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Abstract. In this paper, we find summation theorems for generalized hypergeometric
functions pFq+1[(αp); g±m, (βq); z] by means of Mellin-Barnes type contour integral rep-
resentation. Some closed forms (believed to be new) for Clausen hypergeometric func-
tions 3F2[a, b, c; a−m, 1+b−c±p;−1], 3F2[a, b, c; a−m, b−c±p;−1], 3F2[a, b, c; a−m, (1+b+

c±p)/2; 1/2], 3F2[a, b, c; a−m, (b+c±p)/2; 1/2], 3F2[a, b, 1−b±p; a−m,h; 1/2], 3F2[a, b,−b±
p; a−m,h; 1/2] , 3F2[a, b, c; a−m, c+1; 1] and Gauss hypergeometric functions 2F1[a, b; 1+

a−b±p−m;−1], 2F1[a, b; a−b±p−m;−1], 2F1[a, b; (1+a+b±p−2m)/2; 1/2], 2F1[a, b; (a+

b ± p − 2m)/2; 1/2], 2F1[a, 1 − a ± p; g −m; 1/2], 2F1[a,−a ± p; g −m; 1/2] with suitable
convergence conditions, are also obtained.
2010 Mathematics Subject Classification. 33B15, 33C20, 33C05, 33C60.
Key words and phrases. generalized hypergeometric function; Legendre duplication for-
mula; Mellin-Barnes type contour integral; Meijer’s G-function; generalized Kummer’s
first, second and third summation theorems.

1. Introduction, Definitions and Preliminaries

In the usual notation, let R and C denote the sets of real and complex numbers,
respectively. Also let

N0 = N ∪ {0} , N = {1, 2, 3, . . . } = N0\{0} ,

Z−0 = {0,−1,−2, . . . } = Z− ∪ {0} , Z− = {−1,−2,−3, . . . }

and Z = Z−0 ∪ N being the sets of integers.
c©2016 Asia Pacific Journal of Mathematics
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In terms of Gamma function Γ(z), the widely-used Pochhammer symbol (λ)ν (λ, ν ∈
C) is defined, in general, by

(1.1) (λ)ν :=
Γ (λ+ ν)

Γ (λ)
=


1 ,

λ (λ+ 1) . . . (λ+ n− 1) ,

(ν = 0;λ ∈ C \ {0})

(ν = n ∈ N;λ ∈ C) ,

it is being understood conventionally that (0)0 := 1 and assumed tacitly that the Γ

quotient exists (see, for details, [15])

(1.2)
∫ ∞
0

e−sttα−1dt =
Γ(α)

sα
,

(
<(s) > 0, 0 < <(α) <∞ , or <(s) = 0, 0 < <(α) < 1

)
.

Here generalized hypergeometric function pFq with p numerator parametersα1, α2, . . . , αp

and q denominator parameters β1, β2, . . . , βq is defined by

(1.3) pFq

 α1, α2, . . . , αp;

β1, β2, . . . , βq;

z

 =
∞∑
n=0

p∏
j=1

(αj)n

q∏
j=1

(βj)n

zn

n!
,

(
p, q ∈ N0; p 5 q + 1 ; p 5 q and |z| <∞, or p = q + 1 and |z| < 1, or

p = q + 1, |z| = 1 and <(ω) > 0, or p = q + 1, |z| = 1, z 6= 1 and 0 ≥ <(ω) > −1

)
,

where

ω :=

q∑
j=1

βj −
p∑
j=1

αj ,

(
αj ∈ C (j = 1, 2, . . . , p); βj ∈ C\Z−0 (j = 1, 2, . . . , q)

)
.

Of all the integrals which contain gamma functions in their integrands the most
important ones are the so-called Mellin-Barnes integrals. Such integrals were first
introduced by S. Pincherle in the year 1888; their theory has been developed by H.
Mellin in the year 1910 and they were used for a complete integration of the hyper-
geometric differential equation by E.W. Barnes in the year 1908. The generalized
Hypergeometric function [13, p. 100, Theorem 35 and p. 102, Theorem 36] is defined
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by means of Mellin-Barnes type contour integral in the following form; when p ≤ q+1,
then

Γ(α1)Γ(α2) . . .Γ(αp)

Γ(β1)Γ(β2) . . .Γ(βq)
pFq

[
α1 , α2 , . . . , αp ;

β1 , β2 , . . . , βq ;
z

]
=

(1.4) =
1

2πω

∫
L1

(−z)ξΓ(−ξ)Γ(α1 + ξ), . . . ,Γ(αp + ξ)

Γ(β1 + ξ), . . . ,Γ(βq + ξ)
dξ ,

where L1 is a suitable Mellin-Barnes path of integration [See 13, p. 95, figure (5), p.
98, figure(6)] and αi, βj ∈ C\Z−0 , {i = 1, 2, 3, . . . , p ; j = 1, 2, 3, . . . , q} and ω =

√
−1, z 6= 0.

