Bllat) = S HEz@)I + 7 1S HE,2(1)) — 2(0)]”
+28||S(¢, H(t (t))) — ()]
= (1= —7—20) St H(t,z(1)) —x(t)]* <0,
so that
(3.14) S(t, H(t,z(t))) = z(t), t € Q.

Again using condition (3.6),

1A, (t)) = B(t, 22n1(1)) |
ME It w2001(8) = Bt wanaa () * [1+ 1S H(E w(8) — A(t, 2(t)|]
N L+ (1S (8, H(t,2(1))) = E(t, I (¢, 22 (1))
L g EE I 2o (1)) — B 2ania (t )I° + B J(t 2o (t)) — A(t,x(t))IIQQ
L+ [ B(t, I (8, 22041 (1)) = Bt 2onsa (0)) - | B(E, I (t 22041(2))) — Alt, (D))
IS (8, H(t,2(t)) = B(t, J(t, w201 (1))]]”

+O[l1S(t, H(t,x(1))) = B(t, 2041 (0))I* + [ E(t, T (¢, 22041(2))) — Alt, (1))

Letting n — oo and using (3.14), we get
(3.15) JA(L 2(t)) — 2| < BIAE2(6) — 2(®)2 + 6 [l2(t) — Alt, 2(1))]*
from (3.15), we get

(3.16) (1— B =8 |JA(t, 2(t)) — z@)|> <0, = x(t) = A(t, (t)),
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Both (3.14) and (3.16) give
(3.17) z(t) = A(t,z(t)) = S(t, H(t,z(t))), t € Q.

Since A(t, X) C E(t, J(t, X)) and hence there exists a measurable mapping z : Q@ — C
such that A(t,x(t)) = E(t, J(t, z(t))).
from (3.17), we have

(3.18) #(t) = Alt,o(t) = S(t, H(t,a(t)) = E(t, J(t, 2(1))).
From condition (3.6), we obtain

IA(t, 220 (t) = B(t, 2(t)
JMER It 2(0) = Bt 2(0)1° [1+ IS H(E wa0(1)) — At o (1))
L+ |[S(t H(t, w20(1))) = E(2, (¢, 2(0)]°
L AIE® I 2() — B, 2t)I” + B I 2(1) = Alt, 2an(t)) 2
L+ [E(t, J(¢,2(2)) = Bt 2O I1E(, I(¢, 2(t))) — A(t, 224 (1))l
IS (8, H(t, @ (t)) — Bt J(t (1))
)

OIS, H(t, 22(t)) — B(t, 2(O)|* + [ B(t, I (1, (1)) — A(t, 22a (1))

IN

2

Putting n — oo, applying (3.18) and (3.11), we have

lz(t) = Bt 2())|* < a[|z(t) = B(t, =(1)) ||

(3.19) +6 |2 (t) = B(t, 2(0))|* + o[l|=(t) — B(t, z(0)|1*,
from (3.19), we have
(1—a—B-20)|lz(t) — B(t,z(t))||* <0 = z(t) = B(t, 2(t) for t € Q,
therefore,
(3.20) B(t, z(t)) = E(t, J(t, 2(t))) = z(t).
Since (B, E.J) are weakly compatible then,
(3.21) B(t, E(t, J(t, 2(t)))) = E(t, J(t, B(t, z(1)))),
from (3.20), we get
(3.22) B(t, z(t)) = E(t, J(t,z(t))) for t € Q.
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Again using condition (3.6), we get

1At () = B(t, (1))

< GBIt ®) = Bt a@)|” [+ S H(t,x(t) — At 2(1))]]
- L+ St 2t a(t)) — B(t, J(t,2(1)))||”
L g N I 2(t)) — Bt x(t DI +IE(, I (8, 2(1) — At z(0)°
L+ || Bt J(t 2(t) = Bt zO) - Bt I (t2(t))) — At 2(t)]”

ISt H 2 (t) — B, J(t, ()]
+[I|S(t, H(t,2(1)) — B(t, 20| + [|E(t, T (¢, x(2))) — At z(0)]]).

