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AstracT. The aim of this paper is to obtain a fixed point theorems for multivalued mappings of semi-quasi contraction
type in the framework of complete metric spaces and prove the existence and uniqueness of some fixed point theorems.

These results generalize other well known fixed point theorems including Ciri¢ quasi contraction theorem.
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1. INTRODUCTION AND PRELIMINARIES

In 1992, the Banach contraction principle introduced by Stefan Banach [2] is one of the most useful and
important theorems of classical functional analysis. These theorems extend other well know fundamental metrical
fixed point theorems in the literature (see, for exemple, [3,5,7,11] and the references therein). This principle
states that, if (X, d) is a complete metric space and T : X — X is a contraction map (i.e., d(Tz, Ty) < Ad(z,y) for

all z,y € Xwhere 0 < A < 1is a constant), then 7" has a unique fixed point.

The Banach contraction principle has been generalized in many ways over the years. In some generalization,
Ciri¢’s [4] introduced the notion of a quasi-contraction and obtained a generalisation of the classical Banach
contraction principale (BCP), we recall that a self-mapping 7" of a matric space X is called a quasi-contraction if

there exists a number ¢ € [0,1), such that for all z,y € X

(1.1) d(Tz,Ty) < qM(z,y)
where M (z,y) = max{d(x,y),d(z, Tx),d(y, Ty),d(z, Ty),d(y, Tx)}.
It is well known that H : CB(X) x CB(X) — R defined by

H(A, B) = max{sup D(a, B),sup D(A4,b)}
acA beB
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is a metric on C'B(X), which is called the Pompeiu Hausdorff metric, where C'B(X) is the class of all nonempty,
closed, and bounded subsets of X and D(a, B) = inf{d(a,b) : b € B}. A fixed point of a multivalued mapping

F : X — P(X), which is the class of all nonempty subsets of X, is an element = € X such that z € Fx.

The defintion of F-orbitally complete is modeled by the following definition (see, [4,8]).

Definition 1.1. Let F' : X — CB(X) be a multi-valued mapping. Let ug € X, an orbit of F at g is a sequence
{un, : up € Fp_1, n € N}.

A space X is said to be F-orbitally complete if every Cauchy sequence which is a subsequence of an orbit of F' at v € X

converges in X.

Let n be any positive integer, O(zy, n) denotes the set of points {xx, Tx+1,- - - , Tktn } and 6[O(z, n)] the diametre

of O(zy,n). Notice that if §[O(zx,n)] > 0 for k,n € N then

0[0(zk,n)] = d(zk,x;), where k< j<k+n.

In 1969, Nadler [9] extended the Banach contraction principle to multivalued mappings and first initiated the

study of fixed point results for multivalued linear contraction.

Theorem 1.1. (Nadler [9] ) Let (X, d) be a complete metric space and F : X — C B(X) a multivalued contraction; that is,

there exists r € [0, 1) such that
H(Fx, Fy) < rd(z,y)

forall x,y € X. Then F has a fixed point.

Later on, several studies were conducted on a variety of generalizations, extensions, and applications of this
result of Nadler (see [1,6,10]). Recently, Ciri¢’s [4] has extended the Banach quasi-contraction to multivalued

quasi-contraction mappings. The Ciri¢’s fixed point theorem of multivalued map is given by

Theorem 1.2. [4, Theorem 1] Let F' : X — CB(X) be a multi-valued mapping on a metric space X and let X be F-orbitally
complete. If F' satisfies

H(Fz, Fz*) < gmax{d(z,z*), D(x, Fz), D(z*, F2*), D(x, Fx*), D(z*, Fx)})

for some q < 1 and all x,x* € X, then
(i) F has a unique fixed point 2* € X and Fx* = {z*}.
(it) Foreach xo € X, there exists an orbit {x,, nen of F at xo such that lim,,_, o, x, = z* for all z € X, and

(iii) d(xp,x*) < (g"” )"