When p = q + 1 then |arg(−z)| < π and suppose that |z| < 1.

When p = q then |arg(−z)| < π
2

i.e. <(z) < 0.

When p < q then equation (1.4) is also valid.

In an attempt to give a meaning to the symbol pFq, when p > q + 1. Firstly the
G-function was defined by Meijer [6] in the year 1936 by means of a finite series of gen-
eralized hypergeometric functions. Later on the Meijer’s G-function of order (m,n, p, q)

was defined by means of Mellin-Barnes type contour integral formula [3, p. 207, En-
try(5.3.1); see also 4, p. 143, Entry(5.2.1); 5, p. 2, Entries(1.1.1, 1.1.3); 7, p. 1064, (21)],
in the following form

Gm,n
p,q

(
z

∣∣∣∣∣ a1, a2, . . . , an; an+1, . . . , ap

b1, b2, . . . , bm; bm+1, . . . , bq

)
=

(1.5) =
1

2πωL2

m∏
j=1

Γ(bj − s)
n∏
j=1

Γ(1− aj + s)

q∏
j=m+1

Γ(1− bj + s)

p∏
j=n+1

Γ(aj − s)
zsds ,

(ak − bj 6= 1, 2, 3, . . . ; k = 1, 2, 3, . . . , n and j = 1, 2, 3, . . . ,m) ,

where 0 ≤ m ≤ q, 0 ≤ n ≤ p ; z 6= 0 and L2 is a suitable contour (See three cases of
contour in the monographs [3, p.207, Entries (2,3,4); 4, p.144, Entries (2,3,4); 9, p.617,
Entries (1,2,3,4)]) and an empty product is interpreted as 1 and the parameters are
such that no pole of Γ(bj−s), j = 1, 2, 3, . . . ,m coincides with any pole of Γ(1−ak+s), k =

1, 2, 3, . . . , n. Without any loss of generality, we are assuming that p ≤ q.
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Translation property [7, p. 1066, Entry(24)]

zσGm,n
p,q

(
z

∣∣∣∣∣ a1, a2, . . . , an, an+1, . . . , ap

b1, b2, . . . , bm, bm+1, . . . , bq

)
=

(1.6) = Gm,n
p,q

(
z

∣∣∣∣∣ a1 + σ, a2 + σ, . . . , an + σ, an+1 + σ, . . . , ap + σ

b1 + σ, b2 + σ, . . . , bm + σ, bm+1 + σ, . . . , bq + σ

)
.

Symmetric property (Transformation formula)

Gm,n
p,q

(
z

∣∣∣∣∣ a1, a2, . . . , an, an+1, . . . , ap

b1, b2, . . . , bm, bm+1, . . . , bq

)
=

(1.7) = Gn,m
q,p

(
1

z

∣∣∣∣∣ 1− b1, 1− b2, . . . , 1− bm, 1− bm+1, . . . , 1− bq
1− a1, 1− a2, . . . , 1− an, 1− an+1, . . . , 1− ap

)
.

Reduction formula between pFq and G-functions [3, p.215, Entry(5.6.1); 15, p.47,
Entry(9)], is given by when p ≤ q + 1, then

Γ(a1)Γ(a2) . . .Γ(ap)

Γ(b1)Γ(b2) . . .Γ(bq)
pFq

[
a1, a2, . . . , ap;

b1, b2, . . . , bq;
z

]
= G1,p

p,q+1

(
−z

∣∣∣∣∣ 1− a1, 1− a2, . . . , 1− ap
0, 1− b1, 1− b2, . . . , 1− bq

)

= Gp,1
q+1,p

(
−1

z

∣∣∣∣∣ 1, b1, b2, . . . , bq

a1, a2, . . . , ap

)
,

(1.8)

(
p ≤ q and |z| <∞, or p = q + 1 and |z| < 1

)
.

2. Main Results and Their Demonstrations

Our main results (presumably new) is stated here as the following theorem. The
results derived in this section is interesting and potentially useful.

