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Asstract. For a graph G, a subset B of V(G) is called a boundary dominating set if ev-
ery vertex of V(G)— B is vertex boundary dominated by some vertex of B. The boundary
domination number ~,(G) of G is the minimum cardinality of minimum boundary dom-
inating set in G. In this paper we computed Laplacian minimum boundary dominating
energies of some standard graphs. Upper and lower bounds for LE5(G) are established.
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1. INTRODUCTION

The concept of Boundary domination in graphs was introduced by KM. Kathiresan,
G. Marimuthu and M. Sivanandha Saraswathy [11] in the year 2010. Let G be a graph
with n vertices and m edges, we mean a simple graph, that is nonempty, finite, having
no loops, no multiple and directed edges.

The distance between two vertices u and v is the length of a shortest path joining
them. A vertex v is called a boundary neighbor of u if v is a nearest boundary of
u. If u € V, then the boundary neighbourhood of u denoted by N,(u) is defined as
Ny(u) = {v € V : d(u,w) < d(u,v) for all w € N(u)}. The cardinality of N,(u) is
denoted by deg,(u) in G. The maximum and minimum boundary degree of a vertex
in G are denoted respectively by A,(G) and 6,(G). That is Ay(G) = maxyey | Ny(u)|,
0(G) = minyey | Ny(u).

A vertex u boundary dominate a vertex v if v is a boundary neighbor of u. A subset
B of V(@) is called a boundary dominating set if every vertex of V' — B is boundary
dominated by some vertex of B. The minimum taken over all boundary dominating
sets of a graph G is called the boundary domination number of G and is denoted by
(G).

The concept energy of a graph was introduced by I. Gutman [6] in the year 1978. Let
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A(G) = (a;j) be the adjacency matrix of G. The eigenvalues )\, Ao, ..., A, of a matrix
A(G), assumed in nonincreasing order, are the eigenvalues of the graph G.
As A is real symmetric, the eigenvalues of G are real with sum equal to zero. The
energy E(G) of G is defined to be the sum of the absolute values of the eigenvalues of
G, ie. E(G) =", |\|. For more details on the mathematical aspects of the theory
of graph energy we refer to[7] .
I. Gutman and B. Zhou [8] was defined the Laplacian energy of a graph G in the year
2006 . The Laplacian matrix of the graph G, denoted by L = (L;;), is a square matrix
of order n whose elements are defined as

—1 ifv; and vj, are adjacent,

Lij=4 0 ifv; and vj, are not adjacent,

d; ifi=j.
Where d; is the degree of vertex v;.
M.R. Rajesh Kanna and G. Sridhara [12] was computed the Laplacian minimum dom-
inating energy of some standard graphs. Let D(G) be the diagonal matrix of vertex
degrees of the graph G and let wy,w,,...,w, be the Laplacian eigenvalues of LE(G).
Laplacian energy LE(G) of G is defined as

n

LE(G) = Z jwi — 7|-

=1
Motivated by this paper, we introduce Laplacian minimum boundary dominating en-
ergy, denoted by LE5(G), of a graph G, and computed the Laplacian minimum bound-
ary dominating energies of some standard graphs. Upper and lower bounds for L E5(G)
are established. It is possible that the Laplacian minimum boundary dominating en-
ergy that we are considering in this paper may be have some applications in chemistry
as well as in other areas. We need the following theorems.

Theorem 1.1. [12]

(a) For n > 2, the Laplacian minimum dominating energy of Complete graph K,
is (n—2)++vn?—2n+5.
(b) For n > 2, the Laplacian minimum dominating energy of Star graph K, ,_; is

equal to @ +vn?—2n+5.
2. MaiN Resurt

2.1. The MBD Energy of Graphs. Let G be a graph of order n with vertex set V (G) =
{v1,v9,...,v,} and edge set E. A subset B of V(G) is called a boundary dominating set

if every vertex of V' — B is boundary dominated by some vertex of B. The boundary
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domination number 7,(G) of G is the minimum cardinality of a boundary dominating
set. Any boundary dominating set with minimum cardinality is called a MBD set. Let
B be a MBD set of a graph G. The MBD matrix of G is the n x n matrix defined by
Ap(G) = a;; where
1 ifv; € Ny(vy),
a; =4 1 ifi=jandv € B,
0 otherwise.