Wd(xo, x1) for all n € N where a < 1 is any fixed positive number.
—q

Kumam et al. [8] introduced the notion of a generalized quasi-contraction, they were added four new values,
forall z,y € X, D(F?z,z), D(F?z, Fx), D(F?z,y), D(F?z, Fy) to a quasi-contraction condition and they have

extended these results of fixed point theorems for Multi-valued generalized quasi-contraction.
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Theorem 1.3. [8, Theorem 3.1] Let F' : X — CB(X) be a multi-valued mapping on a metric space X and let X be

F-orbitally complete. Suppose that F is a generalized quasi-contraction. Then we have
(i) F has a unique fixed point * € X and Fx* = {z*}.
(it) Foreach xo € X, there exists an orbit {x,, nen of F at x such that lim,,_, o x, = z* for all z € X, and

(7ii) d(zp,x*) < (1= g1

d(xo,x1) for all n € N where a < 1is any fixed positive number.

Our goal in this note is to extend and generalize the notion of quasi contractions to multivalued semi-quasi

contractions and obtain the existence and uniqueness of a fixed point theorems for such contractions.

2. MULTI-VALUED SEMI-QUASI CONTRACTIONS

In the framework of complete metric spaces, we establish some approximate fixed point results for multi-valued

mappings satisfying a semi-quasi contraction.

Now we need the following definition.

Definition 2.1. A multivalued mapping F' : X — CB(X) on a metric space X will be called a semi-quasi contraction if

there exists a number q € [0,1), such that
(2.1) (1 =¢q)D(u, Fu) < d(u,u*) implies H(Fu,Fu*)<qMp(u,u”)
for all u,u* € X where

Mp(u,uw*) = max{d(u,u"), D(u, Fu), D(u*, Fu*), D(u, Fu*), D(u*, Fu)}.
Before going further we shall prove the following lemmas which is required below.

Lemma2.1. Let F' : X — C'B(X) be a multivalued semi-quasi contraction mapping and we suppose that §[O(up41;1)] > 0
forn € N, then

6[0(un; 1)] < ¢"0[O(uo; n +1)].

Proof. Let up € X and we define a sequence {u,} in X by
U, = F"ug for neN.
We assume that there exists a positive integer n € N such that
(1 = q)D(un, Fuyn) < D(up, Fuy) = d(tn, Uny1).
By Eq. (2.1), we have
d(Unt1,Uny2) = D(Fun, Fupi1) < H(Fuy, Fugq1)
< gmax{d(tn, Unt1), D(Un, Fun), D(tnt+1, Ftini1),
D(un, Fupt1), D(tny1, Fup)}

= gmax{d(un, Un+1), d(Un+1, Un+2), d(Un, Unt2)}
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Let n be any positive integer, we deduce that
d(tnt1, unt2) = 0[O (uny151)] < ¢6[O(un; 2)] < -+ < ¢"6[O(ug; n +1)].
O

Lemma2.2. Let F' : X — C'B(X) bea multivalued semi-quasi contraction mapping and we suppose that 6[O(un41;1)] > 0
for n € N, then the following statements holds:

(2) D(Fup, Fupy1) < %ﬂ]d(un,unﬂ).

Proof. The proof of (1). It is obvious that §[O(ug; n + 1)] = d(ug, ux) for positive integer £ < n + 1. So, we get
6[O(uo;n + 1)] = d(uo, ug) < d(uo,ur) + d(u1, ur)
= d(uo,u1) + 6[O(u1;n)]
< d(uo,u1) + ¢6[O(uo;n + 1)].
Thus

1
0[O(ug;n+1)] < ﬁd(uo,ul).

Now, we will prove the second estimate, let uy € X, as the previous Lemma, for each n € NN {0} we define a

sequence {uy,} by the following inequality
(1 = ¢)D(un, Fun) < D(un, Fup) = d(tn, Unt1)-
Thus

D(Fuy, Fupy1) < H(Fuy, Fugy1)
< gmax{d(tn, unt1), D(tn, Fun), D(tunt1, Ftni1), D(tn, Ftni1), D(tni1, Fup)}
= gmax{d(un, un+1), d(Unt1, Unt2), d(Un, Unt2)}
< gmax{d(un, Unt1), d(Un+1, Un+2), A(Un, Un1) + d(Unt1, Uns2)}

= %QD(U,“ Fun).

