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1. INTRODUCTION

In 1987, Barefoot, Entringer and Swart [2], defined the edge-integrity of a graph
G with edge set £(G) by I'(G) = min{|S|+m(G—-S5) : S C E(G)}. Anyset S C E(G) of
edges which realizes this value is called an I’ —set. Sultan et al. [6], have introduced
the concept of hub-integrity of a graph as a new measure of vulnerability. The hub-
integrity of a graph G denoted by HI(G) is defined by, HI(G) = min{|S|+m(G—S)},
where S is a hub set and m(G — 9) is the order of a maximum component of G — S.
Further Sultan Mahde and Veena Mathad [7] have studied hub-integrity of some
operations of graphs. In [8] they discussed hub-integrity of a graph obtained by
duplication of an edge by vertex and duplication of a vertex by an edge and splitting
graph of some graphs. Sultan Mahde and Veena Mathad [9] defined the edge hub-
integrity of a graph G. Let e = (u,v) and f = (v/,v’), a path between the two edges e
and f is a path between one end vertex from e and another end vertex from f such
that d(e, f) = min{d(u,u’), (u,v"), (v,u), (v,0")}. Internal edges of a path between two
edges e and f are all the edges of the path except ¢ and f. Suppose that S C E(G).
An S-path between edges e and f is a path in which all its edges except e and f are in
S. (This includes if the path contains two adjacent edges or single edge, such cases
the S-path is trivial.)A subset S C FE(G) is called an edge hub set of G if every pair
of edges e, f € EE — S are connected by a path where all internal edges are from S.
The minimum cardinality of an edge hub set is called edge hub number of G, and is
denoted by h.(G). If G is a disconnected graph then any edge hub set must contain
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all of the edges in all but one of the components, as well as an edge hub set in the
remaining component. The edge hub-integrity of a graph G denoted by FHI(G) is
defined as EHI(G) = min{|S|+m(G —5), S is an edge hub set of G}, where m(G —S)
is the order of a maximum component of G — S. Any set S C F(G) with property
that | S|+ m(G — S) = FHI(G) is called an EHI— set of G.

In the present work edge hub-integrity of splitting graphs and a graph obtained
by duplication of an edge by vertex and duplication of a vertex by an edge in some
graphs is investigated. In this paper, a graph is considered as finite, undirected,
with single lines and no loops with p vertices and ¢ edges. The vertex set and edge
set of a graph G are denoted by V(G) and E(G) respectively. The cardinalities of
V(G) and E(G) are called respectively the order and size of G. Let us denote by G —e
the graph obtained from G by removing the edge ¢ € F(G). The symbols A(G), (G),
a(@), B(G) and x(G) denote the maximum degree, the minimum degree, the vertex
cover number, the independence number and chromatic number of GG, respectively.
Also we denote the minimum number of edges in edge cover of G ( i.e., edge cover
number ) by a;(G) and the maximum number of edges in independent set of edges
of G (i.e., edge independence number) by 3;(G). For the terminology and notation
not defined in this paper, the reader is referred to [3, 4]

Definition 1.1. [5] For a graph G the splitting graph S'(G) of a graph G is obtained
by adding a new vertex v' corresponding to each vertex v of G such that N(v) = N(v'),
where N(v) and N (v') are the neighborhood sets of v and V', respectively.

Definition 1.2. [10] Duplication of a vertex v; by a new edge e = (v}, v!) in graph G
produces a new graph G' such that N(v)) = {v/',v;} and N(v]) = {v],v;}.

Definition 1.3. [10] Duplication of an edge ¢ = (u,v) by a new vertex w in graph G
produces a new graph G' such that N(w) = {u,v}.

The following are some fundamental results which will be required for many of

our arguments in this paper.

Proposition 1.1. [5] For any graph G with p points,

(D a(5'(G)) = p = B(5(G)),
(2) a1(5(G)) = 204(G) and ,(5(G)) = 26,(G).

