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ABSTRACT. Some important concepts of differential geometry are calculated in local coordinates. In particular, two
definition of a connection are compared. Furthermore, the paper also deals with coordinate expression of differential
forms.
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INTRODUCTION

The objective of this paper is twofold. First, give a clear coordinate representation of connections called the
Ehresmann connection or the nonlinear connection; to clarify two dual definitions of such connections, especially
the jet definition, with respect to various applications, e.g. in relativistic electromagnetism, see [1]. Second, the
paper should help to illustrate the concepts of differential geometry in examples. It should also be an inspiration
for other examples. Differential geometry is demanding for abstraction, and in many common textbooks there is
"no place” to demonstrate calculations in local coordinates. In the paper, we are trying to replace this gap and be

a tool for both teachers and students.

1. AN EXAMPLE OF A MANIFOLD WITHOUT ADDITIONAL STRUCTURES BUT WITH A CONNECTION

1.1. A manifold and charts. Let M be an infinite (circular) cylinder and let the cylinder has a tangent sphere in
every its point. We consider the set of all these spheres as the total manifold Y fibered over M with every such a
sphere as a fiber F'. We write m:Y - M (7 standing for the projection).

The base manifold M is two-dimensional, but it cannot be covered by a single chart. The case of the cylinder
is the same as the case of the circle. Two charts are sufficient, but four charts are more comfortable. We denote

the local coordinates by (z,y).
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FI1GURE 1. Spheres tangent to the cylinder.

1.2. An action on fibers. Similarly, the sphere cannot be covered case by a single chart, too. As for the circle,
one may define one chart that covers the whole sphere excluding one point. Thus two charts (forming so-
called stereographic atlas) are sufficient. However, the sphere can be covered by an atlas of six charts by more
comfortable way: by the projection pointing up, down, left, right, forward and backward. We denote the local
coordinates by (u, v). So, the local coordinates of Y are (z,y, u,v). In fact, we are considering the disjoint union of
all spheres. Of course, the four-dimensional manifold Y cannot be perfectly represented in the three-dimensional
space; so we hope that our Figure 1 is not very confusing.

For an action on two-dimensional sphere, we consider continuous subgroups of the special orthogonal group
SO(3) for a classification of all subgroups of SO(3) and their symmetry classes see e.g. [3].

We will consider the circle group U(1) = {¢ € C;|¢| = 1} (where the group operation is the addition of angle

0 € [0,27]in ¢ = ¢! = cos 6 +isin ) which acts on R? (and hence on S?) by
(action [0,27) x R® - R?)
(2,y,2)€l? = (xcosb +ysinf, —zsinf + ycosh, z).

We call the point in which a sphere touches the cylinder the North Pole and its opposite point the South Pole. So
the action of the group U(1) means a rotation (which is clockwise with increasing ) under which the North
Pole and the South Pole remain fixed.

Using a suitable chart, we have this expression of the action

(action [0,27) x R? - R?)
(z,2)el = (xcos@ +V1I-2a2-22 Sinﬁ,z) .

Of course, when using local coordinates, one also need to specify which chart has in mind.
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Ficure 2. Tangent field to the action, 6 = 7.

1.3. Tangent bundles of base and fibered manifolds. Tangent bundle T'M has local coordinates (z,y, X,Y);
we obtain new coordinates X, Y by the following way. For a point (z¢,yo) we consider a curve c:R - M. i.e.
t = (x(t),y(t)) such that (x(t9), y(t0)) = (70, y0). Then ( dfl(tt) (to), d‘qé(tt) (to)) is denoted by (X,Y’). Analogously,
TY has local coordinates (z,y,u,v, X, Y, U, V).

The induced projection T'm:TY — T'M works by

Tr((z,y,u,v, XY, U, V)) = (2,5, X,Y).
The vertical bundle VY has local coordinates (z,y,u,v,U, V') (shortly instead (z,y,u,v,0,0,U,V)).
1.4. Vector and tensor fields. Vector fields on M forming X(M) are smooth sections of a form

X

§(x,y)

Y Y(z,y)

and vector fields on Y forming X(Y") are smooth sections of a form

= g(x’ y7u7 U)
Ql;(aj7 y’ u? ’U)

= o(z,y,u,v)

= @ = X
I

= a}('r7y7u’/u)

and for vertical vector fields on Y
f_(x,y,u,v) = &(x,y,u,v) =0

is satisfied.