Now we are ready to state our first result:

Theorem 2.1. Let F' : X — C'B(X) be a multivalued semi-quasi contraction mapping on a F-orbitally complete metric
space X. Then we have:

(i) F has a unique fixed point v* € X and Fu* = {u*}.

(it) For each ug € X, there exists an orbit {uy, nen of F at ug such that lim,,_, oo up, = u* for all u € X, and

n—1
(iii) D(F™u,u*) < D(u, Fu) foralln € N.

q
(1-4q)?
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Proof. Letug € X, for eachn € NN {0} and §[O(uy;1)] = 0, then
Up = Upt1, b.€., Uy, = Fu, and u, is a fixed point of F.

Since ¢ < 1, the sequence {u,, } is Cauchy. Moreover by the defintions 2.1 and since X is F-orbitally complete,

{un} has a limite v* in X. We claim that

(1= q)D(up, Fuy,) < d(uy,u”).
Suppose that for some n € N U {0}, either

d(up,u*) < (1 —q)D(up, Fuy,)
and

D(Fuy,u”) < (1 —q)D(Fup, Fupt1).
Then
D(up, Fuy) < d(up,u”) + D(Fu,, u™)

< (1 =q)D(tn, Fup) + (1 — ¢) D(Fupn, Fupy1).

Thus, by using Lemma 2.2(2), we get

D(uy, Fuy) < (1= ¢q) [D(umFun) n %

D(un,Fun)}
q
= (1= @) |1+ = | D(tn, Pun) = D(un, Puy),
l1—gq
a contradiction. Therefore (1 — ¢)D(uy, Fuy,) < d(u,, u*) holds for every n € NU {0}.
Now, by Eq. (2.1), we have for every n € NU {0}
D(Fuy, Fu*) < H(Fuy, Fu*)
< gmax{d(un,u*), D(up, Fu,), D(u*, Fu*), D(un, Fu*), D(u*, Fu,)}.

Hence, if we put n — oo, then

D(u*, Fu*) < ¢D(u", Fu"),

a contradiction, so u* = F'u*, i.e. u* is a fixed point of . Now, we will prove the unicity of a fixed point of F', we
assume that v* and w* are tow fixed points of F. Then (1 — ¢)D(u*, Fu*) < d(u*,w*). Hence, by Eq. (2.1), we
get
D(w*,u*) = D(Fw*, Fu*) < H(Fw*, Fu")
< gmax{d(w*,u"), D(w*, Fw"), D(u*, Fu*), D(w*, Fu"), D(u", Fw*)}

= ¢D(w”, u”)

a contradiction, so u* = w*. Moreover, F' has a unique fixed point.
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Let ug € X is arbitrary, then

lim u, = lim F"uy =u".
n—oo n—oo

In the other hand, if §[O(uy;1)] > 0 then by Lemmas 2.1 and 2.2(2), we obtain for ug € X,

A(Up, Uupt1) < 1?1_;d(u0,u1).
For every m > n, we have
(2.2) AUy ) < (P 0™ 4o £ rmfl)ﬁd(uo, uy)
< (1Qi_1)2d(uo,u1),
we conclude that
n—1
D(F"u, F"u) = d(tn, tupm) < (1(]—7(])21)(”’ Fu),
for all u € X. So, if we put m — oo, then
D(F"u,u*) < ¢ D(u, Fu),
(1-¢)
for all n € N. This proves of Theorem 2.1. O

The next result readily follows from the above theorem.

Theorem 2.2. Let F': X — C'B(X) be a multi-valued mapping on a metric space X satisfying the following:

1) Xis F-orbitally complete.
2) There exists k € Nand q € [0, 1) such that for all z,y € X,

where
My (2,y) = max{d(z,y), D(x, F*z), D(y, F*y), D(x, F*y), D(y, F*z)}

Then we have
(i). F has a unique fixed point z* € X.
m—1
.. q
ii). D(F"x,z*) <
(). D(F"2") <

greatest integer not exceeding %

max{D(Fiz, F™*z) : i = 0,1,--- k — 1} forall = € X and n € N where m is the

(iii). limy, oo F™x = a* forall x € X.