Proposition 1.2. [5] x(5'(G)) = x(G).

Theorem 1.1. [1] The edge-integrity of
(1) the path P, is [2,/p] — 1,
(2) the cycle C,, is [2,/p].

Lemma 1.1. [9] For any graph G, EHI(G) > A(G) + 1.
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Proposition 1.3. [9] For any graph G, EHI(G) > ~(G).
Corollary 1.1. [9] For any graph G, EHI(G) > x(G).
Corollary 1.2. [9] For any graph G, EHI(G) > o1 (G).
Lemma 1.2. [9] For any graph G, EHI(G) > 51(G).
2. THE EDGE HUB-INTEGRITY OF SPLITTING GRAPH
Lemma 2.1. For any proper subgraph H of G, EHI(S'(H)) < EHI(S'(G)).

Proposition 2.1. For any graph G, p+ 1 < EHI(S(G)) < 3p — 1. The lower bound
is sharp for G = P,, and the upper bound is sharp for G = K,,.

Theorem 2.1. For any graph G, EHI(S'(G —¢)) > EHI(S'(G)) — 1.

Proof. Let S’bean FHI-set of S'(G)—e,s0o EHI(S'(G)—e) = |S'|+m((S'(G)—e)—S5").
Consider S” = S’ U {e}, then |S”| = |S’| + 1. Hence, S” is an FHI-set of S’(G) and
m(S'(G) = S5") =m((S'(G) —e) — 5’). Thus,
EHI(S'(G)) < 9" +m(5(G) = 5")
(1) =15+ 1+m(S"(G)—e)— 5"
= EHI(S'(G) —¢) + 1.

Theorem 2.2. FHI(S'(G)) = EHI(L(S(Q)) if and only if G = P.

By Corollary 1.1 and Proposition 1.2, the proof of the following result is straight

forward.

Proposition 2.2. For any graph G, EHI(G) > x(S'(G)).

Lemma 2.2. (1) For any graph G, EHI(G) > al(SQ(G))'
(2) For any graph G, EHI(G) > 285G | 1,

Proof. (1)Proof follows from Corollary 1.2 and Proposition 1.1.
(2) Proof follows from Lemma 1.2 and Proposition 1.1. O

Observation 2.1. For any graph G, EHI(S'(G)) > FHI(G)+1. The bound is sharp
for G = P,.

Lemma 2.3. For any graph G, FHI(S'(G)) > 6(S'(G)) + 2.

Proof. Let S be an FHI-set of S'(G) satisfies EHI(S'(G)) = |S| + m(S'(G) — S),
since m(S'(G) — S) > 0(5'(G) — S)+ 1 > §(S"(G) — S) — |S| + 2, we conclude that
EHI(S'(G)) =S|+ m(S"(G) — S) = §(5'(G)) + 2. O
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Corollary 2.1. EHI(S'(G)) > A(G) + 2.

Proof. Lemma 1.1 and Observation 2.1, lead to the result. O
Corollary 2.2. For any graph G, EHI(S'(G)) > v(G) + 1.

Proof. Proof follows from Proposition 1.3 and Observation 2.1. O

Theorem 2.3. For p > 2,

2p—17 ifp:2737475;

EHI(S'(B,)) = { pH+ T8I +2i—3,0(2i - 1) <p <i((2i — 1)) + 4,4 € Z/{1}.

Proof. Let {u,us,...,u,} be the vertices set of path P, and {vy, v, vs,...,v,} be the
new vertices corresponding to {u, us,...,u,} which are added to obtain S'(FP,). We
have the following cases:

Case 1: For p = 2, consider S = {(u;, us)}, an edge hub set of S'(P,), then m(S'(P,) —
S) = 2. This implies that EHI(S'(P)) < |S|+m(S(P)—S) = 3. If S; is any edge hub
set other than S with m(5'(P;) — S;) = 1, then |S;| = 3, so EHI(S'(P,)) = 3. Clearly
there does not exist any edge hub set S; of S’(P,) such that |S;| + m(S'(P) — S1) >
|S| +m(S(P,) — S). Hence, EHI(S'(P) = 3.

