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1. INTRODUCTION AND DEFINITIONS
Let H(U) denote the class of functions analytic in the open unit disk
U={z:2eCand|z| <1}.
Forn e N={1,2,3,...} and a € C define the class of functions
Hla,n] = {f € HU) : f(2) = a+ apz" + apns 12" +---}.

Let f and g be members of H(U). The function f is said to be subordinate to g, or
(equivalently) g is said to be superordinate to f, written symbolically as

f<g in U or f(z)=<g(2) (z€l),
if there exists a Schwarz function w analytic in U, with w(0) = 0 and |w(z)| < 1 for all
z € U, such that
f(z) = g(w(z)) (2 €U).

In particular, if the function ¢ is univalent in U, then we have the equivalence (cf.,
[4, 5])

f=g < f(0)=g(0) and f(U)C g4(U).
Now, we introduce following few important definitions.
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Definition 1.1. Let ¢ : C* x U — C and let h(z) be univalent in U. If p(z) is analytic in

U and satisfies the third-order differential subordination:
(1.1) d(p(2), zp'(2), 220" (2), 2°p"(2); 2) < h(2),

then p(z) is called a solution of the differential subordination. The univalent func-
tion q(z) is called a dominant of the solutions of the differential subordination or more
simply a dominant if

p(z) < q(2)
for all p(z) satisfying (1.1). A dominant §(z) that satisfies

q(2) < q(2)

for all dominants q(z) of (1.1) is said to be the best dominant.

Definition 1.2. Let O denote the class of functions q that are analytic and univalent
on the set U\ E(q), where

E(q) = {5 € 0U : limg(2) = 00} ,

and are such that ¢'(§) # 0 for £ € OU \ E(q). Further, let the subclass of Q for which
q(0) = a be denoted by Q(a).

We first recall the following lemma due to Miller and Mocanu [4, 5].

Lemma 1.1. [5] Let ¢ € Q(a), and let p € Hla,n] with p(z) # aand n > 1. If p is
not subordinate to q, then there exist points z, = roe'® € U and wy, € 0U \ E(q), and
m >n > 1 for which p(U,,) C q(U),

() p(20) = q(wo),
(i) zop'(20) = mwoq' (wo),

(iif) ReM+1Zm{ReM+1} .
P'(20) q'(wo)
Ponnusamy and Juneja [6] investigated the third order differential inequalities in
the complex plane. Recently, Antonino and Miller [1] considered the third order differ-
ential inequalities and differential subordination in C and proved the following lemma

which contains the third order differential inequalities.

Lemma 1.2. [1] Let p € H[a,n] with p(z) # aand n > 2, and let ¢ € Q(a). If there exist
points zy = roe® € U and wy € OU \ E(q) such that p(z) = q(wy), p(U,,) C q(U),

Re {M} >0 and
q'(wo)

2p'(2)
¢ (w)

<n,
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when z € U,, and w € OU \ E(q), then there exists a real constant k > n > 2 such that

Zop/(ZO) = ”woq/(@UO),

/! 1
Re ZOZ/) (20) +1>n [Re M + 1] and
P (20) q' (wo)
Re 200" (%) s wiq” (wo)
P(z0) q'(wo)

Now, we consider a variation of the above Lemma 1.2 which is related to the differ-

ential subordination of two analytic functions.

Lemma 1.3. Let ¢ € Q(a), and let p € H[a,n| with p(z) # a and n > 2. If p is not
subordinate to q, then there exist points zy = roe® € U and wy € U \ E(q) such that

p(U,,) C q(U), and

q'(wo)
when z € U,, and w € 0U \ E(q),

Re {M} >0 and ’Z],) (2)

(i) p(20) = q(wo),
(ii) Zop/(ZU,)/ = nwyq (wo),
i) Re 220 g5 [Re
P'(20) q
(IV) Re Y (ZU) > nQ@qum(U}Q)'
P(z0) q'(wo)

wO //(w0>
/

(wo)

+1] ,and

Lemma 1.4. [2] Let K, L, N,~,  be nonnegative real, fixed numbers, and let
f(z) <1+ Kz, g(z) <14+ Lz, h(z) <Nz, (z€l).

