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AssTrACT. The aim of this paper is to establish a general summation formulas for the confluent hypergeometric function

\Ilém) in several variables by applying the generalized Kummer’s summation theorem due to Lavoie et al. [5]. Further,

a number of generating functions for products of two Laguerre polynomials of two variables are also derived as an

applications of our main summation formula.
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1. INTRODUCTION

The generalized hypergeometric function , F;; with p numerator parameters and ¢ denominator parameters is

defined by (see [10, p.42 (1)])

' . (a1)n ... (ap)n "

1.1 F, =y i e S

(1) pha T (o) e (bg)n !
bla -~7bq ’

where (a),, denotes the Pochhammer’s symbol defined by

1 ,if n=0
a(a+1)(a+2)...(a+n—-1) ,if n=1,23,...

(1.2) (a)n =

The special case of (1) when p=2 and g=1 is usually called Gauss’s hypergeometric function.

The Kampé de Fériet function of two variables F:%* [z y] is defined by (see[10,p.63(16)]

l:m;n
(@) by): 2): o My Mol e
(13) R, vy | = T
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The confluent hypergeometric function of several variables qzé") is defined as follows (see [10, p.62 (11)]):

o) M

my
14 U (01 o i s ) = (@mitpma 21" 2
( ) 2 (a701’ R ) Z (Cl)ml"'(cn)mn mI! mn'

mi,...,Mp, =0
Clearly, we have

U =0,

where U, is the Humbert’s confluent hypergeometric function in two variables [10,p.59(42) ]

o0

(15) Wolasb,b'sz,y|= Z mﬁ%

m,n=0

75)(

Ragab [7] defined Laguerre polynomials of two variables LY x,y) as follows:

(08 () DO DL (0541) $° (—y) L, ()

r=0
where L") (x) are the generalized Laguerre polynomials of one variable [8, p.200 (1)].
In particular, we note that

(B+1)n

n!

1
L) () and L&D (0,4)="2n ),

' n

(1.7) LB (2,0)=

Recently, Choi and Rathie [3] obtained certain summation formula for Humbert’s hypergeometric function
U, [a;c,c+i;x,—x] by using the following generalizations of the Kummer’s summation theorem due to Lavoie et al.
[5]:

a,b _ T(3)T(1+a—b+i)I'(1-b)

o Fy -1 = R—
I+a—b+i ; 20T (1=b+5 (i-+d]))

A; B;
>< . Z . + . Z .
{ L(fatiiti—[HF)0(1+5a—b+5i) T(3at+5i—[2])T(5+5a—b+3i) }
for (i=0,%1,42,4+3,+£4,45),

(1.8)

where [z] denotes the greatest integer less than or equal to = and |x| denotes the usual absolute value of . The

coefficients A; and B; are given in the following table:
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TABLE 1.
i A; B;
—4(6+a—b)?+2b(6+a—b) 4(6+a—b)*+2b(6-+a—b)
’ +02422(6+a—b)—130—20 | —b?—34(64-a—b)—b+62
4 | 2(a—b+3)(1+a—b)—(b—1)(b—4) —4(a—b+2)
3 3b—2a—5 2a—b+1
2 1+a—b -2
1 —1 1
0 1 0
-1 1 1
-2 a—b—1 2
-3 2a—3b—4 2a—b—2
—4 | 2(a—b-3)(a—b—1)—b(b+3) 4(a—b—2)
4(a—b—4)>—2b(a—b—4) 4(a—b—4)*+2b(a—b—4)
- 2 48(a—b—4)—Th D24 16(a—b—d)—b+12

Here, in this paper we establish further extension formula for the confluent hypergeometric function \I/(Qm

in several variables with the help of (1.8). As an application of our main result, we obtain certain generating

functions for products of two Laguerre polynomials of one and two variable.