Case 2: For p = 3, consider S = {(uy,us), (uz,u3)}, an edge hub set of S'(P;), then
S'(P3) — S =2P;, m(S'(P3) — S) =3, and |S| = 2. Thus

(2) EHI(S'(Ps)) <|S|+m(S"(Ps) —S) =5.
If m(S'(P;) — S) = 2, then |S| > 4, Therefore,
(3) EHI(S'(Ps)) > |S|+m(S'(Ps) — S) = 6.

Consider m(S’(Ps;) — S) = 1, then |S| = 6. Therefore, EHI(S'(P;) = |S| + m(S'(P3) —
S) = 7. Consider m(S'(Ps) — S) > 3, then trivially, EHI(S(P;)) > 2p — 1. So
EHI(S'(P3)) =5.

Case 3: For p = 4, consider S = {(uy,us), (uz, u3), (us, us)}, an edge hub set of S’'(Fy),
|S| = 3, then m(S'(P,) — S) = 4, thus

(4) EHI(S'(Py) < |S|+m(S'(P) —S) =7=2p— 1.

Clearly there does not exist any edge hub set S; of S'(P,) such that |S;|+m(S'(P,) —
Sl) < ‘S‘ + m(S’(P4) — S) Hence, EH[(S,<P4) =1.

Case 4: For p = 5, consider S = {(uy,us), (ug, us), (us, us), (ug, us)}, an edge hub set
of S'(Ps), |S| = 4, then m(S’(Ps) — S) = 5, this implies that

(5) EHI(S'(Ps)) <|S|+m(S"(Ps) —S)=09.

Clearly there does not exist any edge hub set S; of S'(Ps) such that |S;|+m(S'(Ps) —
S1) < |S|+m(S'(Ps) — S). Hence, EHI(S'(Ps) = 9.
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Case5: FOI‘p > 6,in casep = 6. Consider Sy = {(uh u2)7 <u27 Ug), (u37 U4), (u47 U5)7 (U5, u6>}7
an edge hub set of S'(Fs), |S1| = 5, then S'(Fs) — S1 = 2F; and m(S'(Fs) — S1) = 6.
We choose one edge from each component Fg, so |S| = 2, and m(FPs — S) = 3, then
I'(2Cs) = 5. So EHI(S'(Ps)) = |S1] + m(S"(Ps) — S) = 11. But this value is not mini-
mum, therefore, we can do follows: let Sy = {ex = {(ug, vit+1), (vj,uj11), 1 < k, 5 <5:
er € I'— setof 2P;}. Take By = {ey, : e € I' — set of 2P}, thus |Ss| = | Ey|. Consider
S =51 US,. Then S is an edge hub set of P, and |S| = |S1| + |S2| = |S1| + | F1|, and
S/(P6> —S= 2P6 — El. So m(S/(P(;) — S) = m(2P6 — El) =35. Therefor,

S| +m(S"(Pe) — 5) = |S1] + [ Ex| + m(2Fs — Ex)
(6) = |Si] + I'(2F%)

:p_1+[§1 +2=10.

In general if p > 6, for i € Z+/{1},i(2i — 1) <p < i((2i — 1) +4). Then
(M I'(2R) = [2]+2(i - 1).
For more details, if i = 2, then p = 6,8,10,12,14, |S| = [£], and m(S'(Pp) — S) = 2.
Thus, consider Sy = {(u1,u2), (u2, us), (us, u4), ..., (up—1, u,)}, an edge hub set of S’(F,),
|Sl| =p— 1, and S/(Pp) — 81 = 2Pp Let SQ = {(uk,vk+1), (Uj,Uj+1), 1< Z,k’ < p— 1e
I'—set of 2P,}. Take Ey = {ex, e, : ey, e; € I'—set of 2P,}. Thus |S,| = | E;|. Consider
S = S;US,. Then S is an edge hub set of S’(P,), thus |[S| = |Si| + [S2| = |S1] +
|EA |, S"(P,) — S =2P,— Ey and m(S'(P,) — S) = m(2P, — E,). By Equation (7),

S|+ m(S'(Pp) = 5) = |Si] + |Er| + m(2F, — Ex)
(8) = |51+ I'(2R,)

=p—1+ (%ﬁ +2(i—1).