The following hypergeometric summation theorem holds true, when any values of
parameters and variables leading to the result which do not make sense, are tacitly
excluded and each of the series involved in the following result is absolutely convergent.
Then

Theorem 2.1.

pFq+1

[
α1, α2, . . . , αp;

g −m,β1, β2, . . . , βq;
z

]
=

m∑
r=0

{(
m

r

)
(α1)r(α2)r . . . (αp)rz

r

(g −m)r(g)r(β1)r(β2)r . . . (βq)r
×
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(2.1) ×pFq+1

[
α1 + r, α2 + r, . . . , αp + r;

g + r, β1 + r, β2 + r, . . . , βq + r;
z

]}
,

(
g −m,αi, βj ∈ C\Z−0 ; {i=1,2,3,. . . ,p ; j=1,2,3,. . . ,q} ; p = q + 2, |z| < 1,

or p ≤ (q + 1) , |z| <∞, or p = q + 2, z = 1, <(g −m+
∑q

j=1 βj −
∑p

i=1 αi) > 0,

or p = q + 2, z = −1, <(g −m+
∑q

j=1 βj −
∑p

i=1 αi) > −1 ; m ∈ N0

)
.

Demonstration: In order to derive the theorem (2.1) we consider the following
Mellin-Barnes type contour integral

pFq+1

[
α1, α2, . . . , αp;

g +m,β1, β2, . . . , βq;
z

]
=

Γ(g +m)Γ(β1)Γ(β2) . . .Γ(βq)

Γ(α1)Γ(α2) . . .Γ(αp)
×

× 1

2πi

∫ +i∞

−i∞

Γ(−s)Γ(α1 + s)Γ(α2 + s) . . .Γ(αp + s)(−z)sds
Γ(g +m+ s)Γ(β1 + s)Γ(β2 + s) . . .Γ(βq + s)

=
Γ(g + 2m)Γ(β1)Γ(β2) . . .Γ(βq)

Γ(α1)Γ(α2) . . .Γ(αp)
×

× 1

2πi

∫ +i∞

−i∞

Γ(−s)Γ(α1 + s)Γ(α2 + s) . . .Γ(αp + s)

Γ(g + 2m+ s)Γ(β1 + s)Γ(β2 + s) . . .Γ(βq + s)
2F1

[
−m,−s;
g +m;

1

]
(−z)sds

=
Γ(g + 2m)Γ(β1)Γ(β2) . . .Γ(βq)

Γ(α1)Γ(α2) . . .Γ(αp)
×

× 1

2πi

∫ +i∞

−i∞

Γ(−s)Γ(α1 + s)Γ(α2 + s) . . .Γ(αp + s)

Γ(g + 2m+ s)Γ(β1 + s)Γ(β2 + s) . . .Γ(βq + s)

m∑
r=0

{
(−m)r(−s)r
(g +m)r r!

}
(−z)sds

=
Γ(g + 2m)Γ(β1)Γ(β2) . . .Γ(βq)

Γ(α1)Γ(α2) . . .Γ(αp)

m∑
r=0

{
(−m)r

(g +m)r r!
×

× 1

2πi

∫ +i∞

−i∞

Γ(r − s)Γ(1− (1− α1) + s) . . .Γ(1− (1− αp) + s)(−z)sds
Γ(1− (1− g − 2m) + s)Γ(1− (1− β1) + s) . . .Γ(1− (1− βq) + s)

}

=
Γ(g + 2m)Γ(β1)Γ(β2) . . .Γ(βq)

Γ(α1)Γ(α2) . . .Γ(αp)
×

×
m∑
r=0

{
(−m)r

(g +m)r r!
G1,p
p,q+2

(
−z

∣∣∣∣∣ 1− α1, 1− α2, . . . , 1− αp
r; 1− g − 2m, 1− β1, 1− β2, . . . , 1− βq

)}
Now using the symmetric property (1.7), we get
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pFq+1

[
α1, α2, . . . , αp;

g +m,β1, β2, . . . , βq;
z

]
=

Γ(g + 2m)Γ(β1)Γ(β2) . . .Γ(βq)

Γ(α1)Γ(α2) . . .Γ(αp)
×

×
m∑
r=0

{
(−m)r(−z)r

(g +m)r r!

(
−1

z

)r
Gp,1
q+2,p

(
−1

z

∣∣∣∣∣ 1− r, g + 2m,β1, β2, . . . , βq

α1, α2, . . . , αp

)}
Now applying the translation property (1.6), we get

pFq+1

[
α1, α2, . . . , αp;

g +m,β1, β2, . . . , βq;
z

]
=

Γ(g + 2m)Γ(β1)Γ(β2) . . .Γ(βq)

Γ(α1)Γ(α2) . . .Γ(αp)
×

×
m∑
r=0

{
(−m)r(−z)r

(g +m)r r!
Gp,1
q+2,p

(
−1

z

∣∣∣∣∣ 1, g + 2m+ r, β1 + r, β2 + r, . . . , βq + r

α1 + r, α2 + r, . . . , αp + r

)}

Now using the reduction formula (1.8), we get

pFq+1

[
α1, α2, . . . , αp;

g +m,β1, β2, . . . , βq;
z

]
=

Γ(g + 2m)Γ(β1)Γ(β2) . . .Γ(βq)