1.5. The connection - the first definition. A connection on the fiber bundle p:Y — M is a (1, 1)-tensor field on

Y (which can be represented as a linear map «:TY — TY) such that k o k = k and im x = VY. We start with the
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linear map from 7Y to VY

=0

0

A(z,y,u,v) X + B(z,y,u,v)Y + E(z,y,u,v)U + F(z,y,u,v)V

= @ = =
I

C(z,y,u,v)X + D(z,y,u,v)Y + G(x,y,u,v)U + H(x,y,u,v)V
and observe that requirements of x o k = k and im s = V'Y enforce

E(z,y,u,v) = H(z,y,u,v) =1 and F(x,y,u,v) = G(x,y,u,v) = 0.
Hence « is of a form

U

U+ A(x,y,u,v)X + B(z,y,u,v)Y

174 V+C(x,y,u,v)X + D(x,y,u,v)Y.

Vectors lying in ker  are called horizontal vectors. Horizontal vectors form horizontal bundle HY . So we have
klvy =idyy and k|gy =0and T,,Y = V,Y @ H,Y for every point p = (z,y, u,v). Disjoint unions of V,,Y and H,Y
over all points p € Y are called vertical and horizontal distributions, respectively. The map x:TY — T'Y defined by

x = idry -k is called the horizontal projection and its coordinate expression is

Y

—A(LE" Yy, u, U)X - B($7 Y, u, U)Y

< QO < X
I

—C((L', Y, u, U)X - D(l‘, Yy, u, 'U)Y

is often used to specify a connection.

1.6. The connection — the second (jet) definition. We present also an alternative approach. The first jet prolon-

gation of p: Y — M is given by 1-jets of smooth sections of Y. Such sections look like

IS
1l

R(z,y)

S(z,y)

<
Il

and 1-jets have a form
U = aj(x,y)X + aj(x,y)Y
Ox dy
Vo= Baypx+ Layy.
Ox dy

We denote R; = g—f(m,y), Ry = %—Ij(fc,y), S = %(m,y), Sy = %(:@y), which are coordinates of J'Y: in total,

J'Y is fibered over Y and has local coordinates (x,%,u, v, R1, Ra,S1,S2). Sections Y — J'Y are of a form
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Rl = A(x7 y7 u’ U)

RZ = B((E, Yy, u, U)

Sl = é(l‘, Y,u, U)

52 = D(xvyauav)'
We identify A= A, B=B,C=C,D =D (eventually -A=A,-B=B,-C=C,-D = D).

Thus, we see that the connection is given by a determining of four functions (in four variables). If we take all

these function zero, we obtain vertical vectors (0,0, U, V') and horizontal vectors (X,Y,0,0). Nevertheless, it is a
local property depending on a chosen chart.

The horizontal lift (with respect to k) of a vector w € T,,M is the vector w € TpY (where w(P) = p) such that @

is horizontal (with respect to x) and T'w (@) = w. This can be extended to vector fields.

1.7. The principal connection. Let us consider the principal right action (see [2], 10.2, 11.2) r?:Y - Y deter-

mined by the action on fibers described above. Consider
Tr’ ok =roTr?
and compute

' (xy,u,v) - (x,y,ucos9+\/1—u2 —UQSinﬁ,v)

Tl (wy,u,0, XY, U,V) -
(a:,y,ucos€+\/1—u2—UQSine,v,X,Y,(cose— u2 2)U— - Y V,V),
P _

1-u u? —v?

in fiber coordinates i.e.

X = X

Y =Y

U = (COSG— Y )U— Y \%4
1-u? -2 1-u? -2

Vv =V

and then 7% o x has a form

X =0

Y =

U = (COSG— Y )U— Y \%
1-u2 -2 1-u2 -2

Vv =V

and x o Tr? is of a form
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X =0

Y =0

U = (cos@— “ )U— ! V+ Az, y,u,v) X + B(x,y,u,v)Y
/—1—u2—1)2 /—1_u2_02 y Yy Uy 19y Uy

V = V+C(z,y,u,v)X + D(x,y,u,v)Y

and it follows A(x,y,u,v) = B(x,y,u,v) = C(z,y,u,v) = D(x,y,u,v) = 0 and that is why the flat connection is

the principal connection in our example.

2. DIFFERENTIAL FORMS

2.1. k-forms. In the text, we consider only real vector spaces and real smooth manifolds. The Einstein summation
convention is used.