The minimality of |S|+m(S’(P,) —5) is discussed. Consider S; is any edge hub set of
G such that S; = Sy, thus |S;| = p—1. Then S'(P,) — S5 = 2P, and m(S'(P,) — S3) = p,
this implies that
9) |S3| +m(S"(P,) = S5) = 2p — 1 > S|+ m(S'(P) — 9).
Let S5 be another an edge hub set of S’(P,) such that S; = S, U Sy, where S, C S,
with |Sy| < [2]. Therefore, m(S’(F,) — S5) = p — |S4|. Hence,

|5 +m(S"(Pp) — Ss) = |Sal + | S1] + p — |54
(10) =|Si[+p

> S|+ m(S'(P,) — S).

Consider 57 = 56U51, Where S@ = {(Ul, Ug), (UQ, Ug), (U3, U4), (U4, U5), ceey (Up_1, Up), (’Up_l, Up)},
an edge hub set of S'(P,), |Ss| = p — 1. Then m(S'(P,) — S7) = |S1| + p — | Ss|, hence,

(11) [S7|+m(S"(P,) = S7) = | S|+ [S1|+[S1]|+p—|S6| = 2[S1|+p > [S[+m(S(P,) - 5).
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Thus, from the above discussion and (9), (10) and (11), it follows that |S|+m(S'(F,)—
S) is minimum. Then, from (8) and the minimality of |S| + m(S'(P,) — 5),

EHI(S'(P,) = min{|X|+ m(S'(P,) — X) : X is an edge hub set}

(12) = [S|+m(S"(P,) — S)

Theorem 2.4. For p > 3,

2p, if p=4,6;
EHI(S'(Cy) =4 p— 1+ [2/2p|,if pis odd;
p+ 2] +2i,if pis even, 2i* < p < 2((i + 1) = 2),i € Z*/{1}.

Proof. Let {u1,us, ...,u,} be the vertices of cycle C;, and {vy, vs, ..., v, } be the new ver-
tices corresponding to {uy, us, ..., u, } which are added to obtain S’(C),). The following
cases are available:

Case 1: For p is odd, consider S; = {(u1,u2), (u2,us3), ..., (up—1,u,)}, an edge hub set
of S'(C,),thus |Si1| = p—1and G — S; = Cy, + e, where e is an edge v,v; shown
as Figure 1. From the definition of edge integrity of a cycle Cs,, m(Cs, — S) > 3,
where S is an edge-set. So we can use the same method for find I'(Cy, + ¢), this
means that I'(Cy, + €) = I'(Cyy,) such that e = (vy,v,). Let S = {e; = (v;,1;),1 <
i<p:e €l — set}. Take Ey = {e; : ¢; € I' — set of Cy,}, s0 |S2| = |E4|. Consider
S = S1US,. Then S is an edge hub set of 5'(C,), and |S| = |Si| + |Sa| = |S1| + | E1
and 5'(C,) — S = Cy, — Ey, so m(S'(C,) — 5) = m(Cy, — Ey). By Theorem 1.1,

S| +m(S"(Cp) = S) = [S1| + |E1| + m(Cyy — E)
(13) = |S1] 4+ I'(Cyp)

= p—1+[2/2p].