Γ(α1)Γ(α2) . . .Γ(αp)
×

×
m∑
r=0

{
(−m)rΓ(α1 + r)Γ(α2 + r)Γ(αp + r)(−z)r

(g +m)r Γ(g + 2m+ r)Γ(β1 + r) . . .Γ(βq + r) r!
×

×pFq+1

[
α1 + r, α2 + r, . . . , αp + r;

g + 2m+ r, β1 + r, β2 + r, . . . , βq + r;
z

]}
Therefore

pFq+1

[
α1, α2, . . . , αp;

g +m,β1, β2, . . . , βq;
z

]
=

m∑
r=0

{(
m

r

)
(α1)r(α2)r . . . (αp)rz

r

(g +m)r(g + 2m)r(β1)r(β2)r . . . (βq)r
×

(2.2) × pFq+1

[
α1 + r, α2 + r, . . . , αp + r;

g + 2m+ r, β1 + r, β2 + r, . . . , βq + r;
z

]}
(
g, αi, βj ∈ C\Z−0 ; {i=1,2,3,. . . ,p ; j=1,2,3,. . . ,q} ; p = q + 2, |z| < 1,

or p ≤ (q + 1) , |z| <∞, or p = q + 2, z = 1, <(g +m+
∑q

j=1 βj −
∑p

i=1 αi) > 0,

or p = q + 2, z = −1, <(g +m+
∑q

j=1 βj −
∑p

i=1 αi) > −1 ; m ∈ N0

)
.

Replace g by g − 2m in equation (2.2), we get the theorem (2.1)
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3. Applications in Clausen Series

In this section, we obtain some special cases of our main summation theorem (2.1).
In theorem (2.1) put p = 3 and q = 1, we get

(3.1) 3F2

[
a, b, c;

g −m,h;
z

]
=

m∑
r=0

{(
m

r

)
(a)r(b)r(c)r(z)r

(g −m)r(g)r(h)r
3F2

[
a+ r, b+ r, c+ r;

g + r, h+ r;
z

]}
,

(
a, b, c, g −m, h ∈ C\Z−0 ; |z| < 1; m ∈ N0

)
.

In equation (3.1) put g = a and z = −1, we get

(3.2) 3F2

[
a, b, c;

a−m,h;
− 1

]
=

m∑
r=0

{(
m

r

)
(b)r(c)r(−1)r

(a−m)r(h)r
2F1

[
b+ r, c+ r;

h+ r;
− 1

]}
,

(
<(h− b− c) > m− 1 ; a−m, b, c, h ∈ C\Z−0 ; m ∈ N0

)
.

In equation (3.2) put h = 1 + b − c − p and use the summation theorem [2, p.1523,
Equation (2.2)] of Choi-Rathie and Malani, we get

3F2

[
a, b, c;

a−m, 1 + b− c− p;
− 1

]
=

(3.3) =
m∑
r=0

{(
m

r

)
(c)rΓ(1 + b− c− p)
2(−1)rΓ(b)(a−m)r

p−r∑
k=0

[(
p− r
k

)
Γ( b+r+k

2
)

Γ( b+r+k+2−2c−2p
2

)

]}
,

(
<(c) < 2−p−m

2
; a−m, b, c, 1 + b− c− p ∈ C\Z−0 ; m, p ∈ N0 ; p ≥ m

)
.

In equation (3.2) put h = 1 + b − c + p and use the summation theorem [2, p.1524,
Equation (2.3)] of Choi-Rathie and Malani, we get

3F2

[
a, b, c;

a−m, 1 + b− c+ p;
− 1

]
=

(3.4) =
m∑
r=0

{(
m

r

)
Γ(1 + b− c+ p)

2Γ(b)(a−m)r(1− c)p

p+r∑
k=0

[(
p+ r

k

)
(−1)kΓ( b+r+k

2
)

Γ( b−r+k+2−2c
2

)

]}
,

(
<(c) < p−m+2

2
; a−m, b, c, 1− c−m, 1 + b− c ∈ C\Z−0 ; m, p ∈ N0

)
.
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In equation (3.2) put h = b−c−p and use the summation theorem [10, p.14, Equation
(3.1)] derived by the authors, we get

3F2

[
a, b, c;

a−m, b− c− p;
− 1

]
=

m∑
r=0

{(
m

r

)
Γ(b− c− p)(c)r(−1)r

2(a−m)rΓ(b)
×

(3.5) ×
p−r∑
k=0

(
p− r
k

)[
Γ( b+r+k

2
)

Γ( b+r+k−2c−2p
2

)
+

Γ( b+r+k+1
2

)

Γ( b+r+k+1−2c−2p
2

)

]}
,

(
<(c) < 1−m−p

2
; a−m, b, c, b− c− p ∈ C\Z−0 ; m, p ∈ N0 ; p ≥ m

)
.