Then
vf(z)+0g(z) <v+ 0+ (YK +0L)z, (z€U),
and

vf(2) +0h(z) < v+ (YK +6N)z, (2 €T).

In this paper, by making use of Lemma 1.3 we find the connection between certain
third order differential subordination and the subordination expression of f(z)/z and
f'(z). The solution of third order differential equation is obtained. Our results extend
the result of Kanas and Owa [2]. Results of similar type, but mainly second and first
order obtained in [2, 3]. Certain result of Kanas and Owa [2], Ponnusamy and Juneja

[6], and Kanas and Stankiewicz [3] are obtained as special cases.
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2. Proor oF THE LEMMA 1.3

The proof of the Lemma 1.3 is essentially similar to Lemma 2.2d of Miller and Mo-
canu [5, p. 24].

Proof. Since p(0) = a = ¢(0), and p and ¢ are analytic in U, we can define

ro = sup {r: p(U;) C q(U)}.
Since p # ¢ we have p(U) ¢ ¢(U). Thus there exists 0 < 7, < 1 for which
p(U,,) ¢ q(U). Since pis analyticin U, the set p(U,, ) is bounded and p(U,,) C ¢(U), there
exists zy € dU,, such that p(zy) € d¢(U). This implies that there exists wy, € 9U \ E(q)

such that p(zy) = ¢(wp). The remaining three conclusions of this lemma follow by ap-

plying Lemma 1.2. O

3. THIRD ORDER SUBORDINATION

By making use of Lemma 1.3, we prove the following result.

Theorem 3.1. Let o, § and v be real numbers such that v, > 0and v+ 25+« > 0. If
f € H(U), Re (£¢"(€)/q(€)) > 0 (¢ € DU\ E(q)) and satisfies

BD B+ @+ - el <1 e,

for some M > 0, then

f(z) Mz _

and the result is the best possible.

Proof. Let p(z) = M Then p(0) = 1 = ¢(0), using (3.1) and a straightforward calcu-
z

lation shows that
(3.3) 2" (2) + By +B)2%(2) + (v + 28+ a)zp'(2) +p(z) < 1+ Mz (2 €D).

If p £ q, then by Lemma 1.3, there exists zp € U, {, € OU \ E(q), and n > 2 such that

plz) = (&), zop(20) = &t/ (&), Re{f;?;'g;)}zo,

20p" (20) [ §0q" (&0) } 200" (20) _ 5&24" (&)
Re +1>n |Re +1|, and Re >n )
7' (20) 7' (&) P (20) 7' (&)
In this case we have,
ME¢, , ME,
o) — 1 5 o o) — )
9(&) +1+7+25+a St () 1+~v+20+4+«
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and ¢"(&,) = ¢"(&,) = 0. Subsequently, for ¢, = ¢, we get

, M
Re (e 22" (2)) > n(n —1 ,
(750" (0)) = n( )1—1—7—1—25—1—&

and
Re (e "z3p" (2)) > 0.
Thus,
7260 (20) + (37 + B) 250" (20) + (v + 28 + ) 200 (20) + p(20) — 1
nM(y+ 26+ «) M
1+7+28+a  1+vy+28+a

2 Re (’ye_iezgp’"(zo)) + (3,}/ T B)Re (e—iezgp//(zo)) + M[q(z—;iﬁ2;j>&+ 1]

= |ve™"25p" (20) + (37 + B)e™"2p" (20) +

2
> T 197 1 a [(37+6)n +(a+6—27)n+1}

> M,

forn > 2,~,8 > 0,and v + 26 + a > 0, which contradicts the assumption (3.1). It
follows that p < ¢, which completes the proof of Theorem 3.1. O

Remark 1. Note that the function
Mz
=1
1=+ et GEU)
realizes equality in the differential subordination (3.3), thus q(z) is the best dominant

of (3.3), and obtained the result is the best possible.

Remark 2. From Theorem 3.1, it is easy to check the function
M z?
l+y+28+a’

fz) =2+

is a solution of the differential equation

P2+ B2 + (G - (e LD — e zew)

By taking v = 0 in Theorem 3.1, we obtain the following result, which is essentially
due to Kanas and Owa [2, Theorem 2.1, p. 27].