p

U1

Uy Vo U2

Figure 1: Cy, + ¢

Now the following cases are discussed for the minimality of |S|4+m(5'(C,)—S). If S5 is
any edge hub set of 5'(C,) such that S; = S'US,, where S" = {(v1, v2), (v2, v3), ..., (Vp—1, V), (Vp, V1) },
|S’| = p. This implies that

(14) S5 +m(S'(Cy) = S3) = p + [2¢/2p] > |S] +m(S'(C,) - 5).
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If the set S5 = S; U Sy, where S, C S; with |S,| < p— 1 1is considered as an edge hub
set, then there does not exists a path between some edges in 5'(C,), so the set S is
the minimum an edge hub set. Hence from the above discussion and (14), we get
that |S| +m(S5'(C,) — S) is minimum. Thus, from equation (13) and the minimality
of |S| +m(5'(C,) — 9),

EHI(S'(C,)) = min{|X|+m(S'(C,) — S) : X is an edge hub set)}

(15) =S|+ m(S'(C,) — )
=p—1+[2/2p].

Case 2: For p is even, We have the following subcases:
Subcase 2.1: For p = 4, consider S = {(u1, uz), (uz, u3), (us, ug), (ug,u1)}, an edge hub
set of S'(Cy),|S| = 4 and S'(Cy) — S = 2Cy. So m(S’(Cy) — S) = 4. This implies that
EHI(S'(Cy)) < |S|+m(S(Cy) — S) = 8. Clearly does not exist any edge hub set S
of S’(Cy) such that |S;|+m(S"(Cy)—51) < |S|+m(S'(Cy)—S). Hence EHI(S'(Cy)) = 8.
Subcase 2.2: Forp = 6, consider S = {(u1, ua), (u2, u3), (us, uq), (ug, us), (us, ug), (ue, u1)},
an edge hub set of S’(Cj), |S| = 6 and m(S’(Cs)—S) = 6. This implies that EH1(5'(Cs)) <
|S| + m(S’(Cs) — S) = 12. Clearly does not exist any edge hub set S; of S’(Cs) such
that [S1]| + m(S(Cs) — S1) < |S| +m(S'(Cs) — S). Hence EHI(S'(Cg)) = 12.
Subcase 2.3: Forp > 8, leti € Z*/{1}.
Consider S, = {(u1,u2), (u2,us), (us, w4), ..., (Up_1, up), (up, u1)}, an edge hub set of 5'(C,),
|S1| = pand S'(Cy) — 51 = 2C,, and m(S'(C,) — S1) = p. Let Sy = {ex = (vg,u;) : 1 <
k,j <pej = (unun) 1 <nm < p} Take By = {ex,e; : ex,e; € I' — set of 2C,}.
If 8 < p < 16, in this case, we choose two edges from each component, so |S| = 4,
and m(2C, — S) = [£], where i denotes to the number of edges removed from 2C,
and i = |[\/5]. For p = 85| = 8 and §'(Cs) — S = 2Cs, So m(S'(Cs) — S1) =
8,1'(2C3) = £ +2. In this case, we delete two edges of each component Cs and we get
four components of order 4. Hence I'(2Cy) = |S3| + m(2Cs — S3) = 8. In general, for
2> <p<2((i+1)? —2), such that i € Z*/{1},

(16) r'ec,) =27 +2i.

i
Consider S = S; U Sy, then S is also an edge hub set of S'(C,), |S| = |Si1] + |S2| =
|S1] + | E1] and S'(C,) — S = 2C, — Ey, So m(S'(C,) — S) = m(2C, — E;). By Equation
(16),
S|+ m(S(Cy) = S) = [S1] + | Ex| + m(Cop — E)
17 = [51] + I'(2C})

=p+(§1+2z.
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To show |S| + m(S’(C,) — S) is minimum, consider 53 = Sy, |S3| = p and m(S'(C,) —
S3) = p, this implies that

(18) |S5] + m(S"(Cp) — S3) = 2p > |S| + m(S'(C,) — 9).