In equation (3.2) put h = b−c+p and use the summation theorem [10, p.14, Equation
(3.2)] derived by the authors, we get

3F2

[
a, b, c;

a−m, b− c+ p;
− 1

]
=

m∑
r=0

{(
m

r

)
Γ(b− c+ p)(c)r

2(a−m)r(1 + c)r(−c)pΓ(b)
×

(3.6) ×
p+r∑
k=0

(
p+ r

k

)[
(−1)kΓ( b+r+k

2
)

Γ( b−r+k−2c
2

)
+

(−1)kΓ( b+r+k+1
2

)

Γ( b−r+k+1−2c
2

)

]}
,

(
<(c) < p+1−m

2
; a−m, b, c, −c−m, b− c ∈ C\Z−0 ; m, p ∈ N0

)
.

When g = a and z = 1
2

in equation (3.1), we get

(3.7) 3F2

[
a, b, c;

a−m,h;

1

2

]
=

m∑
r=0

{(
m

r

)
(b)r(c)r

2r (a−m)r(h)r
2F1

[
b+ r, c+ r;

h+ r;

1

2

]}
,

(
a−m, b, c, h ∈ C\Z−0 ; m ∈ N0

)
.

In equation (3.7) put h = b+c+1−p
2

and use the summation theorem [9, p.491, Entry
(7.3.7.2)] of Prudnikov et al., we get

(3.8)

3F2

[
a, b, c;

a−m, b+c+1−p
2

;

1

2

]
=

m∑
r=0

{(
m

r

)
2c−1 (b)r Γ( b+c+1−p

2
)

(a−m)r Γ(c)

p∑
k=0

[(
p

k

)
Γ( c+r+k

2
)

Γ( b+r+k−p+1
2

)

]}
,

(
a−m, b, c, b+c+1−p

2
∈ C\Z−0 ; m, p ∈ N0

)
.

In equation (3.7) put h = b+c+1+p
2

and use the summation theorem [14, p.827, Theo-
rem (1)] of Rakha-Rathie, we get
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(3.9)

3F2

[
a, b, c;

a−m, b+c+1+p
2

;

1

2

]
=

m∑
r=0

{(
m

r

)
2c−1 (b)r Γ( b+c+1+p

2
)

(a−m)r Γ(c) ( b−c+1−p
2

)p

p∑
k=0

[(
p

k

)
(−1)kΓ( c+r+k

2
)

Γ( b+r+k−p+1
2

)

]}
,

(
a−m, b, c, b+c+1+p

2
, b−c+1−p

2
∈ C\Z−0 ; p, m ∈ N0

)
.

In equation (3.7) put h = b+c−p
2

and use the summation theorem [11, p.48, Equation
(16)] derived by the authors, we get

(3.10)

3F2

[
a, b, c;

a−m, b+c−p
2

;

1

2

]
=

m∑
r=0

{(
m

r

)
2c−1(b)r Γ( b+c−p

2
)

(a−m)r Γ(c)

p∑
k=0

(
p

k

)[
Γ( c+r+k

2
)

Γ( b+r+k−p
2

)
+

Γ( c+r+k+1
2

)

Γ( b+r+k−p+1
2

)

]}
,

(
a−m, b, c, b+c−p

2
∈ C\Z−0 ; p, m ∈ N0

)
.

In equation (3.7) put h = b+c+p
2

and use the summation theorem [1, p.582, Entry
(8.1.1.130)] of Brychkov, we get

3F2

[
a, b, c;

a−m, b+c+p
2

;

1

2

]
=

m∑
r=0

{(
m

r

)
(b)r(c)r Γ(1

2
)Γ( b+c+p

2
)

2r(a−m)r (−b+c−p
2

)p
×

(3.11) ×
p∑

k=0

((
p

k

)
(−2)−k(b+ r)k

[
1

Γ( b+r+k+1
2

)Γ( c+r+k−p
2

)
+

1

Γ( b+r+k
2

)Γ( c+r+k−p+1
2

)

])}
,

(
a−m, b, c, b+c+p

2
, −b+c−p

2
∈ C\Z−0 ; p,m ∈ N0

)
.