Linear, bilinear, ..., forms are called 1-forms, 2-forms, in general k-forms. They are nothing but linear maps
(homomorphisms) from the k-th Cartesian power of a real vector space V to R, let us stress that they are linear
in all components. We fix the dimension of V as n.

First, let us take a look at 2-forms, for an illustration. Let a: V x ¥V — R. We express a(v1, v2) in coordinates by
a;jviv). If we take 1-forms dz’ assigning to a vector its i-th components, we can write a;;dzda’.

The requirement a(vq,va) = a(va,v1) (forall vi, vy € V) means «;; = aj; (forallé,j e {1,...,n}) and sucha
2-form « is called the symmetric 2-form. We write it by 3;;dz’ ® dz’ where i < j, 8i; = a;; and ;5 = 2 for i # j.

Analogously, the requirement a(vq,ve) = —a(ve,v1) (for all vi,vs € V) means «;; = —a;; (for all 4,5 «
{1,...,n}) and such a 2-form « is called the antisymmetric (or skew-symmetric) 2-form. We write it by 8;;dz* A dz?
where i < j, 8;; = a;.

In general, symmetric k-forms are defined by
a(vy, ... Vi) = a(Vay, - Vo(r))
for all permutations o:{1,...,k} - {1,...,k} and for all vy, ..., vy € V. In coordinates, it yields
gy i = Ao (iy)...o(in)

for all 4y,...ix € {1,...,n}. All symmetric k-forms form a vector subspace ®* (V) of the vector space of all
k-forms on V, elements of it are 3;,..;, dzh @ --- © dz'* with i1 <--- < i and if s is the number of permutations

(with repetition) of i1, ..., i, then 5, 4, = sa;, ., . Antisymmetric k-forms are defined by

a(vi,... Vi) =sgno a(Ve(1y, - Vo(k))

for all permutations o:{1,...,k} —» {1,...,k} and for all vy, ..., vy € V. In coordinates, it yields

Qiy...ip, = SBNO Qs (iy)...o(is)
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foralliy,...ix € {1,...,n}. All antisymmetric k-forms form a vector subspace A* (V) of the vector space of all
k-forms on V, elements of it are 3;, _;, dz’ A--- Ada®™ with iy <--- <i and B, 4, = squ, i, -

(Attention! Some authors, by the word "form", mean antisymmetric forms only.)

2.2. Differential k-forms. If we replace the vector space V by the space X(M) of vector fields on a manifold M,
dim M = n, k-forms become differential k-forms and o, ;, (z',...,2™) are functions on M.

(As above, some authors consider antisymmetric differential k-forms only.)

The space of all antisymmetric differential k-forms on a manifold M is denoted by Q(M).

Let us also note here — which will be useful in the text below — that a permutation o:{1,...,k,k+1,...,k+l} —

{1,...,k,k+1,... .k +1} satisfying 0(1) <--- < o(k) and o (k + 1) <--- < o(k +1) is called (k,1)-shuffle.

2.3. Three operations on antisymmetric (differential) k-forms. The following three operations have remark-

able properties and are related to each other. But we will focus mainly on calculations.
2.3.1. The wedge product. The wedge product is a binary operation
AAF(V) x AL (V) » AFL(V)
or (without any changes)
AQF (M) x QM) - QFY(M)

defined by

Y=aA B; Ytk = Z sgno aia(l)~--io'(k)/Birr(k+l)---i<7(k+l)7
o

where o represent (k,1)-shuffles.

Example 1. First, something absolutely trivial. Let n = 2, o = dz, 8 = dy and let us "compute" v = a A 3.

We have a; = f2 =1 and as = 81 = 0. Then

M2 = o1 f2 —af =1,

it follows

v =dx Ady.

Example 2. Of course, the product a A « need not be zero. Let n = 4, a = dz* Adx? + dz?® Adz? and let us compute
y=ana.

We have Q19 = (i34 = 1 and 13 = (14 = Qg3 = Qg3 = 0. Then
V1234 = Q120034 — (13024 + Q114023 + (230K 4 — Qo4 (V13 + (340012 = 2,

it follows

v = 2dzt Ada® Ada® Adat

Example 3. Let us look at differential forms, too. Let n = 3, a = (z + y)dy + (2 — ?)dz, 8 = zdx A dy + vzdz and

let us compute v = o A a.
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We have ap =z + 5, ag = 22 —y?, B12 = 2, B13 = vz and aq = B23 = 0. Then

2
Y123 = a1 o3 — a3 + azfBio = ~xYz — Y 2z,

it follows

v = (~zyz —y?2)dz Ady Adz = (zyz + y?2)daz Adz A dy.

