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ABSTRACT. Let G(V, E) be a graph and let V;denote the set of all vertices of degree i. The degree splitting
graph DS(G) of G is obtained from G, by adding a new vertex w; for each partition V; such that | V; | =2
and joining w; to each vertex of V.. In this paper, we characterise graphs for which degree splitting graphs
are trees or unicyclic. We develop an algorithm to check whether the given graph is a degree splitting
graph of a graph. Also we establish some necessary conditions for the existence of non isomorphic graphs
to have isomorphic degree splitting graph.
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1 Introduction

Only finite, simple, undirected graphs are considered in this paper. For notations
and terminology, we follow [10]. The degree of a vertex v is denoted by d(v). Let V;
denote the set of all vertices of degree i. A graph G is said to be r — regular, if every
vertex of G has degree r. For r = k, a graph G is said to be (r,k) — biregular if d(v) is either
r or k for any vertex vin G. A 1 — factor of G is a 1 — regular spanning subgraph of G
and it is denoted by F.

For any vertex v € V(G), the open neighbourhood N(v) of v is the set of all vertices
adjacent to v. That is, N(v) = {u € V(G) / uv € E(G)}. The closed neighbourhood of v is
defined by N[v] = N(v) U {v}. The join of two graphs G; and G is denoted by G; v G.. In

DOI: 10.28924/APIM /7-13

©2020 Asia Pacific Journal of Mathematics


https://doi.org/10.28924/APJM/7-13

Asia Pac. J. Math. 2020 7:13 2 of 26

a graph G(V,E), let Vi={v €V / d(v) = i}. Note that in an r — regular graph G, V: = V(G)
and Vi= ¢ for any i = r. A vertex v in G is called a distinguished vertex of G if v is the only
vertex in G with degree d(v).

A vertex v is said to be a k - regular adjacency vertex (or simply a k - RA vertex) if
d(u) =k for all u € N(v). A vertex is called an RA vertex if it is a k — RA vertex for some k
> 1. A graph G in which every vertex is an RA vertex is said to be an RA graph.
Obviously regular graphs and complete bipartite graphs are RA graphs.

Analysing a graph by varying its vertex set and edge set is an interesting and
well worked branch of research in graph theory. The studies on antipodal graphs and
radial graphs [1,2,3,11,12] are examples in which the edge set of a graph varies itself.
While studies based on the minimum number of vertices to be added to a graph [9] to
attain a special property vary both of its vertex set and edge set. This branch of research
has credited its account with one when Sampath Kumar and Walikar introduced the
concept of splitting graph [14] of a graph. This concept resembles the method of taking
clone of each vertex in a graph.

The definition of splitting graph is given as follows:

The graph S(G) obtained from G, by taking a new vertex v’for every vertex v € V
and joining v’ to all vertices of G adjacent to v, is called a splitting graph of G. As an

illustration, a graph G with its splitting graph S(G) is shown in Figure 1.

Figure 1
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The properties of splitting graphs have been studied and the necessary and
sufficient condition for a graph to be a splitting graph has been established in [14]. In
fact, it has been proved that,

Result 1.1 [14] A graph G is a splitting graph if and only if V(G) can be partitioned into
two sets Viand V; such that there exists a bijective mapping f from Vi to V2 and N(f(v))
=N(v) "V, forany v € Vi

On a similar line, recently instead of adding a clone for every vertex, a method of
adding complement to every vertex has been introduced and studied for its properties
[4].

Let G be a graph with vertex set {vs, v, ..., v.}. The cosplitting graph CS(G) is the
graph obtained from G, by adding a new vertex w; for each vertex v; and joining w; to all
vertices which are not adjacent to v, in G.

For instance, a graph G and its cosplitting graph CS(G) are shown in Figure 2.

Figure 2
In [4], a necessary and sufficient condition for a graph to be a cosplitting graph
has been given. And the graphs for which the splitting graph and the cosplitting graph
are isomorphic have been characterised.
This branch spreads out its wings further with the introduction of degree
splitting graph by Ponraj and Somasundaram [13].

The degree splitting graph DS(G) of a graph G can be defined as follows: For a
graph G = (V, E), the degree splitting graph DS(G) is obtained from G, by adding a new
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vertex w; for each partition V; that contains at least two vertices and joining w; to each
vertex of V..

For example, a graph G and its degree splitting graph DS(G) are shown in
Figure 3.

vy
(s

G DS(G)
Figure 3

It is easy to note that, if G is regular, then DS(G) is nothing but G v Ki. And
trivial graph is the only graph for which the degree splitting graph is isomorphic to
itself. Also every graph is an induced subgraph of its own degree splitting graph. In
addition, the following results have been proved in [5].

Let Kn2ns1 be the complete bipartite graph with bipartition (X,Y) where X = {v, v,
., Vof and Y = {w1, wy, ..., Wona}. Then K 5,41 is the graph obtained from Kiana by
deleting the edges viwzi1and viwyi for all i, 1< i < n. For example K; 5 is shown in Figure

4.