In equation (3.7) put c = 1 − b − p and use the summation theorem [14, p.828,
Theorem (6)] of Rakha-Rathie, we get

3F2

[
a, b, 1− b− p;

a−m,h;

1

2

]
=

m∑
r=0

{(
m

r

)
(b)r(1− b− p)rΓ(h)

(a−m)rΓ(h− b)2b+p
×

(3.12) ×
p−2r∑
k=0

[(
p− 2r

k

)
Γ(h−b+k

2
)

Γ(h+b+k+2r
2

)

]}
,

(
a−m, b, 1− b− p, h, h− b ∈ C\Z−0 ; m, p ∈ N0 ; p ≥ 2m

)
.
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In equation (3.7) put c = 1−b+p and use the summation theorem [14, p.827, Theorem
(5)] of Rakha-Rathie, we get

3F2

[
a, b, 1− b+ p;

a−m,h;

1

2

]
=

m∑
r=0

{(
m

r

)
(1− b+ p)rΓ(h)Γ(b− r − p)

(a−m)rΓ(b)Γ(h− b)2b−p
×

(3.13) ×
p+2r∑
k=0

[(
p+ 2r

k

)
(−1)kΓ(h−b+k

2
)

Γ(h+b+k−2r−2p
2

)

]}
,

(
a−m, b, 1− b, h, h− b, b−m− p ∈ C\Z−0 ; m, p ∈ N0

)
.

In equation (3.7) put c = −b−p and use the summation theorem [12, Equation (3.3)]
derived by the authors, we get

3F2

[
a, b,−b− p;
a−m,h;

1

2

]
=

m∑
r=0

{(
m

r

)
(b)r(−b− p)rΓ(h)2−b−p−1

(a−m)rΓ(h− b)
×

(3.14) ×
p−2r∑
k=0

(
p− 2r

k

)[
Γ(h−b+k

2
)

Γ(h+b+k+2r
2

)
+

Γ(h−b+k+1
2

)

Γ(h+b+k+2r+1
2

)

]}
,

(
a−m, b, −b− p, h, h− b ∈ C\Z−0 ; m, p ∈ N0 ; p ≥ 2m

)
.

In equation (3.7) put c = −b+p and use the summation theorem [12, Equation (3.5)]
derived by the authors, we get

3F2

[
a, b,−b+ p;

a−m,h;

1

2

]
=

m∑
r=0

{(
m

r

)
(−b+ p)rΓ(h)Γ(b− p− r)2p−b−1

(a−m)rΓ(b)Γ(h− b)
×

(3.15) ×
p+2r∑
k=0

(
p+ 2r

k

)[
(−1)kΓ(h−b+k

2
)

Γ(h+b+k−2p−2r
2

)
+

(−1)kΓ(h−b+k+1
2

)

Γ(h+b+k−2r−2p+1
2

)

]}
,

(
a−m, b, −b, b− p−m, h, h− b ∈ C\Z−0 ; m, p ∈ N0

)
.

In equation (3.1) put g = a and z = 1 and use the Classical Gauss summation
theorem [15, p. 30, Equation 1.2(7)], we get

(3.16) 3F2

[
a, b, c;

a−m,h;
1

]
=

Γ(h)Γ(h− b− c)
Γ(h− b)Γ(h− c) 3F2

[
−m, b, c;

a−m, 1 + b+ c− h;
1

]
,

(
(h− b− c) 6= 0,±1,±2, . . . ; <(h− b− c) > m ;

a−m, b, c, h, 1 + b+ c− h ∈ C\Z−0 ; m ∈ N0

)
.
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Now put h = c+ 1 in the equation (3.16), we get

(3.17) 3F2

[
a, b, c;

a−m, c+ 1;
1

]
=

Γ(c+ 1)Γ(1− b)(1 + c− a)m
Γ(c+ 1− b)(1− a)m

,

(
(1− b) 6= 0,±1,±2 . . . ; <(1− b) > m ; a−m, b, c ∈ C\Z−0 ; m ∈ N0

)
.

which is a known summation theorem of Mitra [8, p.85, Last Equation].

4. Applications in Gaussian Series

In equation (3.1) put h = c and z = −1, we get

(4.1) 2F1

[
a, b;

g −m;
− 1

]
=

m∑
r=0

{(
m

r

)
(a)r(b)r(−1)r

(g)r(g −m)r
2F1

[
a+ r, b+ r;

g + r;
− 1

]}
,

(
<(g − a− b) > m− 1 ; a, b, g −m ∈ C\Z−0 ; m ∈ N0

)
.