Consider S5 = Sy U 51, where Sy = {(v1, uz), (ug, v3), ..., (Up—2, Up_1), (Vp—1,Up), (Up, V1) },
an edge hub set of S'(C})) such that |Sy| = pand S'(C,)—S; = C,, then m(S'(C,)—S5) =
p. Hence,

(19) 1S5 +m(S"(Cp) — S5) = |Sa| + [S1| +p =3p > |S| + m(S'(C,) — S).

Thus, from the above argumentation and (18) and (19), we obtain that |S|+m(S’(C,)—

S) is minimum. Then, from equation (17) and minimality of |S| + m(S'(C,) — 5),
EHI(S'(C,) = min{|X| 4+ m(S'(Cp) — X) : X is an edge hub set}

(20) = 5] +m(5'(Cp) — 5)

=p+(§1+2¢.

3. THE EDGE HUB-INTEGRITY OF DurpricaTioN oF GRaPH ELEMENTS

Lemma 3.1. Let (P,), be a graph obtained from P, by duplication of each edge by
vertex. Then h.(P,), =p—1,p > 3.

Theorem 3.1. Let (F,), be a graph obtained from P, by duplication of each edge by
vertex. Then EHI((P,), =p+ [2v/2p—1] — 2.

Proof. Let (P,), be a graph obtained by duplication of each edge (v;,v;;1) of path
P,, for (1 <i<p—1) by vertex w; as in Figure 2,

Figure 2: (P,),

Hence, |V ((P,).)| = 2p—1and |E((F,),)| = 3p—3. Consider S, = {(v1,v2), (v2,v3), ..., (Vp_1,1p) },
an edge hub set of (P,),, and |S;| = p — 1, then m((P,), — S1) = 2p — 1.

Let S5 = {ex = (vg, wr) U (wp—1,vp) : 1 <k <p—1, ande, € I' — set of Py, 1}. Take
Ey={ep:e, €' — setof Py,_1}, then |Sy| = |E|. Consider S = 5, U S, S is also an

edge hub set of (P,),, |S| = |51| + |S2| = |51| + |E4| and (P,), — S = Pyy_1 — E4, thus
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m((P,), — S) = m(Py,—1 — E1). By Theorem 1.1,
S|+ m((Bp)o = 5) = [Si] + |Er| + m(Pypy — Er)
(21) = S|+ I'(Py 1) =p—1+4[2y/2p—1] -1
=p+[2y/2p—1] —2.

Now, the following cases are discussed :
Case 1. If S; is any edge hub set of (P,), which is not containing S, or S, as a proper
subset and |S;| = k£ < 3p — 3. Thus,

(22) o] + m((By) — S5) > 5] +m((By), - 9).

Case 2. Consider S4 = {(thl) (Ul, UQ) (v2,w2) (U3, wg) (Up 1, Wp— 1) (Up 1, Up)}, an
edge hub set of (P,),, |S4| = 2p — 2, then m((P,), — Si) = 2. This implies that

(23) 1S4l +m((Fp)o = S4) = 2p > |S[+m((Fp)y — 5).
Hence, from the above discussion and (22) and (23), it lead to that |S|+m((P,), — S)
is minimum. Hence, from equation (21) and the minimality of |S| + m((P,), — S),
EHI((P,),) = min{|X|+ m((P,), — S) : X is an edge hub set)}
(24) =[S+ m((F)e — )
=p+[2¢/2p—1] - 2.

O

Lemma 3.2. Let (P,). be a graph obtained from P, by duplication of each vertex by
an edge. Then h.((P,).) = 2p — 1.

Theorem 3.2. Let (P,). be a graph obtained from P, by duplication of each vertex
by an edge. Then EHI((P,).) = 2p + 2.

Proof. Let (P,). be a graph obtained by duplication of each vertex v; of path P, by
an edge (ug;_1,us)(1 <i < p) as shown in Figure 3. Then the number of vertices of
(P,).is 3p and |E((P,).)| = 4p — 1.