2. MAaIN ResuLrs

In this section, the following summation formula will be established:

(2r) . . . 2
‘1’2 (G/,C1,61+Z,CQ,C2+Z,.-.,CT,CT+'L,J)1,—J}1 ,1‘2,_332,-..,357«,—1'7«)

oo

= Z (a)le+...+2mr$?m1-"

(c1)2my ---(Cr)am,. (2mq)!...(2m,.)!

2m
X, r

mi ,...,m,,.:O
x(AY B +BY ) (AP Ex+BP Ry). (AV E 4B F,)

mi +1x§m2 ?mr

+ i (a)le+1+2m2+...+2mr1’% B
0 (Cl)leJrl (02)2m2 ~-'(Cr)2mr (2m1+1)'(2m2)'(2m7«)'

my,...,Mp=

x(CHG+DM H ) (AP Byt BP ). (A E, 4B F,)+...
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%) 2mq 2mo+1 2m,+1
S (@)2myt2mot it t2m, 107 @2yt

(c1)2m, (€2)2my+1---(Cr)2m,.+1(2m1) ! (2mo+1)!...(2m,+1)!

mi,...,m=0
<(ADE B F)(CP G D Hy)..(C G4 D H, )
+ i (@2my+1+4.t2m, 127 a2t
(01)2m1+1...(cr)gmr+1(2m1+1)....(2mr+1)!

my,...,m,=0

(2.1) x(CMG1+DW Hy ) (CP Got D Hy)...(C G, +D H,),

where
22mrr(%)r(cr+i)F(cr+2mr)
T (¢t 2my+5 (i+i]))T (=mpgit g =[S T (mytert5314)

r =

22me (4L (ep4+4)T (42, )
L (cr+2me+3 (i+i])) T (=my+5i=[5)T (myt+er—5+31)

r=

T

B 22mr+1I‘(%)F(cT+z) (cp+2m,+1)
= T 2m L (o) Pt T (i ey 50

22T (5)T (¢ 4i)D (¢ 42m,+1)
L (e +2m, 4145 (i+i])) T (=my—g+5i=[5]) D (my e, 4510)
for i=0,+1,+2 +3,+4,+5.

T

The coefficients AZ(.l) ,...,AET) and Bgl) ,...,BZ.(T) can be obtained from the tables of 4; and B; by replacing a and b by
—2m;j and 1—c;—2m;, j=1,2,...,r. The coefficients Ci(l),...,C’i(r) and Dgl),...,Dl@ can be obtained from the tables
of A; and B; by replacing a and b by —2m,;—1 and —c;—2m;, j=1,2,...,r

Proof. Denoting the left hand side of (2.1) by \I'ng), then from the definition (1.4), we have

o0

‘11(27“): Z (a)n1+p1+-..+nr+pr$?l(_xl)pl-"xgr(_xr)pr
2 (€1)ny (c1H9)py - (), (Crti)p. 11 D1 L my Iy

N1,P1,--y N, pr=0

Using the well-known result[10,p.22(20) |

(2.2) (@) man=(a)m(a+m),,

we have

\I/(QT)_ i (Cl)n2+p2+___+nr+prl‘g2(—xg)pz...l‘:.”(—xr)pr
5 =

(€2)ny (c2Hi)py - (Cr)n,. (Cr i) p.nalpal . .0y

n2,P2,--, N, Pr=0

(2.3) X Wolatng+pot..4n,4ppsc1,c1+H501,— 1]
Now, applying the following special case of Manako identity [6]

- -m, 1-b—m ;
a)mx™
(2.4) \Ilg(a;b,c;x,—x):z ((b;mm' o Fy —11,
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we have
@) _ i (@) matnstpst..n,p, T1 27 (=) P2 (= )P
2 e b0 (€1)my (€2)ny (€2741) py .. (Cr)m. (Cr ) p, ma N2 pal. .y Ipy !
—mi, 1—ci—mq
(2.5) X Fy -1
1+t ;
Then, by repeating the above steps r-times, we have
> my m
2 (@)my+.. 4m, T T . )
26) B Y e et Cr) - ere)
mi,...,m,=0 Ly - \Cr)my HEL - Hor:
where
—My, 1_Cr_mr ;
f(cr7i7mr):2F1 -1
Cr i ;
Separating (2.6) into its even and odd terms, we have
0 2my 2m
a)gm +..42m, T LT
\IJéQT): Z ( 1 r r