In equation (4.1) put g = 1 + a − b − p and use the summation theorem [2, p.1523,
Equation (2.2)] of Choi-Rathie and Malani, we get

2F1

[
a, b;

1 + a− b− p−m;
− 1

]
=

m∑
r=0

{(
m

r

)
(−1)r(b)rΓ(1 + a− b− p)
2Γ(a)(1 + a− b− p−m)r

×

(4.2) ×
p−r∑
k=0

[(
p− r
k

)
Γ(a+r+k

2
)

Γ(a+r+k+2−2b−2p
2

)

]}
,

(
<(b) < 2−p−m

2
; a, b, 1 + a− b− p−m ∈ C\Z−0 ; m, p ∈ N0 ; p ≥ m

)
.

In equation (4.1) put g = 1 + a − b + p and use the summation theorem [2, p.1524,
Equation (2.3)] of Choi-Rathie and Malani, we get

2F1

[
a, b;

1 + a− b+ p−m;
− 1

]
=

m∑
r=0

{(
m

r

)
Γ(1 + a− b+ p)

2Γ(a)(1− b)p(1 + a− b+ p−m)r
×

(4.3) ×
p+r∑
k=0

[(
p+ r

k

)
(−1)kΓ(a+r+k

2
)

Γ(a−r+k+2−2b
2

)

]}
,

(
<(b) < p+2−m

2
; a, b, 1− b−m, 1 + a− b+ p−m ∈ C\Z−0 ; m, p ∈ N0

)
.
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In equation (4.1) put g = a−b−p and use the summation theorem [10, p.14, Equation
(3.1)] derived by the authors, we get

2F1

[
a, b;

a− b− p−m;
− 1

]
=

m∑
r=0

{(
m

r

)
(b)rΓ(a− b− p)(−1)r

2Γ(a)(a− b− p−m)r
×

(4.4) ×
p−r∑
k=0

(
p− r
k

)[
Γ(a+r+k

2
)

Γ(a+r+k−2b−2p
2

)
+

Γ(a+r+k+1
2

)

Γ(a+r+k+1−2b−2p
2

)

]}
,

(
<(b) < 1−p−m

2
; a, b, a− b− p−m ∈ C\Z−0 ; m, p ∈ N0 ; p ≥ m

)
.

In equation (4.1) put g = a−b+p and use the summation theorem [10, p.14, Equation
(3.2)] derived by the authors, we get

2F1

[
a, b;

a− b+ p−m;
− 1

]
=

m∑
r=0

{(
m

r

)
(b)rΓ(a− b+ p)

2Γ(a)(−b)p(1 + b)r(a− b+ p−m)r
×

(4.5) ×
p+r∑
k=0

(
p+ r

k

)[
(−1)kΓ(a+r+k

2
)

Γ(a−r+k−2b
2

)
+

(−1)kΓ(a+r+k+1
2

)

Γ(a−r+k+1−2b
2

)

]}
,

(
<(b) < p+1−m

2
; a, b, −b−m, a− b+ p−m ∈ C\Z−0 ; m, p ∈ N0

)
.

In equation (3.1) put h = c and z = 1
2
, we get

(4.6) 2F1

[
a, b;

g −m;

1

2

]
=

m∑
r=0

{(
m

r

)
(a)r(b)r

2r(g)r(g −m)r
2F1

[
a+ r, b+ r;

g + r;

1

2

]}
,

(
a, b, g −m ∈ C\Z−0 ; m ∈ N0

)
.

In equation (4.6) put g = a+b+1−p
2

and use the summation theorem [9, p.491, Entry
(7.3.7.2)] of Prudnikov et al., we get
(4.7)

2F1

[
a, b;

a+b+1−p−2m
2

;

1

2

]
=

m∑
r=0

{(
m

r

)
2b−1 (a)r Γ(a+b+1−p

2
)

(a+b+1−p−2m
2

)r Γ(b)

p∑
k=0

[(
p

k

)
Γ( b+r+k

2
)

Γ(a+r+k+1−p
2

)

]}
,

(
a, b, 1+a+b−p−2m

2
∈ C\Z−0 ; p, m ∈ N0

)
.

In equation (4.6) put g = a+b+1+p
2

and use the summation theorem [14, p.827, Theo-
rem (1)] of Rakha-Rathie, we get
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(4.8)

2F1

[
a, b;

a+b+1+p−2m
2

;

1

2

]
=

m∑
r=0

{(
m

r

)
2b−1 (a)r Γ(a+b+1+p

2
)

(a+b+1+p−2m
2

)r Γ(a)(a−b+1−p
2

)p

p∑
k=0

[(
p

k

)
(−1)kΓ( b+r+k

2
)

Γ(a+r+k+1−p
2

)

]}
,

(
a, b, 1+a+b+p−2m

2
, a−b+1−p

2
∈ C\Z−0 ; p, m ∈ N0

)
.

