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ABSTRACT. This paper introduces a new subclass Lq(a, 8, A, s,t) of analytic functions
associated with A - Spirallike generalized Sakaguchi type functions. The results investigated
in this paper include Characterization and Subordination properties for functions belonging
to this class and we also discuss several interesting consequences of our results.
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1. INTRODUCTION

Let A denote the class of functions of the form
(1.1) ) =2+ a.2"
n=2

which are analytic and univalent in the open unit disc U = {z: z € Cand |2| < 1}.

Definition 1.1. (Convolution) Given two functions f and g in the class A, where f is given

by (1.1) and g is given by g(z) = z + Z b,z" the Hadamard product (or convolution) f * g
n=2
is defined by the power series

(f+9)(2) =2+ Y anbpz" = (g f)(z) (2 €U).

Definition 1.2. For two functions f and g analytic in U, we say that the function f is
subordinate to g in U and write f < g , if there exists a Schwarz function w, which is

analytic in U with w(0) =0 and |w(2)| <1, such that f(z) = g(w(2)), z€U.
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Frasin [3] introduced and studied the generalized sakaguchi classes S(«, s,t) and T (a, s, t),
a function f(z) € A is said to be in the class S(a, s, t) if it satisfying the condition

for some a(0 < a < 1), s,tel, |t|<1,s#t z€U.

T (o, s,t) [3] is the subclass of A consisting of all functions f(z) such that zf'(2) € S(a, s, t).
The class S(a, 1,t) was introduced and studied by Owa et al [7] and the class S(a, 1, —1) was
introduced and studied by Sakaguchi [10]. Also S(«,1,0) and 7T («,1,0), the usual classes
of starlike and convex functions of order a, (0 < a < 1) and let K be the familiar class of
functions that are convex in U.

Let S*(«) denote the class of M-spirallike functions of order a.. A function f(z) € A is said
to be in the class S*(«) [5] if

%{ei)‘%(j)} > acosh, (zeU, |\ <7/2,0<a<]1)
z

Note that S*(0) = §* is the class of A\-spirallike functions introduced by Spacek [14].
Further, a function f(z) € A is said to be in the class C*(«) if

?]?{ei’\ (1 + Z;,FT(Z)))} > acosh, (zelU, |\ <7/2,0<a<]1)

2
Note that C*(0) = C* is the class of functions for which z f’(z) is A-spirallike in U introduced
by Roberstson [9] and the class C* () was introduced and studied by Chichra [1]. A function
f(z) € C*a) if and only if 2f'(2) € S*«).
Now we introduce a new subclass Lg(a, 8, A, s,t) defined using Sakaguchi type functions

and generalized \-Spirallike functions as follows.

Definition 1.3. A function f(z) € A is said to be in the class Lq(a, B, A, s,t) if it satisfies
) _t / _t 2 "
" . {eu(l IR IRV RRVE/ 40 } oo

BIf(sz) — f(t2)] + Bz[f(sz) — f(tz)]
forsomea, 0<a<1,0<pB<1,t#s, |t| <1, |\ <7/2 and z € U.

By setting different values to «a, 3, A, s, and t we get the following subclasses

o RMa,s,t) and P*(a,s,t) introduced and studied by T.Mathur et. al. [6], for 5 =0
and 8 =1.

e S(a,s,t) and T(a,s,t) introduced and studied by Frasin [3] and Owa et. al. [7],
for A=0,=0and A=0,5=1.

e S%(A\) studied in [8], for 5 =0,s=1andt=0.
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Pra,t) and M*(a,t) introduced and studied by Goyal and Goswami [4], for s =
1, 8=0and g =1.

Ls(a, B,t) studied in [11], for A =0, and s = 1.

Ls(a, B, s,t) studied in [12], for A = 0.

Ls(a, B, A\, t) studied in [13], for s = 1.

In our present investigation we need the following definition and also a related Lemma due
to Wilf [15].