2.3.2. The exterior derivative. The exterior derivative is a unary operation
d: QF (M) - QM (M)
defined by
d(a) =da; d(ov,. i dz™ A---ada™) = (%dzl) Adz™ Ao A dat
:L-’L

(Einstein summation convention in brackets!).

Example 4. Letn=3,a= (v +2?)dzAdy + (z +y + 2%)dz Adz. Wehave a1a =2 + 2%, a3 =2+ y + 2%, aa3 = 0.
Then
da = (dz +22d2) Ade Ady + (dz + dy + 22d2) Adz Adz =
2zdzadzAady+dyadeadz=(22-1)dzady Adz.
Example 5. For O-forms, i.e. functions, we obtain the well-known differential. Let n = 3, a = 22y + 23,

Then
da = 2ydzx + 2zdy + 32%dz.

2.3.3. The Hodge star operator. The Hodge star operator is a unary operation
= AR(V) > A"E(Y)
or (without any changes)
= Q8 (M) > Q" (M),

where n = dimV or n = dim M.
For this operator, however, it is necessary to assume that an inner product is given on the vector space V' (or,
on tangent spaces T, M in each x € M). Due to this inner product, we have an orthonormal basis e, ..., e,.
The Hodge star operator is defined by the assigning of a basis of A"~%()) to the basis of A*(V) by the following
way

*1€4(1) N€o(k) T Ex(k+1) N €o(n)

for every (k,n — k)-shuffle o. This is naturally extended to the entire vector space V.

Example 6. Letn =3, k = 2. Then

€] Neyg—> e3, €] Ne3—> —eq, €y Ne3 —> eq.



Asia Pac. J. Math. 2019 6:11 90of 10

Then for v; = vie;, vo = vie; we have vi A vy = vivie; Ae; and
*(ViAve) =viv) x (e; Aej) =
12 21 1.3 31 2.3 3 2
(viv3 —vivy)es + (vivs —vivy) (—e2) + (vivs — viv3) e

which is nothing but the usual vector product.

2.4. The split of a k-form. The linear operator 1 is precisely defined e.g. in the book [4] Lectures on Differential
Geometry by S. Sternberg, Chapter 1.4. We simplify the definition by v 1w = w(v,...). Then for any k-form
weA*(V), ae AL(V) and v € V the formula

vi(arw)=a(v) w

holds and, of course, the analogous claim holds for differential forms, too. We present it in the following example.

Example 7. Letn =3,k =2. Thenv = UI% + 028% + 03%, a = a1dz + asdy + asdz and w = wiedz A dy — wisde A

dz + wazdy A dz. Then
aAw=aiwezdr Ady Adz + aswizdy Ade Adz + agwisdz Ade Ady
and

1 2 3
vi(arw) aqwo3v dy Adz — aqwezv dr Adz + aqwazvdr Ady +

agwlgvldy ANdz - a2w1302dx ANdz + a2w1303dx Ady +

OégleUldy ANdz - agwlgvzdx ANdz + agwlgvgdx Ady
= (a1w231)3 + a2w13v3 + Otg(,d12’l)3) dz Ady -

(011WQ31)2 + OLQCU13U2 + 043W12U2) dr adz +

(alwggvl + Qowigvt + agwlgvl) dy A dz.
Further,

viw = wlgvldy - wigv?dr — wlgvldz + W13U3d1‘ + LU23’U2dZ - wggvgdy

(~wi2v® + wi30%) dz + (wi2v" —wasv?) dy + (~wisv! +wezv?) dz
and

an(vaw) = (a(wiv' - we3v®) - ag (~wizv® +wizv®)) da Ady -
(a1 (~wizv! +w230?) - az (~wi20? + wizv®)) da A dz +

(ozg (—wlgvl + w23v2) - a3 (OJ121}1 - w23v3)) dy A dz.
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Now, we have

vi(arw)+an(viw)=

(alwlgvl + a2w12v2 + agw12v3) dz Ady +

(—oqwigv' - aswizv® — azwisv®) do Adz +

(alwggvl + a2w23v2 + OégOJQgUs) dy ndz =

a(v) - w.
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