In equation (4.6) put g = a+b−p
2

and use the summation theorem [11, p.48, Equation
(16)] derived by the authors, we get
(4.9)

2F1

[
a, b;

a+b−p−2m
2

;

1

2

]
=

m∑
r=0

{(
m

r

)
2b−1(a)r Γ(a+b−p

2
)

(a+b−p−2m
2

)r Γ(b)

p∑
k=0

(
p

k

)[
Γ( b+r+k

2
)

Γ(a+r+k−p
2

)
+

Γ( b+r+k+1
2

)

Γ(a+r+k−p+1
2

)

]}
,

(
a, b, a+b−p−2m

2
∈ C\Z−0 ; p, m ∈ N0

)
.

In equation (4.6) put g = a+b+p
2

and use the summation theorem [1, p.582, Entry
(8.1.1.130)] of Brychkov, we get

2F1

[
a, b;

a+b+p−2m
2

;

1

2

]
=

m∑
r=0

{(
m

r

)
(a)r(b)r Γ(1

2
)Γ(a+b+p

2
)

2r(a+b+p−2m
2

)r (−a+b−p
2

)p
×

(4.10)

×
p∑

k=0

((
p

k

)
(−2)−k(a+ r)k

[
1

Γ(a+r+k+1
2

)Γ( b+r+k−p
2

)
+

1

Γ(a+r+k
2

)Γ( b+r+k−p+1
2

)

])}
,

(
a, b, a+b+p−2m

2
, −a+b−p

2
∈ C\Z−0 ; p, m ∈ N0

)
.

In equation (4.6) put b = 1 − a − p and use the summation theorem [14, p.828,
Theorem (6)] of Rakha-Rathie, we get

2F1

[
a, 1− a− p;

g −m;

1

2

]
=

m∑
r=0

{(
m

r

)
(a)r(1− a− p)rΓ(g)

(g −m)rΓ(g − a)2a+p
×

(4.11) ×
p−2r∑
k=0

[(
p− 2r

k

)
Γ(g−a+k

2
)

Γ(g+a+k+2r
2

)

]}
,

(
a, 1− a− p, g − a, g −m ∈ C\Z−0 ; m, p ∈ N0 ; p ≥ 2m

)
.

In equation (4.6) put b = 1 − a + p and use the summation theorem [14, p.827,
Theorem (5)] of Rakha-Rathie, we get

2F1

[
a, 1− a+ p;

g −m;

1

2

]
=

m∑
r=0

{(
m

r

)
(1− a+ p)rΓ(g)Γ(a− r − p)

(g −m)rΓ(a)Γ(g − a)2a−p
×
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(4.12) ×
p+2r∑
k=0

[(
p+ 2r

k

)
(−1)kΓ(g−a+k

2
)

Γ(g+a+k−2r−2p
2

)

]}
,

(
a, 1− a, g − a, g −m, a−m− p ∈ C\Z−0 ; m, p ∈ N0

)
.

In equation (4.6) put b = −a−p and use the summation theorem [12, Equation (3.3)]
derived by the authors, we get

2F1

[
a,−a− p;

g −m;

1

2

]
=

m∑
r=0

{(
m

r

)
(a)r(−a− p)rΓ(g)2−a−p−1

(g −m)rΓ(g − a)
×

(4.13) ×
p−2r∑
k=0

(
p− 2r

k

)[
Γ(g−a+k

2
)

Γ(g+a+k+2r
2

)
+

Γ(g−a+k+1
2

)

Γ(g+a+k+2r+1
2

)

]}
,

(
a, −a− p, g − a, g −m ∈ C\Z−0 ; m, p ∈ N0 ; p ≥ 2m

)
.

In equation (4.6) put b = −a+p and use the summation theorem [12, Equation (3.5)]
derived by the authors, we get

2F1

[
a,−a+ p;

g −m;

1

2

]
=

m∑
r=0

{(
m

r

)
(−a+ p)rΓ(g)Γ(a− p− r)2p−a−1

Γ(a)Γ(g − a)(g −m)r
×

(4.14) ×
p+2r∑
k=0

(
p+ 2r

k

)[
(−1)kΓ(g−a+k

2
)

Γ(g+a+k−2p−2r
2

)
+

(−1)kΓ(g−a+k+1
2

)

Γ(g+a+k−2r−2p+1
2

)

]}
,

(
a, −a, a− p−m, g − a, g −m ∈ C\Z−0 ; m, p ∈ N0

)
.

We conclude our present investigation by observing that several other corollaries
and consequences of hypergeometric summation theorems (2.1), (3.1), (3.2), (3.7), (4.1)
and (4.6) can also be deduced in an analogous manner.
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