2 Ug U? ug

Q | ' e U2p—3 Uop—2 U2p—1
U1 j

Figure 3: (P,).

Uy

Consider S = {(uy,v1), (v1,v2), (v2,u3), (V2,03), .oy (Vp—1,Vp), (Vp, V2p—1)}, an edge hub
set of (P,)., then |S| =2p —1, and m((P,). — S) = 3. This implies that, EHI((F,).) <
|S|+m((P,).—S) = 2p+2. For showing the number |S|+m((P,).—S) is minimum, the
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minimality of both |S| and m((P,). — S) is taken into consideration. The minimality
of |S| is guaranteed as S is h.-set from Lemma 3.2. It remains to show that if 5 is
any edge hub set other than S, then

(25) [Sil+m((FPp)e — S1) = 2p+2.

In case if S is any edge hub set other than S and m((F,). — S51) = 2, then |S;| > 2p+2
and

(26) |S1] +m((Py)e — S1) =2p+4 > |S| + m((Fp)e — 5),
now, if m((P,)e —S1) =1, then |S1| >4p—1>2p+ 2, so

27 [S1] + m((By)e — S1) > 2p + 2,

finally, if m((P,). — S1) > 3, then trivially

(28) |S1] + m((P,). — S1) > 2p + 2.

Hence for any edge hub set S, [S1| + m((P,). — S1) > 2p + 2. From (25), (26), (27)
and (28), EHI((P,).) = 2p + 2. O

Lemma 3.3. Let (C,), be a graph obtained from C, by duplication of each edge by
vertex. Then h.((Cp),) =p—1,p > 3.

Theorem 3.3. Let (C,), be a graph obtained from C, by duplication of each edge by
vertex. Then EHI((Cy),) =p— 14 [2y/2p],p > 3.

Proof. Let (C,), be a graph obtained by duplication of each edge (v;,v;11) of a cycle
C,, for (1 <i < p—1) by vertex u; and edge (v,, v1) by vertex u,. Then |V ((C,),)| = 2p
and |E((C,),)| = 3p. Consider S = {(v1, v2), (v2,v3), (v3,v4), ..., (Vp_1,v,) }, an edge hub
set of (C,),,then |S| = p—1and (C,), — S = Cy, + ¢, where e is an edge (v,, v;) shown
in Figure 1 in Theorem 2.4, and the proof is similar to that the proof of Theorem
2.4. Hence, EHI((C},),) =p — 1+ [2/2p]. O

Lemma 3.4. Let (C,). be a graph obtained from C, by duplication of each vertex by
an edge. Then h.((C,).) =2p — 1.

Theorem 3.4. Let (C,). be a graph obtained from C, by duplication of each vertex
by an edge. Then EHI((C,).) = 2p + 3.

Proof. Let (C,). be a graph obtained by duplication of vertices v; of a cycle C, by an
edge (uzi—1,u),1 <1 <p.

Consider S = {(v1,v2), (v, v3), (V3,04), ..., (Vp, v1) JU{(v1, u2), (Va, us), (U3, Ug), ..y (Vp, U2p) },
an edge hub set of (C,)., |S| = 2p, then m((C,). — S) = 3. This implies that

(29) EHI((Cp)e) < |S|+m((Cp)e —S) =2p+ 3.
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To show that the number |S| + m((C,). — S) is minimum. Consider 5 is any edge
hub set other than S and m((C,). — S1) = 2, then |S;| > 3p > 2p + 3, thus

(30) 1S4] + m((C,)e — Si) > 2p+ 3.

If S, is any edge hub set other than S and S; with m((C,). —S2) = 1, then |S;| > 4p >
2p + 3, thus

(31) |Ss| + m((Cp)e — S2) > 2p + 3.
Finally, if m((C,). — S4) > 3, then trivially
(32) 1S4l + m((Cp)e — Sy) > 2p + 3.

