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1. INTRODUCTION

Let A denote the class of functions f of the form

(1.1) f(z) =2+ Z anz",
n=2

which are analytic in the open unit disk U = {z : z € C' and |z| < 1} and satisfy the normalization condition
£(0) = f’(0) — 1 = 0. Further, we denote by S the subclass of A consisting of functions of the form (1.1) which
are also univalent in U.

Denote by T the subclass of A consisting of functions whose non zero coefficients from second on, is given by

(1.2) fz)=2=>lan|z".

n=2

A function f of the form (1.1) is said to be starlike of order « if it satisfies the following condition

2f'(2) }
1.3 §R{ >a,z€elU, 0<a<],
= )
and is said to be convex of order « if it satisfies the following condition
Zf”(Z)}
1.4 3‘3{14— >a,z€eU, 0<a< 1.
(4 %)

The classes of all starlike and convex functions of order « are denoted by S* () and K («) respectively, studied

by Robertson [13] and Silverman [14].
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The application of Hypergeometric function, Generalized Hypergeometric function, Wright function, General-
ized Bessel function and Poisson distribution series on various subclasses of analytic and harmonic univalent
functions are play an important and significant role in Geometric Function Theory. It establishes a connection
between Special functions, Statistics and Complex analysis. In this direction the works of ( [1], [4], [5], [7]- [11]
and [15]) give a significant contribution in the field. Very recently, Porwal and Dixit [12] investigated Mittag-
Leffler type Poisson distribution which is a generalization of Poisson distribution. Therefore it is natural to ask
whether Poisson distribution series [6] can be extended to Mittag-Leffler type Poisson distribution series.

Motivating with this question and the work of ( [3], [6], [11]) we give an application of Mittag-Leffler type

Poisson distribution series on univalent functions. The Mittag-Leffler type Poisson distribution is given by

k
m
(1.5) Pim,a,B,k) = Fop(mT(ak 1 5)’ k=0,1,2,3...
e k
where m > O7 o > 0, B > 0 and Ea7ﬂ(m) = ;}m

For detailed study see [12].

Now we introduce Mittag-Leffler type Poisson distribution series in the following way-

mn— 1 1

(1.6) K(a,B,m, z) _Z+Z CEEYN (m)zn

If « = 1, § = 1 then we obtain Poisson distribution series [6],

rLl
K(1,1,m,z2) _Z+Z

712

em,

The application of Poisson distribution series on Geometric Function Theory is a recent topic of study. Note
worthy contribution in this field are ( [4], [8], [10]).

The convolution (or Hadamard product) of two power series of the form

z) = i anz™ and g(z) = i bp 2"
n=0 n=0

is defined as the power series

(f*9)(z Zanbz

Now we consider the linear operator I(a, 5,m) : A — A defined by

(e, B,m) f(2) = ke, B,m, 2) x f(2)

n—1 1
n

(1.7) = HZ:; T(a(n—1) + B) Bap(m) ™"

To prove our main results we shall require the following lemmas. Lemma 1.1. ( [2]) If f € R™(A, B) is of the

form (1.1) then
(18) jaal = S (e /1),

The bounds given in (1.8) is sharp.
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Lemma 1.2. ( [14]) Let f € A be of the form (1.1) then f € S*(9), if

o0

Z(n—5)|an| <1-4.

n=2
Lemma 1.3.( [14]) Let f € A be of the form (1.1) and satisfy the conditon

n(n —6)lan| <136,

n=2
then f € K(9).

In this paper, motivated with the above mentioned work and work of Kumar [3], we obtain some sufficient
conditions for the function K(«, 8, m, z) belonging to the classes S*(4) and K (4) and connections of these

subclasses with R™ (A, B).

2. MaIN ResuLrs

Theorem 2.1. If o, m > 0,8 > 1, then K(«, 8, m, z) € 5%(9), if

i | (Fnseam = 51 )+ (a0 =9) = (5= 1} (Buptm) - 5 )] <15

Proof. To prove K (a, 5, m, z) € S*(§), from Lemma 1.2, it suffices to prove that

- 1 mn—1
T;z(n Lt Tam D5 =%
N o) 25 el -1+ )

I 1S a
_Emm)a; {n=1)+ ()P -1 +8-1)}
__ 1 1y m"! C B-Dmt (= smn!
~ Bap(m)a ,;2 [F(a(n— D+6—1) Tlam-1D+5) Tam-1) +ﬁ)}