By using (3.18) and (3.22), we have

lz(t) = E(t, J(t,zO)I* < Blla(t) = B, J(Ez@)* + v ll=(t) — B¢, J(,2(6))])*
+26 ||2(t) — E(t, J(t, ()],
so that
(3.23) (1—~—p—=29)|z(t) — E(t, J(t,x(t)))”2 <0 = x(t) = E(t, J(t,z(t))) for t € Q.
From (3.18), (3.22) and (3.23), we get
x(t) = B(t,z(t)) = E(t, J(t,z(t)))
ie. x(t) = B(t,z(t) = E(t, J(t,x(t)) = A(t,z(t)) = S(t, H(t,z(t))), t € Q.

That is x(t) is a common random fixed point of A, B, E.J and SH.
Now, we need to prove that

2(t) = E(t,z(t)) = J(t,2(t)) = S(t, 2(t)) = H(t, (t))

By HA = AH and condition (3.6) we have

[H (¢, x(t)) = 2(@)[]” = | H(t, A(t, (t)

)
LB It 2(2)) — Bt 2(?))] ) — Alt, H(t, (1))
L+ |[S(t Ht, H(t,a(2)) = B(t, I (8, 2(1)))[|”
1E(t, (¢, x(t) — Bt @) + [|E(t, J (¢, x(t)) — A(t, H(t,2(1)))]|”
L+ |[B(t, J(t 2(t) = Bt xO)° - [|E(, I (8, 2(1) — A(t, H(t,2(1))|”
IS, Ht H(t 2 (1)) = B(t, J(8, 2 (1))

= B(t,20))II” = | At H(t,2(1))) = B(t,« (1))
[+ ISt H(t, Ht,2(1))

+0

(3.24)  +3[|IS(t, H(t, H(t,x(t)))) = B{t.a()|* + | B(t, J(t, (1)) — Alt, H(t, 2(t)]]).
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Since HA = AH and SH = HS we get H(t, A(t,z(t))) = A(t, H(t,z(t))) = H(t, z(t))
and S(¢t, H(t,H(t,z(t)))) = H(t,S(t, H(t,xz(t)))) = H(t,z(t)). Applying this in (3.24) we
obtain

1E (¢, 2(1)) = 2(@)II” < BIH(E () — 2O +y | H(t,2(1) — ()]

(3.25) +20 || H (t,x(t)) — x(1)]*

From (3.25), we have

(3.26) (1= 8=~ —=20) | H(t,x(t) —z(t)|]* <0 = 2(t) = H(t,z(t)).
Since x(t) = S(t, H(t, z(t))) and by (3.26), we have x(t) = S(t, (1)),
(3.27) Le. x(t) = H(t,x(t)) = S(t, (t)) for t € Q.

Again since /B = B.J and using condition (3.6) we have

() = J(t,x()])” = [|A®,2(t) = J(t, Bt z(0)]” = [|A®¢ 2(t) = B(t, J (¢, 2(t))]”
< JEW IR I a(?))) - B¢, J(t 2(t) I [1+ IS, Ht, 2 (2)) — At 2(8))]]]
B L+ ||S(t, H(t, (1)) = B¢, J(t, It 2(1)))][*
+ﬁ HE(tv J(tv J(tv I(t»)) — B(tv J(tv m<t>>)||2 + HE(t? J(t7 ‘](t7 x(t)))) — A(t7 x(t))||2
L+ | E(t, J(ty) = Bt Tt xO)I* - | B, I (¢ It 2(1)) = At 2(0))]?
)

|
1St H 2 (1) — B(t, (¢, J(t,a(6)]

= —

(3.28)  +HO[|S(t, H(t,x(t))) — B(t, J(t,a®)))II* + | B(t, J(t, I (¢, 2(1)))) — Alt, z(t)]],

Since JB = BJ and EJ = JE we get J(t, B(t,x(t))) = B(t,J(t,z(t))) = J(t,z(t)) and
E(t, J(t, J(t,x(t)))) = J(t, E(t, J(t,x(t)))) = J(t,z(t)). Applying this in (3.28) we obtain

l(t) = J(t 2 @) < B llz(t) — Tt a@)|* + 7 lla(t) — T (¢, «())]]”