Theorem 3.2. Let « and [ be real numbers, such that § > 0,a+ 25 > 0. If f € H|[0, 1],
and

Bzf"(2) + af () + (1 —«a) @ <14 Mz, (z€0),
for some M > 0, then

f(z) Mz
— St areser GeEU
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and the result is the best as possible.

Remark 3. Putting v = [ = 0 in Theorem 3.1, we get the result of Ponnusamy [7,
Example 6, p. 408].

Putting v = @ = 0 in Theorem 3.1, we obtain the following result.

Corollary 3.3. Let § > 0.If f € H(U), Re (£¢"(£)/q'(€)) > 0 (£ € OU\ E(q)) and satisfies

(3.4) Bzf"(z) + @ <14+ Mz (2€U),
for some M > 0, then
f(z) Mz

and the result is the best possible.

Theorem 3.4. Let «, 5 and 7 be real numbers such that v, > 0,v+a > 1. If f € H(U),
Re (£41(£)/41(€)) = 0 (£ € OU \ E(q1)) and satisfies
f(z)

36) () + B )+ () () + - (Y + ] <1+ Mz (2 €D),

for some M > 0, then

2M z

. ! 1 = .
(3.7) fi(z) < +1+’y+2ﬂ+a a(z) (z€l)
Proof. Let g(z) = f'(z), then ¢g(0) = 1. A simple computations using (3.6) yields that
(3.8) V229" (2) + Bzg'(2) + (v + a)g(z) + [1 — (v + a)]@ <14+ M-=.
By using Theorem 3.1, we get
(3.9) . <1+1+7+25+a (z € U).
Applying Lemma 1.4 together with (3.8) and (3.9), we obtain

2 M

(3.10) 722" (2) + Bzg'(2) + (v + )g(z) = v+ a+ 1(1—;&251_ Oj

If g £ ¢1, then by Lemma 1.1, there exists zy € U, §, € U\ E(¢1), and n > 1 such that

9(20) = 01(&), 209 (20) = &y (&),

ZOQ//(ZO) { éoqg(ét)) 1
Re ————=+1>n|Re——~+1|.
9 (%) ¢ (&)
In this case we have,
2ME, , 2ME,
o) — 1 5 o o) — )
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and ¢/ (¢,) = 0. Subsequently, for &, = ¢ we get

‘ 2M
R —30 .2 1 > _1 .
e(e 209 (Zo))_n(” )1+7+25+o¢
Thus
|7239”(20) + B9 (20) + (v + @)g(20) — (v + 04)‘
i 2nM 2M (v + o)
0. 2 I
= |ve "z 20) +
e w0 o) T s T T+ 28 +a
2nM 2nM(y + «)

Z Re (,ye—iezgg//(zg)) +
2M

>

“1+v+28+a

- 2(v+ B+ )M

“1+y+28+a’
forn > 1,7,6 > 0, and v + a > 1, which contradicts to (3.10). It follows that g < ¢,
which completes the proof of Theorem 3.4.

1+7+286+a 14+7v+20+«

[vn* + (B = y)n + (v + )]

O

By taking v = 0 in Theorem 3.4, we obtain the following result by Kanas and Owa
[2, Theorem 2.2, p. 29].

Theorem 3.5. Let o and [ be real numbers, such that 3 > 0,a > 1. If f € H[0,1], and

the differential subordination

Bzf"(z) + af'(z) + (1 —a)@ <1+ Mz, (2€U),

holds true for some M > 0, then

Mz

fl(z)—<1+a+2ﬁ+1

(z € D).

By taking v = 0 and a = 1 in Theorem 3.1 and Theorem 3.4, we obtain the results
of Kanas and Stankiewicz [3].

Theorem 3.6. Let 5 > 0. If f € H|0, 1], and the differential subordination
Bzf"(z2)+ f'(z) <1+ Mz, (z€U),

holds true for some M > 0, then

N f(2)
(1)7<1+2(1+5) (ZGU).
(i) f'(z) <1+ {]\jlr—zﬁ (z € U).
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Remark 4. Putting v = [ = 0 in Theorem 3.4, we get the result of Ponnusamy [7,
Example 6, p. 408].
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