_ aElﬂ(m) {(Ea,mm) - rwn) +{a(1-8)— (8- 1)} (Ea,ﬁ<m> - rw))] -

But, this last expression is bounded above by 1 — 4, if (2.1) holds.
This complete the proof of Theorem 2.1. O

Theorem 2.2. If «,m > 0,8 > 2, then K(«, 8, m, z) € K(9) if

Eo 3_o(m) — ﬁ +(3-28—a—ad) (Eoz.ﬂfl(m) - %) ] <1-5
+H{(1=B+a)?—da(l-B+a)} (Eaﬁ(m) - ﬁ) )

1
a?Eq 5(m)
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Proof. To prove K (a, 8, m, z) € K(), from Lemma 1.3, it is sufficient to prove that

> 1 mn1

;n(n =9 Eypg(m) T(a(n—1)+5) si-o

Now
n—1

> 1 m
Zzn(n 0 Eop(m) I(a(n —1) + )

n=

> 1 mn—!
= =) T a1 7 B)

_ Z (n? — né) mn—1
Eag( {an,1)+5,1}{a(n,1)+5,2}r‘( (n—1)4+5-2)

n—1

Lyt (n? = nd) .
_Wl;oﬂ{(n_1)+(ﬁal)}{ 14 B2 2)} aln _2)+5_2)]

- T H“‘”*(ﬁgl)}{W—lH(5;2)}%3—%22@—@6)

e

1 |1
B ﬂ(m)z la?{a(”_1)+5—1}{a(n—1)+5_2}+(

n=2

mnfl

I(a(n—1)+5)

3—-28+42a—ad
@

mnfl

Ta(n—1)+5)

y <a(n1)+61>+(15+a)25(15+a)

« (0% «

n—1

B 1 m 3—-28+2a—ad
Em(m)lcﬁzF e R .

m"! 1-f+a (1—6+a = mrl ]
er n—1)+ﬁ—1)+{( p > }Z an—1)+8)]

n=2

_ 1 [( 0.6-2(m) = =gy ) + (3 28 + 20— ad) (Easa(m) — 13y )|
Eap(m) a? +{1-8+0a)(1-B+a—ad) (Baptm) - ) }

<1-6.

This completes the proof of Theorem 2.2. O

Theorem 2.3. If o, ,m > 0, f € R"(A, B) and the inequality
(A— B)|7|

By | (o)~ O )}]ﬂ—a,

is satisfied then I(«, 8, m) f(z) € S*(9).
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Proof. The function I(«, 8, m) f(z) is given by (1.7).
)yes

To prove I(a, 5, m) f(z) € S*(&) we have to prove that

e n—1

m 1
Z(n B §)F(a(n — 1)+ B) Ey5(m) jan] <1 =0.

n=2

Since f(z) € R™(A, B), from Lemma 1.1 we have

(4-B)lr|

lan| <
n

Now

ot ) o[ i -

This completes the proof of theorem by given hypothesm. O

Theorem 2.4. If a,m > 0,8 > 1, f € R"(A, B) and the inequality

S 1- 67
is satisfied then I(«a, 8, m) f(z) € K(J).

Proof. To prove I(«, 5, m)f(z) € K(J), we have to prove that

0 mn—1 1
20 =) S T B B

n=2

Now
0 mn—1 1
Z n(n - 5)I‘(a(n — 1) T B) anﬂ(m) |an|

n=2

mn— 1

A B||
TZ n—1+6)

mn— 1

A B|7'|
Z n,1+5)

nl

A B|7'|
nZ RO
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_A-Bld s (w-9) mn=!
Ba(m) 2 (a(n—1)+ (5 1)) Ta(n— 1) + 5 - 1)

(A-B)|r| |1 < (n—l—&-l-i-(%)—(%)_(;)

= "Eqp(m) &7_2 {(n— 1)+ (@ m

)
(4B 1 & U -0+ () - (%) + -9
Bap(m) @125 {n—1)+ (52 )IT(atn = 1)+ 8- 1)

_ (A-DB)|r| 1 i { m(=1) (B—1)m"1t a(l —&)mn—t ]

Eap5(m) « Tla(n—1)+8—-1) T(a(n—1)+p) + T'(a(n—1)+ 8)

n=2

Thus the proof of Theorem 2.4 is established. O
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