The characteristic polynomial of Az(G) is denoted by
(G, A) = det(A] — Ap(G))

The MBD eigenvalues of the graph G are the eigenvalues of Az(G). Since Ag(G) is real
and symmetric, its eigenvalues are real numbers and we label them in non-increasing
order \; > X\, > ... > \,. The MBD energy of G is defined as E5(G) =) ., |\l

2.2. The LMBD Energy of Graphs. Let J;(G) be the diagonal matrix of boundary
vertex degrees of the graph G. Then Lg(G) = Jp(G) — Ap(G) is called the Laplacian
minimum boundary dominating (LMBD) matrix of G . Let wy, ws, ..., w, be the eigenval-
ues of Lp(G), arranged in non-increasing order. These eigenvalues are called LMBD
eigenvalues of G. The LMBD energy of the graph G is defined as

LEg(G) :;\wi—%],

where { =Y " | degy(v;), degy(v) is the boundary degree of v and % is the average bound-
ary degree of G.

In this paper, we interested in studying mathematical aspects of the LMBD energy of
a graph. It is possible that the LMBD energy that we are considering in this paper
may have some applications in chemistry as well as in other areas. We first compute
the LMBD energy of a graph in Figure 1.

A A

vy v, Vs

Ficure 1. G
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Example 2.1. Let G be a graph in fig 1 with vertices set {vy,vq,v3,v4,v5} and let its
Boundary Dominating set be By = {vy,vs}. Then

1 0101 20 0 00
00010 01000
A, (G)=| 1 0 0 0 1 [and Jg(G)=]1 0 0 2 0 0 |,
01010 00010
10100 0 00 0 2
o -1 0 -1
0 0 -1 0
L (G)=Jg(G)—Ap(G)=] -1 0 2 0 -1
0 —1 0
-1 0 -1

Characteristic equation
fulG,w) = W — 6w* + 9w® + 3w? — 8w —3=0.

Hence, the LMBD eigenvalues are

w1 A 3.0000, wy & 2.4142, w; & 1.6180, wy &~ —0.6180, w5 ~ —0.4142.

Average boundary degree = % = %

Therefore the LMBD energy of G is
LEg, (G) ~ 6.4644.

If we take another Boundary Dominating set in G, namely By = {v,, v5}, then

00101
01010
Ap,(G)=| 100 1 0
01000
10101
2 1 0 -1
0 -1 0
Lp,(G)=Js(G)—Ap,(G)=| -1 0 2 -1 0
0 -1 0 0
1 0 -1 0 1

fn(G w) = W° — 6w* + 10w® — w? — 6w = 0.
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Hence,the LMBD eigenvalues are

w1 ~ 3.0000, we ~ 2.0000, ws ~ 1.6180, w; ~ —0.6180, ws ~ 0.0000.

Average boundary degree = % = %.

Therefore the LMBD energy of G is
LEp,(G) ~ 4.036.

This example illustrates the fact that the LMBD energy of a graph G depends on the
choice of the boundary dominating set. i.e. the LMBD energy is not a graph invariant.

3. ProperTIES OF LMBD E1GEN VALUES OF A GRAPH

Theorem 3.1. Let B be a MBD set of a graph G, { =Y degy(v;) and wy,wy, ..., w, are
the eigenvalues of Lp(G), then

) Y w =& |Bl

(i) Do wi =&+ > (degp(vi) — i)

Proof.

(i) By definition, the sum of the principal diagonal elements of Lz(G) is equal to
S degy(v;) — |B| = £ — |B| . Also the sum of the eigenvalues of Lz(G) is the trace of
Lp(G), it follows that

Zwi =§— ‘B’
i=1
2

(ii) Similarly the sum of squares of the eigenvalues of Lz(G) is the trace of (Lp(G))~.
Then

Dowi=2.D Ll
i=1

i=1 j=1

i=1

i#£]
=2 () +) ()’
i<j i=1
- 1 ifv, € B
=&+ degy(v;) — ¢;)?. where = ‘
EDNADED {omw
=M
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Theorem 3.2. Let G be a graph of order n and size m and let w,(G) be the largest
eigenvalue of Ag(G). Then

§+m

wl(G) Z n

Proof. Let G be a graph of order n and let w; be the largest minimum boundary eigen-

value of Agp(G). Then from [3] we have w; = maxXiO{X;f;—)B(X , where X is any nonzero
1
1

vector and X" is its transpose and Lp is a matrix . If wetack X =7 = | _ |. Then
1

we have

o> sl €t
- I n

O

Theorem 3.3. Let G be a graph with a MBD set B. If the the absolute values of LMBD

eigenvalues is a rational number, then ) ! | |wi| = (G) (mod2)

Proof. Let wy,ws, ...,w, are the eigenvalues of Lz(G) of a graph G of which wy, ws, ..., w,
are positive and the rest are non-positive, then

n

Z lwi| = (w1 +wa + ... +wyp) — (Wra1 + Wrgo + oo + wh)
i=1
=2wtwr+...+w)— (Wi +wr+ ... +wy)
= 2((,(.11 + w2 + ... +w,,) — Zwl
i=1

=2(w; +wy + ... +w,) — (€ —|B|)

1
=2w twr+ ... +w, — 55) + | B]

Therefore
3 fur] = () (mod2)
=1

Hence the theorem holds true.
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4. LMBD ENERGY OF SOME STANDARD (GRAPHS

In this section, we investigate the exact values of the LMBD energy of some standard
graphs.
Theorem 4.1. For n > 2, LEg(K,) = (n —2) + vVn? —2n+5.