(Cl)le ...(CT)QmT (le)'(Zmr)'

Xf(Cl7i»2m1)f(02,i,2m2)...f(cr,i72m,,)
+ i (@)2my +142mst. p2m, 27 Al
=0 (01)2m1+1(62)2m2"'(CT)QmT(2m1+1)!(2m2)!...(2m7,)!

2m,.
T

Xf(cl7i72m1+1)f(c27i72m2)"'f(crai72mr)+“'

+ i (@)2m, 2my 114, p2m, p12y a2t
My =0 (Cl)anl (02)2m2+1...(cr)2mr+1(2m1)!(2m2+1)!...(2mr—|—1)!

Xf(cl7i72m1)f(027i72m2+1)"'f(c’r‘ai72m’l“+1)

2mq+1
+ E (a)2m1+1+u.+2mr+1x1 S/

_ (Cl)gml_H...(CT)QmT+1(2m1+1)!...(2m7~+1)!

2m,+1
r

(27) Xf(cl7ia2m1+1)f(6277:72m2+1)"'f(CT7i72mT’+1)

Now, in (2.7) applying the generalized Kummer’s theorem (1.8) for each o F' (—1), we get after some simplification

the right hand side of (2.1).This completes the proof of (2.1).

O

2.1. Special Cases of (2.1). Here we mention some special cases of (2.1) and we will use the following results

[10,p.22-23]:

(2.8)

e wm=r(30) (33),



Asia Pac. J. Math. 2019 6:2 6 of 10

(2.10) (2n)! = 22" G)nn' (2n+1)! = 22"<Z)nn!.

1.Taking i=0in (2.1), we have

o0

2r), . . _
U™ (@561,C1 5oy CryCr3 Ty — T gy Ty — T ) = E

mi,...,mr=0
22m11"(%>1'\(01) . 22771T1"(%)1"( )
L(i—my)T(ci+m1) 7 T(3—m,)T(c,+m,)

(@)2m, +.. +2mﬂ7% L. x%
) (2m

(

o)

1)2mq - (C’I”)er(2m1)

r)!

(2.11)

Now using the results (2.8)—(2.10) in (2.11), then after some simplification we obtain the following transformation

formula:
\I’gQT) (a';cl 3C1y++sCryCpiT1,—T1 ,...,1‘7.,—327.)
2:0;...50 %a’gaJr% - T - ’
(2.12) =F —m%,...,—x%
0:3;...;3

— : cl,%cl,%cﬁ—% } e s cr,%ch%cr—ké ;
Note that, the formula (2.12) is a generalization of the well- known result [9, p.322(188) ]

to o)
(2.13) Uy (ase,cx,—x)=2F3 —?

1.1 1.
C,§C,§C+§ ’

IL.Taking r=1 in (2.1), we get a known result of Choi and Rathie [3] for Humbert’s hypergeometric series
Uy(ase,c+izm,—x) for i=0,41,42 43, +4, 5.

3. AprprLICATIONS TO GENERATING FUNCTIONS

The following double generating function for products of two Laguerre polynomials of two variables is given
by Atash [1] :

oo

a)minm!nt™(—t)" —1,da— c1—1,c2—
> (Ez)) (@) <cl>(<@)) Lyt =D (@y,wa) L 1™ (w1,0)

m,n=0

(3.1) :‘I’gl) [asc1,dr,c2,do;x1t,— 21,20t — Lot
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In (3.1), replacing d; by c¢1+i and da by ca+i and applying (2.1) with r=2, we get the following generating