Definition 1.4. (Subordinating factor sequence) A sequence {b,}>, of complex numbers
is said to be a subordinating factor sequence if, whenever f of the form ( 1.1) is analytic,

univalent and convex in U, we have the subordination given by

[e.9]

Zanbnz” < f(z) (zel,aq =1).

n=1

Lemma 1.5. [15] The sequence {b,}5° is a subordinating factor sequence if and only if

%{1+2§:mw}>n,(zeu)
n=1

2. CHARACTERIZATION RESULTS

In the present section first we prove the Characterization results for the functions in the
class Lq(a, B, A, s,t) .

Theorem 2.1. A function f(z) of the form (1.1) is in the class Ls(a, B, A, s,t) if

(s —t)zf (2) + B(s — )22 f"(2)
(L= B)[f(s2) = f(t2)] + Bz[f(sz) — f(t2)]
where 0 <~y <1,0< <1, |t| <1,t+#s,, provided that

(2.1)

-1l <1—xv

1 _
(2.2) Al < cos™ (5= Z)

for some a, 0 < a<1andzel.

Proof. Suppose

(s —t)zf (2) + B(s — )2 (2)
(1 =) (s2) = f(t2)] + B2[f (s2) = f(t2)]
lw(z)| <1 forall z € U. Now

i (s —t)of (2) + B(s —t)2*f"(2) = cos AR
é)%{e (1= B)[f(s2) — f(t2)] + Bz[f(s2) — f(tz)}/} = cosA + (1 —y)R{e"w(z)}

> cosA — (1 —7)|ew(2)|
> cosA — (1 —7) > acosA

1< (1 =7w(z),
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provided that |A| < cos™1(1=2).

Hence the proof. 0

Theorem 2.2. If

(s=D2f ()4 Bl =02 ()
(1= B)[f(s2) = f(t2)] + B=[f(s2) — f(t2)]'
Jor some 0 < a<1,0< B <1, t#s,|t]| <1 |\ <7/2, and z € U. Then f(z) belongs to
the class Lq(a, B, A, s,t)

(2.3)

1| < (1 — a)cosA

Proof. Set v =1 — (1 — a)cosA, in the above Theorem. O

Theorem 2.3. If the function f(z) € A, satisfies the inequality

o0

(2.4) Z[l + (n—1)F][|n — up|sech + (1 — a)|u,|]|an| < (1 —a),

n=2
where u, = Y o s (6 £ s, [t < 1,0 < a< 1,0 <8 <L\ < 7/2), then
f(z) € Ls(a, B, A, s,t).

Proof. By Theorem (2.2) it suffices to show that

’ (s —t)zf () + B(s —1)2°f" ()

(1= B)[f(s2) — f(tz)] + B[f(s2) — f(tz)] 1

< (1 — a)cosA

Since

(L= B)[f(s2) = f(t2)] + Bz[f(sz) — f(tz)]
_ | X+ (n = DB)(n — up)anz"| 32,1+ (n— 1)B]In — unllan||2]" "
2+ s+ (n = DBJuganz™ | 1=3200,[1+ (n = 1)B]|ua||an|| 2|
Z;:O:Q[l + (n B 1)6”” _ un||an|
1 - 220:2[1 + (7’L - 1)/8]|un||an| ‘
The last expression is bounded above by (1 — a)cosA, if
Zflo:2[1 + (n B 1)5”” _ un||an|
1 - 220:2[1 + (n - 1)6]|un||an|

’ (s —1)2f (2) + B(s — 1) 22" (2) i 1’

< (1 — a)cosA

which is equivalent to

o0

Z[l + (n = 1)B][|n — uplsech + (1 — a)|uy|]]an] < (1 — «)

n=2

O

Remark:Upon setting suitable choices for a;, A, 5, s and t we get the characterization results
obtained earlier in [4], [7], [8] , [11], [12], [13].
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3. SUBORDINATION RESULTS

In this section we prove the Subordination results for the functions in the class L(«, 5, A, s, t) .

Theorem 3.1. Let f € A satisfies the inequality (2.4) and suppose that g € K. Then

(14 B)[|s — t|sech + (1 — a)|1 + t]]

2[(1 + B)[|s — t[sech + (1 — a)[1 +t]] + (1 — )]

zelU, | <1Lt#s5,0<p8<1,0<a<], | <7/2 and

(1+B)[|s — t|sech + (1 — )1+ t]] + (1 — a)
(1+B)[|s — tlseeh+ (1 — )1 +1]]

(1+ B)[|s — t]sech + (1 — a)|1 + ]

211+ B)[|s — tsech + (1 — )[1 + ¢ + (1 — a)]
sult ( 3.1) cannot be replaced by any larger one.