Proof. Since v,(K,,) = v(K,) = 1 and % = 2™ —  — 1, then from Theorem 1.1.(a) we get
LEg(K,) = LE(K,) = (n—2)+VnZ — 2n + b. O

Theorem 4.2. For n > 2, LEg(K,,) = @ +v/n? —2n + 5.

Proof. Since v,(K;,) = v(K;,) =1 and % = 27"‘ = @, then from Theorem 1.1.(b) we
get LEy(Ky,) = LE(Ky,) = ®=2° + \/n? —2n +5. 0

Theorem 4.3. For r > 2, LEg(K,,) = (r— 1) +2vVr2 — 2r + 5.

Proof. For the complete bipartite graph K, ., (r > 2) with vertexset V' = {vy, v, ..., vy, ug, ug, ..., u, },
7% = 2, hence the MBD set is B = {vy,u;}. Then

1 11 1 0
1 01 1 0
1 1 000 0
1 11 00 0O0 - 0
AB(KT,T> -
0 0O 0111 - 1
0 0 0 0101 - 1
0 0O 0110 - 1
0 0 0 01 11 2r)x(2r)
r—1 0 0
0 r—1 0
0 0 r—1
T (Brr) = 0 r _ 1 0
0 0 r—1
0 0 0 0 0 r— (2r)x(2)

105



r—2 -1 -1 ~1
-1 r—-1 -1 —1
-1 -1 r—1 —1 0
= -1 -1 -1 r—1 0 0 0
0 0 r—1 -1 -1
0 0 -1 r—1 -1
0 0 0 0 —1 —1 r— (2r)x(2r)
fo(Kppyw) = (w—7)""4w? = (r— 1w —1)*=0.
LMBD eigenvalues are w = r and w = (r=l)£vri-2ri5 V;LM
Since 7, (K,.,) = 2, then % = @ =7r — 1. Where n = 2r
Hence, the LMBD energy, LEg (K, ,)
—1 V2 —2 )
- (- D)@r - 4) 42U )
—1) =V —2r+5
D
—r+1+vn? =2 —r+1—vn?—2
— (2r—4) 42| r+1+ 2n n+5‘+2’ r+ 2n n—|—5|

=(r—1)+2vr2—2r+5.
UJ

Definition 4.4. The double star graph S, ,, is the graph constructed from union K ,_,
and K ,,—1 by join whose centers vy with u,. Then V (S, ) = V(K1 ,-1) UV (Kimo1) =
{vo, v1, .oy U1, Ug, U1, ooy Up—1 } @nd E(Sy ) = {voto, vovs, upu;1 < i <n—1,1 < 5 <
m— 1}

Ficure 2. Double Star Graph 5, ,,
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Theorem 4.5. For any double star graph S, . (r > 3),
LEgR(S,,) = (r—1)+2vr2 —2r+5.
Proof. The proof is similar to the proof of Theorem 4.3. O

Definition 4.6. The gear graph is a wheel graph with vertices added between pair of
vertices of the outer cycle. The gear graph G, has 2n + 1 vertices and 3n edges. Let
V(Gp) ={vi : 1 <i<n}U{y :1<1i<n}U{v}and E(G,) = {e; = viu;,1 < i <
n} U{e; = vw, 1 <i<nyU{e, = wwiy1,1 < i <n, subscripts modulo n} , where v is an

external vertex adjacent to every other vertex v; for 1 <i<mn.

Ficure 3. G,

Theorem 4.7. For any gear graph G,, (n > 2),

4n? —4n —1
oGl = =551

+vVn2+4++vVn2—2n+5.

Proof. For the gear graph G,,, (n > 2) with vertex set
V =A{v,v1,09, ..., Up, U1, Us, ..., U }, V5 = 2, hence the MBD set is B = {v,v;}. Then

100 -0
611 .- 100 --- 0
0o1ro0-.-- 100 -0
Ap(G,)=1| 0 0 0
1
1 0 1
1 00 011 0
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0 n—2 0
0 0 0
J(G,) =
( ) n—2 0
0 n—1 0
1
0 0 0 0 0 n o
and Ly(Gy) = J(Gn) — Ap(Gh)
n—2 0 0 1
0 n-3 0 0 0
0 1 1 0 0 0
I n—2 0 1 1
0 0 n-11 1
1 11 1
0 0 " (n)x(n)

[u(Griw)=(w—n)"*(w—(n+1)"Hw? = (n—Dw—1)(w? —nw—1) = 0.