(3.29) +26 || (t) — J(t, z(1))]|*.
From (3.29), we have
(3.30) (1 =B —~=20)||J(t,z(t)) —z@)||” <0 = x(t) = J(t, z(t)).
Since z(t) = E(t, J(t,z(t))) and by (3.30), we have z(t) = E(t, z(t)),
(3.31) ie. z(t) = J(t,x(t)) = E(t,z(t)) for t € Q.
From (3.27) and (3.31), we have

z(t) = H(t,z(t)) = S(t, z(t)) = J(t, z(t)) = B(t, z(t)), t € Q,
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taht is x(t) is a common random fixed point of £, J, S, H, A and B. For the uniqueness
of the common random fixed point z(¢) of £, J, S, H, A and B, let h : 2 — X be another

common random fixed point of £, J, S, H, A and B, using condition (3.6) we have

lz(t) = A@II* = [, 2(t)) = Bt h(t)]’
LB I h(?))) ~

IN

B(t, h(t)|* [L + || S(t, H(t, (1)) — Alt, x(1)) ]
L+ |[S(t, H(t,x)) — E(t, J (¢, (1))
L g MIE® I h(2) — Bt hO)II* + 1B, I (¢, h(1))) — A(t, :v(t))H:
L+ [[E(t, J(8, (1)) = B(t, k(D) |E(t, T (¢, h(2)) — At z(0)]
) =
) -

IS (8, Ht,2(8)) — B(t, J(t A(E)]°
O[S (8, H(t,2(1))) = B(t, h())|* + [|E(, I (¢, h(1))) — At ()]
= (1—7—8-20)a(t) - ht)|]* <0,

so that ||z(t) — k(t)||* = 0. So

h(t) = z(t) for t € Q.

Now, suppose A is continuous, then

(3.32) A(t,S(t, H(t,z2,(t)))) — A(t,x(t)), A(t, A(t, xonia(t))) — Alt, z(t)),
since pair (A, SH) are semi-compatible, hence

(3.33) S(t, H(t, A(t,x2,(t)))) — A(t, z(t)).

For every t € Q), we get

1At A(t, 22a (1)) = B(t, 22n (1)

o NE@T (t@2n 41 (1)) =Bt zan+1 (¢ DIZ[LHIS (8 H (8 Atz (8)))) = At At,z2n (1)) %]
- L[| S(t,H (8, A(tw2n (1)) —E(t,J (tx2n4+1(1)) ]|

+3 IE(t,J (te2nr1(8) =B(twan+1 () 1>+ Bt (¢,22041 (£))) = At Altz2n (D))
LH|E(t,J (8,22n4+1(1) = B(tawznt1 ()21 E(t,J (£y)) = At A(tz2n (1)) ||

St H(t, At 2an(1)))) = E(t, I (¢ 2ana ()]

O[St H(t, Alt, 224(1)))) = B(t, wanr () |” + |E(t, I (1 2201 (1)) — A(t, At 22(8)))]]],
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Letting n — oo and using (3.11), (3.32) and (3.33) we get

1A () —2@OI* < Bllz(t) — Alt,zO) + v [ At 2(1)) — ()]
+26 || A(t, 2 (t)) — «(t)|”
= (1= B —7—20) At 2(t)) — 2()]* <0,

which implies
(3.34) A(t,z(t)) = x(t), t € Q.

Since A(t, X) C E(t,J(t, X)) and hence there exists a measurable mapping z : @ — C
such that A(t,x(t)) = E(t, J(t, 2(t))).
from (3.34), we have

(3.35) 2(t) = A(t, 2(t)) = B(t, J(t, 2())).

From condition (3.6), we obtain

At A(t, 220(8))) = B(t, 2(t) |

E (8 2(0) = Bl 2(0)[° [1+ IS H(t,
L4 [|S(E H(E, At w2n (1)) = E(2,
2(t

g AIE® I 20) — B, DI+ 1B, It 2(1)) — A(t, A(t, 2 (1))
L+ [[E(t, J(¢,2(t)) = Bt 2(O) - I1E(t, T(t, 2(1))) — A(t, A(t, 220 (1))
(,

(,

1S (8, H(t, A(t 224 (1)) = E(t, (¢, 2(1)) ]
O[S (t, H(t, A(t, 224(1))) = B(t, 2(0)|” + [|E(t, I (£, (1)) — A(t, A(t 220 (8))]]],