function:
> (@) mtnm!Inlt™(—t)"™ i i o
Z L(clJrz 1,co+1 1)(1,1 CEQ)L(CI 1,co 1)(‘%1 $2)
(Cl+i)m(c2+i)7n(cl)n(c2)n " , " ’
m,n=0
o (@)2my 2m, (@1)>™ (228)°™2 (1) (1) @) @)
= AV E\+B; ) (A;Y Eo+B;” F.
ml%:o (01)2m1(02)2m2(2m1)!(2m2)!( ! 1+ ! 1)( ! 2+ ! 2)
o0
(a)2m +2m2+1(xlt)2m1+1('r2t)2m2 (1) (1) (2) (2)
1 CVG+D;"Hy) (A" Eo+B. " F:
+m1%; o (e1)zmy+1(€2)2ms (2ma+1)! amgn G DI AT BT
2m1+2m2+1($1t)2m1(x2t)2m2+1 (1) 1) (2) (2)
A E+B 1)) (CY Go+D;” H.
+m1%; . (1) om. (€2)2ms 11 (2] (2m2+1)!( . BB 1) (C; 7 Ga+D; ™ Ha)
>t (@at)®m ) (1) @ @)
- N (@)2m +2ms+2(21 cVG+DWM HY) (P Gy+DP H.
( ) m1;2 0 Cl 2m1+1(02)2Tn2+1(2m1+1) (277’L2+1)'( ! 1)( 2 2)

for i=0,41,+2,+3 4, £5.

3.1. Special cases of (3.2). Eleven new generating functions for products of two Laguerre polynomials of two
variables can be obtained as special cases of (3.2). Here we will mention only the following cases:

I.Taking i=0 in (3.2) and using the results (2.8)—(2.10), we get the following generating function:

00
(@) ()™ 7 e 1,0,-1) (c1—1,c2-1)
[lei—les L(eLea
Zo(cl)m(CZ)m(Cl)n(CQ)n m (w1,72) (z1,22)

m,n=
2:0:0 ‘
—23t? —x3t?

(3.3) =F
0:3;3

sl 1.1 . 1.1, .1,
- P C1L,5C1,5C0 g 5 €2,5C2,5C2 5

Further, putting 2=0 in (3.3) and using (1.7), we get:

30:30F3
o~ (@)mant™(—1)" (c—1) (c—1) 2,2
(3.4) Z WLm (x) LY (2)=o F3 —z%t
1

m,n=0 1 1
C,5C5Ct5
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Note that, in (3.4) if we take a=c, we get a known result of Exton [4, p.406 (4.3)].
IL.Taking i=1 in (3.2) and using the results (2.8)-(2.10), we get the following generating function:

> (a)m+nm!n!t7"(—t)” ( ) —1l.co—1
Lere2) (g ¢ Llea—Lea=1) (. T
Z (Cl+1)m(62+1)m(cl)n(02)n m ( 1 2) n ( 1 2)

m,n=0
1,1 ,1
3@50+5 ¢ - ; - ;
2:0;0 9o 5o
=F —x3t? —xit
0:3;3
. 1 11 1 1 11 1 -
- P cay30+5,50+] 5 ea,500+5,50+]
1,,11
§a+§,§a+1 : — N — ;
arqt 2:0;0 2,2 242
F —x3t? —xit

elertl) 033 1 1. .3 1,11
- satlzatlzats ;s c,50tg,50+]
%a—ﬁ—%,%a—}—l : - ; — ;

axst 2:0;0
2 —x%tg,—x%tQ

ca(catl) (:3:3

. 1 11 . 1 1 3 .
- . Cl7§cl+§7§cl+1 ) CQ+17§CQ+17§CQ+§ ’

. a(a+1)zzot?
N C1C2 (Cl+1) (Cg-l-].)

