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1. Introduction

Let A denote the class of functions f of the form

(1.1) f(z) = z +

∞∑
n=2

anz
n,

which are analytic in the open unit disk U = {z : z ∈ C and |z| < 1} and satisfy the normalization condition
f(0) = f ′(0)− 1 = 0. Further, we denote by S the subclass of A consisting of functions of the form (1.1) which
are also univalent in U .

Denote by T the subclass of A consisting of functions whose non zero coefficients from second on, is given by

(1.2) f(z) = z −
∞∑
n=2

|an|zn.

A function f of the form (1.1) is said to be starlike of order α if it satisfies the following condition

(1.3) <
{
zf ′(z)

f(z)

}
> α, z ∈ U, 0 ≤ α < 1,

and is said to be convex of order α if it satisfies the following condition

(1.4) <
{

1 +
zf ′′(z)

f ′(z)

}
> α, z ∈ U, 0 ≤ α < 1.

The classes of all starlike and convex functions of order α are denoted by S∗(α) andK(α) respectively, studied
by Robertson [13] and Silverman [14].
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The application of Hypergeometric function, Generalized Hypergeometric function, Wright function, General-
ized Bessel function and Poisson distribution series on various subclasses of analytic and harmonic univalent
functions are play an important and significant role in Geometric Function Theory. It establishes a connection
between Special functions, Statistics and Complex analysis. In this direction the works of ( [1], [4], [5], [7]- [11]
and [15]) give a significant contribution in the field. Very recently, Porwal and Dixit [12] investigated Mittag-
Leffler type Poisson distribution which is a generalization of Poisson distribution. Therefore it is natural to ask
whether Poisson distribution series [6] can be extended to Mittag-Leffler type Poisson distribution series.

Motivating with this question and the work of ( [3], [6], [11]) we give an application of Mittag-Leffler type
Poisson distribution series on univalent functions. The Mittag-Leffler type Poisson distribution is given by

(1.5) P (m,α, β, k) =
mk

Eα,β(m)Γ(αk + β)
, k = 0, 1, 2, 3...

wherem > 0, α > 0, β > 0 and Eα,β(m) =

∞∑
k=0

mk

Γ(αk + β)
.

For detailed study see [12].
Now we introduce Mittag-Leffler type Poisson distribution series in the following way-

(1.6) K(α, β,m, z) = z +

∞∑
n=2

mn−1

Γ(α(n− 1) + β)

1

Eα,β(m)
zn.

If α = 1, β = 1 then we obtain Poisson distribution series [6],

K(1, 1,m, z) = z +

∞∑
n=2

mn−1

(n− 1)!

1

em
zn.

The application of Poisson distribution series on Geometric Function Theory is a recent topic of study. Note
worthy contribution in this field are ( [4], [8], [10]).

The convolution (or Hadamard product) of two power series of the form

f(z) =

∞∑
n=0

anz
n and g(z) =

∞∑
n=0

bnz
n

is defined as the power series

(f ∗ g)(z) =

∞∑
n=0

anbnz
n.

Now we consider the linear operator I(α, β,m) : A→ A defined by

I(α, β,m)f(z) = k(α, β,m, z) ∗ f(z)

= z +

∞∑
n=2

mn−1

Γ(α(n− 1) + β)

1

Eα,β(m)
anz

n.(1.7)

To prove our main results we shall require the following lemmas. Lemma 1.1. ( [2]) If f ∈ Rτ (A,B) is of the
form (1.1) then

(1.8) |an| ≤
(A−B)|τ |

n
, (n ∈ N/{1}) .

The bounds given in (1.8) is sharp.
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Lemma 1.2. ( [14]) Let f ∈ A be of the form (1.1) then f ∈ S∗(δ), if
∞∑
n=2

(n− δ)|an| ≤ 1− δ.

Lemma 1.3.( [14]) Let f ∈ A be of the form (1.1) and satisfy the conditon
∞∑
n=2

n(n− δ)|an| ≤ 1− δ,

then f ∈ K(δ).
In this paper, motivated with the above mentioned work and work of Kumar [3], we obtain some sufficient

conditions for the function K(α, β,m, z) belonging to the classes S∗(δ) and K(δ) and connections of these
subclasses with Rτ (A,B).

2. Main Results

Theorem 2.1. If α,m > 0, β > 1, thenK(α, β,m, z) ∈ S∗(δ), if
1

α

1

Eα,β(m)

[(
Eα,β−1(m)− 1

Γβ − 1

)
+ {α(1− δ)− (β − 1)}

(
Eα,β(m)− 1

Γβ

)]
≤ 1− δ.