Proof. (i) By the conclusion of Theorem 2.1, F* has a unique fixed point 2* and F*(Fz*) = F(FFz*) = Fa*, it

follows that F'z* = z*, that is, I has a fixed point z*. The uniqueness of the fixed point of F' is obvious.
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(ii) Let n be any positive integer. Then n = (m — 1)k + j, 0 < j < k and for every z € X, F"z = (FF)™~1Fiz. It
follows from Theorem 2.1(iii) that
q(m_l)
(1-¢)?
(m—1) . )
< (EmE max{D(Fiz, F**kz) i =0,1,--- ,k —1}.
—q

(44¢). It is a direct consequence of (i7). O

D(F"z,z*) < D(Fig, FFFig)

Now, we define a new generalized semi-quasi contraction by adding four new values,
forall z,y € X, D(F?x,2),D(F?*z, Fz), D(F?x,y), D(F*z, Fy) to a semi-quasi contraction condition and obtain

a generalization of Theorem 2.1.

Theorem 2.3. Let F': X — C'B(X) be a multi-valued mapping on a metric space X and let X be F-orbitally complete. If
F satisfies
(1 =¢q)D(u, Fu) < d(u,u*) implies H(Fu,Fu*)<qMqa,(u,u")
where
Mg, (x,y) = max{d(u,u"), D(u, Fu), D(u*), Fu*)), D(u, Fu*)), D(u"), Fu),
D(F?u,u), D(F?u, Fu), D(F?u,u*)), D(F?u, Fu*))}.
for some g < 1 and all u,u*)* € X, then we have

(i) F has a unique fixed point u* € X and Fu* = {u*}.

(it) For each ug € X, there exists an orbit {u, nen of F at ug such that

limy, o0 tp, = u* forall u € X, and

n—1
(iif) D(F"u,u*) < —+—— D(u, Fu) forall n € N,

T (-9

Proof. The proof is similar of the proof of Theorem 2.1, it is enough to replace Mp(u,u*) by Mq,, (u,u*) and so

it is omitted. O

Corollary 2.1. Let F : X — CB(X) be a multi-valued mapping on a metric space X satisfying the following:

1) Xis F-orbitally complete.
2) There exists k € Nand q € [0,1) such that for all z,y € X,

(1 —¢q)D(x, Fkx) <d(xz,y) implies H(Fkac,Fky) < qgMg, (z,y)
where
Me, (2,y) = max{d(z,y), D(z, F*z), D(y, F*y), D(z, F*y), D(y, F*z),
D(F* g, x), D(F?*z, F*z), D(F?**z,y), D(F?**z, FFy)}

Then we have
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(7). F has a unique fixed point x* € X.
m—1

(if). D(F"x,x*) < (1(]7)2 max{D(F'z, F**z) : i = 0,1,--- ,k — 1} forall x € X and n € N where m is the
—q

greatest integer not exceeding %

(ifi). limy, oo F™x = o™ forall x € X.
Proof. It comes from Theorem 2.2 when Mk (z,y) = Mg, (x,y). O

Now we give a significant example showing that F' is multi-valued semi-quasi contractions:

Example 2.1. Let X = {(0,0), (4,0),(0,4), (4,5), (5,4)} be endowed with the metric d defined by
d((z1,72), (y1,92)) = |1 — y1| + |22 — Y2

Then, (X, d) is a complete metric space. Define a mapping F : X — CB(X) by

(21,0), if a1 <

(0,1‘2), lf i) S Zq.

F(xy,20) =

Then, we note that
D(Fz,Fy) < H(Fz,Fy) < %Mp(x,y)
if (z,y) # ((4,5),(5,4)) and (y, ) # ((4,5), (5,4)).
Singe
(1 - @)D((4,5), F(4,5) > © > 2= d((4,5), (5,4)

and

(1—=q)D((5,4), F(5,4)) > d((5,4), (4,5)) for every q € [0,1)
Therefore, Theorem 2.1 holds.
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