1 1,3
satl,5a+3 : — ; — ;
2:0;0
(3.5) xFO'3i3 —22t% — 2312
7 - Catliatlfats s eotl St foatd

Further, putting z2=0 in (3.5) and using (1.7), we get:

 (@mnt™ (O™ o (et
mine A % r(e (=1
bodar} [ sebden
ax
3.6 = F — 22 242
(3.6) 213 xt +c(c—|—l)2 3 xt
c,%c—l—%,%c—l—l ; c—&—l,%c—l—l,%c—i—% ;

Note that, In (3.6), if we take a=c+1, we get a known result of Choi and Rathie [2, p.197 (18)].
III.Taking i=—1 in (3.2) and using the results (2.8)—(2.10), we get the following generating function:

(@It (=" (e1—1eam1)
LCI sC2 Lcl ,C2
Z (Cl_l)m(CZ_l)m(Cl)n(CQ)n m (x17$2) n (93171'2)

m,n=0

2a:30+s - ; - ;
2:0;0
=F —x2t? —a3t?
0:3;3 1, 1.1 1, 1.1
- ca—lze,zats ;) ce—lge,500+5
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1 11
§Q+§,§CH’1 : - ; - ;
axit F210§0

3 2242 g3
cifei=1)" (.33 T

. 1 11 . 1 1 1.
- . CI7§CI+§a§CI+1 ) 02_175025502+§ )

1 11 . . .
5@4’5,5@4’1 . — N — )

azxst 2:0;0
—x%tQ,—xgtz

co(co—1 .9.
2(2 )0'3’3 . 1.1 1 1. 1 11 1 -
- L C1— >§CI7§CI+§ 3 02a§c2+§7502+ )

a(a+1)xzot?
C1C2 (Cl—l) (02—1)

1 1 3
sa+l,za+5 : — ; - ;
2002 77

(3.7) xF 0:3:3 —22t? —a3t?

co 1411 co 111 )
- D en50tg,50+]L 5 eo50+5, 500+

Further, putting 2=0 in (3.7) and using (1.7), we get:

oo

m,n=0
1.1 i . 1,11 .
3,50t . 30t5,50+L
(3.8) = F 22 |2 Ry
c(e-1)
1.1..,1 . 1,11 .
C—1,§C,§C+§, C,§C+§,§C+1,

—z2¢2

Note that, in (3.8), if we take a=c, we get a known result of Choi and Rathie [2, p.198 (21)].
IV.Taking i=2 in (3.2) and using the results (2.8)—(2.10), we get the following generating function:

(@) mpnmInlt™(—t)" iile 1y
[(c1+1,ca+1) [(c1=1,ea—1)
Z (Cl+2)m(62+2)7n(01)n(c2)n m (xth) " (:El,xz)

m,n=0
1.1,,1
5a,50+5 - — ; — ;
2:0,0 | 277 2 ’
=F _x%th_x%tz
0:3;3 1 31 1 31
- catlzatygatl; etlsets,getl
1,,11
§a+§,§a+1 . — H —_ ;
2axt 2:0;0
F —x2t? —a3t?

c1(e142)” .3
1(1 ) 0:3;3 B et L 31 9 . 1.1 31 1:
N ]_+ ’201+27261+ ) C2+ 7202+2,262+ ’

1 11
§a+§,§a+1 : — ; — N
2axot 2:0;0
azst . a2, a3
CQ(CQ+2) 0:3;3
- Datlgats,satl s et geats seet2
da(a+1)rzot?
0162(61+2)(CQ+2)

1 1.3
satl,5a+35 ¢ — ; — ;
2:0;0
(3.9) xF B R —

0:3;3
- Catlzetd a2 5 ol et 5ot ;
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Further, putting 2,=0 in (3.9) and using (1.7), we get:

o0

> (“EZI%ZSP" Lyt @)L= (@)

m,n=0
bojors o[ sestden
ar
3.10 =, F: — 222 |+—— F — 22
( ) 213 xt +c(c+2)2 3 Tt
c—&—l,%c—i—%éc—i—l ; c—l—l,%c—i—%,%c—i—? ;

The other special cases of (3.2) can also be obtained in the similar manner.
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