Proof. To proveK(α, β,m, z) ∈ S∗(δ), from Lemma 1.2, it suffices to prove that
∞∑
n=2

(n− δ) 1

Eα,β(m)

mn−1

Γ(α(n− 1) + β)
≤ 1− δ.

Now 1

Eα,β(m)

∞∑
n=2

(n− δ) mn−1

Γ(α(n− 1) + β)

=
1

Eα,β(m)

∞∑
n=2

(n− δ)
(α(n− 1) + β − 1)

mn−1

Γ(α(n− 1) + β − 1)

=
1

Eα,β(m)

∞∑
n=2

1

α

(n− δ)[
[(n− 1) +

(
β−1
α

)] mn−1

Γ(α(n− 1) + β − 1)

=
1

Eα,β(m)

1

α

∞∑
n=2

[
n− 1 + 1 +

(
β−1
α

)
−
(
β−1
α

)
− δ
]

(
(n− 1) +

(
β−1
α

))
Γ(α(n− 1) + β − 1)

mn−1

=
1

Eα,β(m)

1

α

∞∑
n=2

{
(n− 1) +

(
β−1
α

)
−
(
β−1
α

)
+ (1− δ)

}
mn−1{

(n− 1) +
(
β−1
α

)
Γ(α(n− 1) + β − 1)

}
=

1

Eα,β(m)

1

α

∞∑
n=2

[
mn−1

Γ(α(n− 1) + β − 1)
− (β − 1)mn−1

Γ(α(n− 1) + β)
+

α(1− δ)mn−1

Γ(α(n− 1) + β)

]

=
1

αEα,β(m)

[(
Eα,β−1(m)− 1

Γ(β − 1)

)
+ {α(1− δ)− (β − 1)}

(
Eα,β(m)− 1

Γ(β)

)]
.

But, this last expression is bounded above by 1− δ, if (2.1) holds.
This complete the proof of Theorem 2.1. �

Theorem 2.2. If α,m > 0, β > 2, thenK(α, β,m, z) ∈ K(δ) if

1

α2Eα,β(m)

 Eα,β−2(m)− 1
Γ(β−2) + (3− 2β − α− αδ)

(
Eα,β−1(m)− 1

Γ(β−1)

)
+{(1− β + α)2 − δα(1− β + α)}

(
Eα,β(m)− 1

Γ(β)

)
 ≤ 1− δ.
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Proof. To proveK(α, β,m, z) ∈ K(δ), from Lemma 1.3, it is sufficient to prove that
∞∑
n=2

n(n− δ) 1

Eα,β(m)

mn−1

Γ(α(n− 1) + β)
≤ 1− δ.

Now
∞∑
n=2

n(n− δ) 1

Eα,β(m)

mn−1

Γ(α(n− 1) + β)

=

∞∑
n=2

(n2 − nδ) 1

Eα,β(m)

mn−1

Γ(α(n− 1) + β)

=
1

Eα,β(m)

[ ∞∑
n=2

(n2 − nδ)
{α(n− 1) + β − 1}{α(n− 1) + β − 2}

mn−1

Γ(α(n− 1) + β − 2)

]

=
1

Eα,β(m)

[ ∞∑
n=2

1

α2

(n2 − nδ){
(n− 1) +

(
β−1
α

)}{
(n− 1 + (β−2)

α

} mn−1

Γ(α(n− 2) + β − 2)

]

=
1

Eα,β(m)

∞∑
n=2

[{
(n− 1) +

(
β − 1

α

)}{
(n− 1) +

(
β − 2

α

)}
+

(
3− 2β + 2α− αδ

α

)

×
{

(n− 1) +

(
β − 1

α

)}
+

(
1− β + α

α

)2

− δ(1− β + α)

α

]
mn−1

Γ(α(n− 1) + β)

=
1

Eα,β(m)

∞∑
n=2

[
1

α2
{α(n− 1) + β − 1} {α(n− 1) + β − 2}+

(
3− 2β + 2α− αδ

α

)

×
(
α(n− 1) + β − 1

α

)
+

(
1− β + α

α

)2

− δ(1− β + α)

α

]
mn−1

Γ(α(n− 1) + β)

=
1

Eα,β(m)

[
1

α2

∞∑
n=2

mn−1

Γ(α(n− 1) + β − 2)
+

(
3− 2β + 2α− αδ

α2

)

×
∞∑
n=2

mn−1

Γ(α(n− 1) + β − 1)
+

{(
1− β + α

α

)2

− δ(1− β + α)

α

} ∞∑
n=2

mn−1

Γ(α(n− 1) + β)

]

=
1

Eα,β(m)

1

α2

(Eα,β−2(m)− 1
Γ(β−2)

)
+ (3− 2β + 2α− αδ)

(
Eα,β−1(m)− 1

Γ(β−1)

)
+
{

(1− β + α) (1− β + α− αδ)
(
Eα,β(m)− 1

Γ(β)

)}


≤ 1− δ.