(3.1) (f x9)(2) < g(2)

(3.2) R{f(2)} > -

(zel).

The constant factor in the subordination re-

Proof. Let f € A satisfy the inequality ( 2.4) and suppose that
g(z) =2+ Z ¢z € K. Then we have

(14 B)[|s — t|sech + (1 — a)|1 + t]]

(3.3) 2[(1+ B)[|s — tlseeh + (1 — )1+ t]] + (1 — a)]

(f *9)(2)

(L+PB)[|s — t|sech + (1 — a)|1 + ¢]]
2[(1+ B)[|s — t|sech + (1 — a)[1 + t]] + (1 — a)] z+Zancn

By definition ( 1.4) the subordination result (3.1) holds true if the sequence

(1+ B)[|s — tsech + (1 — a)|1 +¢]] >
(3-4) {2[(1 + B)[|s — t|sech + (1 —a)|[1 +¢|]] + (1 — a)]an}

n=1

is a subordinating factor sequence with a; = 1.

In view of lemma ( 1.5) it is enough to prove the inequality:

(35) {HZ (14 B)[|s — tsech + (1 — a)|1 + ¢]] )]anz”}>0, cew

[(1+P)[|s —tlsech+ (1 —a)|1 +t]]+ (1 — «

Now,

3%{1_1_[( (14 B8)|[|s — t|secA + (1 — a)|1 4 t]] Zan }

L+ 8)[|s —tlsech + (1 — a)|1 + t]] + (1 — )]
B (1 —i—ﬂ)HS—t\sec)\—i—(1—a)|1+t|] )
B %{1+ [(1+B)s —t|selc>\+ (1—a)l+t]+(1—a)
+

(1+B)[|s — tlsech + (1 — )|l +¢[] + (1 — a)
Yo (L+B)[|s — tlsech + (1 — a) |1 + t|]anz"} .
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when |z] =7, (0 <r < 1),

- (1+ B)[|s — t|sech + (1 — a)|1 + ¢]] .
=1+ P)]s —t!secl)\—i— (I—a)|l+t]+(1—a)]

(1+B)[|s — t|sech + (1 — )1+ t]] + (1 — a)
Dol 4+ (= 1)B][In — un[secA + (1 — a)|uy[]|an|r™
(14 B)[|s — t|sech + (1 — a)|1 +¢]] .
(14 B)[|s — t|S€Ci\i_(<)} —a)[l+t|] + (1 —a)]
(14 B)[]s — tlsech + (1 —a)|1 +t] + (1 — a)r
>0

Then (3.5) holds in &. This proves the inequality (3.1). The inequality (3.2) follows from

>1—

(3.1), by taking convex function g(z) = 14 =z+ Z 2". To prove the sharpness of the
—z
n=2
(14 B)[|s — t|sech + (1 — a)|1 + t]]
2[(1+ B)[|s — t]seeh + (1 — a)[L + t[] + (1 — a)]
we consider the function fy(2) € Lg(a, 5, A, t) given by

(1 — a)secA 9

constant

(3.6) fo(2) = 2 — (14 B)[|s — t[sech + (1 — o)1 +t|]z
From (3.1),
(37) UrBllls—fsech + Aol till _p 0y (2 ey

2[(1 + ﬁ)HS — t!sec)\ + (1 — a)ll + tH + (1 — Oé)]
For the function fy, it is easy to verify that

- (1+B)[|s — t]secA + (1 — a)[1 +1] 1

min {%{2[(1 + B)[|s — t]secA + (1 — a)|1 +t]] + (1 — a)]fO(Z)}} =3 (2| < 1)

(1+ B)[ls — t]sech + (1 — a)|1 + 1]

2[(1+ B)[|s — tsech + (1 — )1 +t] + (1 — a)]
possible, which completes the proof. 0

1—2

This shows that the constant is the best

Remark: Suitable choices of «, 3, A, s and ¢ yield the subordination results derived in [2], [4], [8], [6], [11], [1
and [13].
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