A(t, w0, (1)))) — Alt, A(t, 20(1)) ]
Bt

J(t, 2(1)))II”

putting n — oo, applying (3.32), (3.33), (3.34), (3.35) and (3.11), we have

l(t) = B(t, 2(1))[I” < e |a(t) = B(t, 2(t)|” + B [l(t) = B(t, ()|

(3.36) +6[[|l(t) = B(t, z(t)[I*,
from (3.36), we have
(1—a—B=0)l2(t) = Bt ()P <0 = w(t) = B(t,2(t), t € 2,
therefore,
(3.37) B(t, 2(t)) = E(t, J(t, (t))) = x(1).
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Since B and EJ are weakly compatible then, they commute at their coincidence point
z(t), i.e.

(3.38) B(t,E(t,J(t,2(t)))) = E(t, J(t, B(t,2(t)))) = B(t,z(t)) = E(t, J(t,x(t))),t € Q,
using condition (3.6), we get

1At 220 (t)) = B(t, 2(1)|
JMEG I 2() = Bt 2(0)]* 1+ IS¢ H(E 20() = Al 220 (1)) []]
L+ (ISt H(t, wau(t)) — E(t, I (¢, 2(1)))II”
L g MBI 2(t)) — Bt x(t DI +IE(, I (8, 2(1) — At 22, (D)
L+ [[E(t, J(t,2(1)) = B(t, ()| | B(t, J(t,(t))) — A(t, 224 (1))
ISt H(t 22a (1)) — Bt J(t,2(1)))]]”
)

(IS (8, H(t, 22(t)) — B(t,a())* + | B(t, J(t, 2(t))) — Alt, 220 (0))]):

IN

By using (3.38) and (3.37), we have

lz(t) = Bt,x(O)I° < Blla(t) = Bt a@)II* + ll2(t) - Bt «(t))]”
+26 || (t) — B(t, ()],
= (1= 8-y —20) a(t) = B(t,«(t))|] <0,

which implies

(3.39) x(t) = B(t,x(t)) for t € Q.

From (3.34), (3.38) and (3.39), we get

(3.40) x(t) = A(t,z(t)) = B(t,z(t)) = E(t, J(t,x(t))), for t € Q.

Since B(t, X) C S(t, H(t, X)), and hence there exists a measurable mapping k : Q@ — C
such that B(t,z(t)) = S(t, H(t, k(t))).

from (3.40), we have

(3.41) 2(t) = A(t,a(t)) = B(t,x(t)) = S(¢, H(t, k(t))).



Again using condition (3.6), we have

1At k() = B(t 2(t)]”
B I 2() = Bt o()[|* [+ IS¢ HE k(1)) — At k(#)]]
L+ |[S(t Ht k(1)) — B(t, J(t,2(1)))]|”

|2

IN

L g BRI () — Bt z@)I + | EE, I (¢, 2() - Alt, k()|
a(t

LB Tt 2(0) = Bl a(O) B I (6 2()) = Al k)P
+y (ISt Ht, k(t)) — BE(t, J (¢, =(t)))]
+O[[IS(t, H(t, k(1)) — B(t, x(0)]* + | E(t, J (£, 2(1))) — At k(0)]]],
using (3.38) and (3.41), we obtain
It k(1) — 2@ < BIAE k() — 2] + 6 [la(t) — A, k(t)[|*
= (1=8-0)[|A(t,k(t)) —z()] <0
(3.42) ie. z(t) = A(t, k(t), t € Q.
Both (3.41) and (3.42) imply that
(3.43) (t) = A(t, k(1)) = S(t, H(t, k(t))) for t € Q.
since A and SH are semi-compatible, hence

S(t, H(t, A(t, k(1)) — A(t, k(1)) = a(t

(3.44) ie. S(t, H(t,x(t))) = A(t,k(t)) = x(t) for t € Q.
From (3.40) and (3.44) we have
x(t) = A(t,z(t)) = B(t,z(t)) = S(t, H(t,xz(t))) = E(t, J(t,z(t))), t € Q,

that is z(¢) is a common random fixed point of A, B, SH and EJ.