This completes the proof of Theorem 2.2. �

Theorem 2.3. If α, β,m > 0, f ∈ Rτ (A,B) and the inequality

(A−B)|τ |
Eα,β(m)

[{
Eα,β(m)− 1

Γ(β)

}
− δ

{∫ m

0

Eα,β(t)

t
dt− 1

Γ(β)

}]
≤ 1− δ,

is satisfied then I(α, β,m) f(z) ∈ S∗(δ).
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Proof. The function I(α, β,m)f(z) is given by (1.7).
To prove I(α, β,m)f(z) ∈ S∗(δ) we have to prove that

∞∑
n=2

(n− δ) mn−1

Γ(α(n− 1) + β)

1

Eα,β(m)
|an| ≤ 1− δ.

Since f(z) ∈ Rτ (A,B), from Lemma 1.1 we have

|an| ≤
(A−B)|τ |

n
.

Now

∞∑
n=2

(n− δ) mn−1

Γ(α(n− 1) + β)

1

Eα,β(m)
|an|

≤ (A−B)|τ |
Eα,β(m)

∞∑
n=2

(n− δ)
nΓ(α(n− 1) + β)

=
(A−B)|τ |
Eα,β(m)

∞∑
n=2

(1− δ/n)

Γ(α(n− 1) + β)
mn−1

=
(A−B)|τ |
Eα,β(m)

[ ∞∑
n=2

mn−1

Γ(α(n− 1) + β)
−
∞∑
n=2

δmn−1

nΓ(α(n− 1) + β)

]

=
(A−B)|τ |
Eα,β(m)

[{
Eα,β(m)− 1

Γ(β)

}
− δ

{∫ m

0

Eα,β(t)

t
dt− 1

Γ(β)

}]
≤ 1− δ.

This completes the proof of theorem by given hypothesis. �

Theorem 2.4. If α,m > 0, β > 1, f ∈ Rτ (A,B) and the inequality
(A−B)|τ |
Eα,β(m)

1

α

[(
Eα,β−1(m)− 1

Γ(β − 1)

)
+ {α(1− δ)− (β − 1)}

(
Eα,β(m)− 1

Γ(β)

)]
≤ 1− δ,

is satisfied then I(α, β,m) f(z) ∈ K(δ).

Proof. To prove I(α, β,m)f(z) ∈ K(δ), we have to prove that
∞∑
n=2

n(n− δ) mn−1

Γ(α(n− 1) + β)

1

Eα,β(m)
|an| ≤ 1− δ.

Now
∞∑
n=2

n(n− δ) mn−1

Γ(α(n− 1) + β)

1

Eα,β(m)
|an|

≤ (A−B)|τ |
Eα,β(m)

∞∑
n=2

(n− δ)mn−1

Γ(α(n− 1) + β)

=
(A−B)|τ |
Eα,β(m)

∞∑
n=2

(n− δ)mn−1

Γ(α(n− 1) + β)

=
(A−B)|τ |
Eα,β(m)

∞∑
n=2

(n− δ) mn−1

Γ(α(n− 1) + β)
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=
(A−B)|τ |
Eα,β(m)

∞∑
n=2

(n− δ)
(α(n− 1) + (β − 1))

mn−1

Γ(α(n− 1) + β − 1)

=
(A−B)|τ |
Eα,β(m)

[
1

α

∞∑
n=2

(n− 1 + 1 +
(
β−1
α

)
−
(
β−1
α

)
− δ){

(n− 1) +
(
β−1
α

)}
Γ(α(n− 1) + β − 1)

mn−1

=
(A−B)|τ |
Eα,β(m)

1

α

∞∑
n=2

[{(n− 1) +
(
β−1
α

)
} −

(
β−1
α

)
+ (1− δ)]

{(n− 1) +
(
β−1
α

)
}Γ(α(n− 1) + β − 1)

mn−1

=
(A−B)|τ |
Eα,β(m)

1

α

∞∑
n=2

[
m(n−1)

Γ(α(n− 1) + β − 1)
− (β − 1)mn−1

Γ(α(n− 1) + β)
+

α(1− δ)mn−1

Γ(α(n− 1) + β)

]

=
(A−B)|τ |
Eα,β(m)

1

α

[(
Eα,β−1(m)− 1

Γ(β − 1)

)
+ {α(1− δ)− (β − 1)}

(
Eα,β(m)− 1

Γ(β)

)]

≤ 1− δ.

Thus the proof of Theorem 2.4 is established. �
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