Thus for any edge hub set S, |S1| +m((Cy). — S1) > 2p+ 3. From (30), (31), and (32),
EHI((C,).) = 2p + 3. 0

Lemma 3.5. Let (K, ,_1). be a graph obtained from star graph K, ,_, by duplication
of each vertex by an edge. Then h.((K1,-1).) = 2p — 1.

Theorem 3.5. Let (K ,_1). be a graph obtained from star graph K, 1 by duplica-
tion of each vertex by an edge. Then EHI((K; p-1)e) = 2p + 2.

Proof. Let (K;,-1). be a graph obtained by duplication of vertices {vg, vy, ...,v,_1} of
star graph K, ; by an edge (ug;, u9+1),0 <i <p—1.

Consider S = {(vg, v1), (vo, v2), (vo, v3), (Vo, Up—1), (V1,Uu2), (V2, Us), ..., (Vp—1,U2p) }, an edge
hub set of (K, ,_1). such that |S| = 2p — 1, then m((K;,-1) — S) = 3, which implies
that

(33) EHI((Kyy-1)e) < |S| +m((Kip-1)e — S) = 2p + 2.

For showing the number |S| + m((K;p-1) —S) is minimum, the minimality of both
|S| and m((K;,-1).—S) is taken into consideration. The minimality of |S| is ensured
as S'is h.-set from Lemma 3.5, it remains to show that if S; is any edge hub set other
than S and m((K;,-1)e — S1) = 2. Then |S;| > 3p — 1, hence

(34) |S1] +m((K1p-1)e — S1) > 2p + 2.
If m((Kip-1)e — S1) = 1, then |S;| > 4p — 1, hence

(35) |S1] +m((K1p-1)e — S1) > 2p + 2.
Finally, if m((K1p-1). — S1) > 3, then trivially

(36) [S1] +m((K1p-1)e — S1) > 2p + 2.

Hence for any edge hub set Sy, |S1| + m((K1p-1)e —S1) > 2p+ 2. From (33), (34), (35)
and (36), EHI((Kl,p—l)e) = 2p + 2. O
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Lemma 3.6. Let (K, 1), be a graph obtained by duplication of each edge of star
K, ,_1 by vertex. Then h.((Ky,-1),) =p— 1.

Theorem 3.6. Let (K, ,_1), be a graph obtained by duplication of each edge of star
K1 by vertex. Then EHI((K1,-1),) = 2p.

Proof. Let (K,,-1), be a graph obtained by duplication of each edge (v,v;) of star
Ki,_1 by vertex u;;,1 < i < p — 1. The number of vertices of (K;, 1), is 2p — 1
and the number of edges is 3p — 3. Consider S = {(v,v1), (v,v2), ..., (v,vp,_1)} U
{(v,w), (v,u2), ..., (v,u,—1)}, an edge hub set of (K, 1), such that |S| = 2p — 2, then
m((K1p-1)» —S) = 2 which implies that

(37) EHI((Kip-1)v) < [S]+m((Kip-1)0 — S) = 2p.

To show the number |S|+ m((K; ,-1), —S) is minimum, it is assumed that S, is any
edge hub set other than S with m((K;,-1), —S1) = 1, then |5 > 2p + 1 > 2p, which
implies that |S;| + m((K1p-1)s —S1) > 2p+ 2. Em((K; p—1)0 — S1) > 2, thus trivially
|S1] + m((K7p-1)s — S1) > 2p. Hence, for any edge hub set 5,

(38) 1St +m((K1p-1)s — S1) > 2p.

From (37) and (38), EHI((K1, 1)) = 2p.

4. CONCLUSION

The results presented in this paper complement the results from [9]. Here we
have investigated edge hub-integrity of splitting graph and duplication of an edge
by vertex and duplication of vertex by an edge of of path, cycle and star graphs. To
investigate similar results for different graph families obtained by various graph

operations is an open area of research.
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