LMBD eigenvalues are

(n—1)£vn?—2n+5 ntvn2+4
2

and w = 5

w:n,w:n+17w:
. n2
Since 7,(G,,) = 2, then 2n£+1 = 231+1

Hence, the LMBD energy, LE(G,,)
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2 2 /2 2
= _2311“”_2)”("“)_2§Z1|("_1)+|n+ 2n+4_2§711’
_Hn—\/m_ 2n? ’+|(n—1)+\/m_ o2n? |

2 2n+1 2 2n+1
+|<n_1)_¢m_ 2n? |
2 2n+1
nn—2) (m—1)Bn+1) —2n’+n+2n+1)vn2+4
T on+ 1 2+ 1 | 2(2n + 1) |
+‘—an—i—n—(2n+1)\/m’+’—2n2—n—1+(2n+1) n2—2n+5’
2(2n+1) 2(2n+1)
+|—2n2—n—1—(2n+1) n2—2n—|—5|
2(2n + 1)
_4n2—4n—

1
+vVn2+4++vVn2—2n+5.
2n+1

5. Bounps on LMBD EnNErGY oF GRAPHS
Theorem 5.1. Let G be a connected graph of order nand § =", degy(v;). Then

Proof. From the Cauchy-Schwartiz inequality

(Srab ) < (T ) (S0
Now, by setting a; = 1 and b; = |w;|, then

( > iy |wil )2 < < Yol ) ( S (Jwil)? ) =nM.
and

i lw;i| < vVnM
i=1

By Triangle inequality, |w; — &| < |w;| + [£| Vi=1,2,..,n

;»;M—y §;|Wi|+;|ﬁ| <VnM+¢

therefore
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O

Theorem 5.2. Let G be a connected graph of order n, £ = >, degy(v;) and B is a
minimum boundary dominating set of G. Then

LE(G) < /nM — £(€ — ).
Proof. Cauchy-Schwartiz inequality is
2
(Siab ) < (Sni@)? ) (S e)?)

Puta;, =1and b; = |w; — %| then

(Srbe-8) < () (St £02)

=1 =1 =1 n

_ SN
=M+ S 25 |3

2
= [M_g__f_%]

n n
=nM — &+ &y
=nM — (€ — ).

Therefore

LEg(G) < v/nM — £(6 — ).
L]

Theorem 5.3. Let G be a connected graph of order nand & =", degy(v;).If B is the

minimum boundary dominating set and P = |detLg(G)|. Then

LER(G) > \/M+n(n— 1)Pr —¢

Proof. Consider
(Sl ) = (Sl ) (Sl )
P I

i=1 i#j
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therefore
(5.1) Z |w;|Jw;| = ( o wil ) Z ;|2
i#£]

Applying inequality between the arithmetic and geometric means for n(n — 1)

1
> \wmw,y
e 2 Tl

i#]

1

n(n—1)
i.e., Z |wi|lw;| = n(n —1) [H MH%’\]

i7#] i)
Using (4.1) we get,

1
n(n—1)
( 11|wz > E ’wl|2>nn_1 H’W1|2n 1]
1
2 - n n(n—1)
( i lwil ) = g |w;|* +n(n — 1) [H ]wi|2(”1)]

i=1 i=j

3o

=M+n(n—1) [H \wl|]

i=1

therefore

(5.2) iw > /M +n(n—1)P
=1

We know that |w;| — |&| < |w; — &| Vi

n n n

§ §
Z|M|‘ZESZ|W¢—E|
i—1 i=1 i—1

ie, Y |wi| — & < LEg(G)
=1

i, LEg(G) > X0, wi — € = \/M +n(n— )P —¢ From (4.2)

Hence

LEg(G) > \/M +n(n—1)P7 —¢
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Theorem 5.4. Let G be a connected graph of order n, £ =" | degy(v;) and B is MBD

,IFY | |wil is a rational number, then
(7 +2h — &) < LEp(G) < (9 + 20 + ).

where h is any integer such that >, | |w;| = 1(G) (mod2).

Proof. Since

n

Z|wi—§|si§n;|wi|+s

=1

then
LEp(G) < Y |wil +&
=1

= |B[+2h+¢
= +2h+¢&
Also,

LEB(G) > Z |w;| — &
i1

=[B|+2h—¢
=% +2h—¢

Hence
LEg(G) € (7 +2h — &,y + 2h + €).
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