Similarly, we can prove that z(¢) is a unique common random fixed point of £, J, S, H, A

and B.

Now, if the second condition of the Theorem 3.3 is satisfied that is, B and E.J are semi-

compatible, £J or B is continuous and (A, SH) are weakly compatible. Then the proof

is similar (iv)

If we put J = H = I (the identity random mapping) in Theorem 3.3, we have the

following corollary:

Corollary 3.1 Let C be a non-empty closed subset of separable Hilbert space X. Let
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E. S, Aand B : Q x C — C be six random operators satisfy the following conditions:

JAt, 2(8)) — Blt,y(0))]*
B 5(@) = Bt y@)I 1+ 1St 2(1) — Alt,2(0) )
L+ (8 2(1) — Et, (1)
|E(t, (1) = Bt,y(®)]> + | E(t, y(1) — At 2())]*
L+ | E(t,y(6) — Blt,y)|P. [ E(t, y(1) — At 2(0))]?
I8 2(t) - E(t, ()
()15t 2()) — Bt y(0) 1P + Bt y(1) — At 2(0))]?],

<

for all x(t), y(t) € C and t € Q,

A(t,X) C E(t,X)and B(t,X) C S(t, X),

where «, 3,7,0 € [0,1) with (o + 8+ v+ 40 < 1).

Then A, B, F and E have a unique common random fixed point if one of the following
conditions is satisfied

(1) (A, S) are semi-compatible, S or A is continuous and (B, E) are weakly compatible,
(2) (B, E) are semi-compatible, £ or B is continuous and (A, S) are weakly compatible.

Remark 3.1 Also, if we put / = H = E = S = I (the identity random mapping)

in Theorem 3.3 we obtain Theorem 3.2.
Now we give an example to justify our results

Example 3.1 Let X = R, Q@ = [0, 1] and X be the sigma algebra of lebesgue’s measur-
able subset of [0, 1], let C' = [0, 00), if we define the distance d(z,y) = ||z(t) — y(¢)|| on
R, then X being a Hilbert space, define the random operators 7, F : Q x C — C as
T(t,x) = # and F(t,z) = l’tQT“’x, also by given measurable sequence g, : 2 — C
as g,(t) = (1 — )"+ for every t € Q and n € N. Taking the limit as n — oo, we have
g(t) = 1 — t* also measurable mapping from Q to C for every t € Q.

Verification:
It is clearly
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hence, ¢(t) is a random fixed point of T, for every ¢ € (.
for fixedv =t>and y =t forallt =1 € Q, then

IT(t () = Tt yDI* = 0
t

Lyt — T, yO)” [+ [|l=(t) = T(tz(@)IF] 5,
L+ [|lz(t) = y()] 16
3 ly(t) = T,y + lly(t) = Tt =O)* 85
L+ [ly(t) = T(ty @) lly(t) = T(t,x (1)) 17
() —y®I* = o,
1
olllx(t) = Tty + lly(t) = T(t2@)I*] = 30
The inequality (3.1) leads to
)
0< EO( ‘|— 6 + 5 <1,
satisfying for any value of «, § and ¢ in [0, 1).
Therefore all requirements of Theorem 3.1 are satisfied.
Again for fixed v = t?> and y = %t forallt =1 € Q, then,
IT(t,=(t) = F(t,y(t)* = 0
yt) — F(tyO)* [+ llz(t) = Tt 2 @)IF] 1
L+ [lz(t) = y(0)]” 100
ly(t) = Ft.y()I* + lly(®) = Ttz @)I* 1
L+ [ly(t) = F(tyO)* - ly(t) = T(¢, 2(8))]” 50
2 _ 4
vl =y = 527
12
Olll=(t) = F(t,yO)* + ly(t) = T(t, )] = =0°
The inequality (3.5) leads to
1 4
satisfying for any value of o, 3,y and 0 in [O, 1) and
Ft, g(t)) = 1 -2 +5g(t) _1—-t2+5-5t _ =2 = o)

6 N 6
hence, g(t) = T'(t,g(t)) = F(t, g(t)) is a common random fixed point of 7" and F’, for every
te .

Therefore all conditions of Theorem 3.2 are obtained.
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