Figure 4
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Theorem A The degree splitting graph DS(G) is regular if and only G =K, r>1 or
(Kx—F) v Ky, where Fis a 1 — factor of Ko and k > 2.

Theorem B Let G be a graph. Then DS(G) is a biregular RA graph if and only if G = Kix
or K:1,211+1-

Theorem C Any connected RA graph is either a regular graph or a biregular bipartite
graph.

The definition of the degree splitting graph has inspired us very much as it
resembles the process of assigning representatives for people having same qualities
from the society of diverse qualities. It may also be compared to uniting systems
according to their common nature in a network. Hence studying the properties of
degree splitting graphs surely yield results of practical importance.

In this paper, we characterize the graphs for which degree splitting graphs are
trees or unicyclic. We discuss the necessary conditions for a graph to be a degree
splitting graph for some graph and we develop an algorithm to check whether the
given graph is a degree splitting graph or not. Also for any n > 2, we construct n non
isomorphic graphs, Gi, Gy, .., Gn having isomorphic degree splitting graph. We
establish some necessary conditions for the existence of non isomorphic graphs with
isomorphic degree splitting graph.

Further a study on distance in degree splitting graphs has been carried out in [7].
And studies on varieties of splitting graphs can be found in [6] and [8].

2 Construction of non isomorphic graphs with same degree splitting graph:

It is obvious that every graph has its own degree splitting graph. On the other
hand, here we discuss about the converse of the above statement, that is, whether every
degree splitting graph is a degree splitting graph of a unique graph. Thinking of this
line, there arises a natural question in our mind that “Do there exist different groups

such that after assigning representatives for similar nodes they look similar?”. Or in
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graph theoretical words, “Can we think of the existence of two or more non isomorphic
graphs with similar degree splitting graph?”. To our surprise, the answer is ‘yes’.

It is easy to note that G = H implies DS(G) = DS(H). But the converse is not true.
That is, we can find two non isomorphic graphs Gi and Gz such that DS(G:) = DS(G»).
For example, consider the non isomorphic graphs G; and G, shown in Figure 5. But

DS(G1) = DS(Go).

Sl A e

G: G: DS(Gy) = DS(Gy).
Figure 5

In fact, for given n > 2, we can find n non isomorphic graphs G, G, ..., G, with
the same degree splitting graph, the existence of which is proved in the following
theorem:
Theorem 2.1 For any n > 2, there are n non isomorphic graphs Gi, Gy, ... ,Gn whose
degree splitting graphs are all isomorphic.
Proof If n =2, then we have done. Therefore assume that n > 3. Forany i, 1 <i<n-1,
we construct a graph G; as follows:

Vertex set V(Gi) of G consists of 3n-1 vertices
uhub v v v vl v wh o wh, o wilg L xd b xE Ly XL and the edge set
EG)={ujvj /1< j<s n-L1=12j=i}u{uw/1< js n-1;1=1,2}Ufvvi /1< k<

n-L1<l<n-Lk=zilz=i;kzlJu{viwl /1< k<sn-1;1<1l <n-Lk=ik=1}u

{w}x}(/ls j<n-11<k Sn—l;jzk}u{x}xji/ls 13[“7'1];1+1s j <n-

i}u{xiln_ﬂjxil}.
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i i i i i i i i i i i
Clearly, uj ,u; ,vi, V3, ey, Vieg , Vigq s ooy Vo1 W1 5, W, oo, Wisg, Wigg o, Wy g are  all of

degree 2n-3. w!is the only vertex of degree 2(n-1). Forj =1,2,...n, the degrees of x}'s are

n-1

respectively, 2n-4,2n-5, .., n + ln71J —1,n+ ln71J —1,n+ lTJ —2,...n+1nn-1,1.
Finally, the graph Gais constructed as follows:

V(Grn) = {v], V3, o, VAL, WT WY, e, Wop, W, XT L XD o, XR L1,V

E(Gn) = {wpvj, wawj' /1< j<n-Jufvwvi /1< k< n-1,1< 1< n-1, k=l} U
fviwf /1< k<sn-1,1<1<n-1, k=lufwixg/1<j<n-1,1< k< n-1,j=k}

U {x{‘x;1 /1<i< ln?lJ, i+l<j<n-iju {XTH_HJX}I}.Here wh is the only vertex of degree
2

2n-2 while all vi’s and wj"'s are of degree 2n-3 where 1 <j< n-1.
First we claim that all G’sare non isomorphic.

Clearly for each i, 1 < i < n, G; has only one vertex w! with degree 2n-2. By our
construction, each G; has unique induced subgraph generated by N(w!). That is, <
N[wl] > # < N[w::] >, foralli=j, 1< i,j<nandhence G/s are all non isomorphic.

Now we prove that DS(G;) = DS(Gj), for 1 <i,j<n-1.
The vertex set V(Gi) of any G; can be partitioned as V(Gi) = ViU ... U Vaua, such

that Vi contains the vertices of degree i. In such partition,Vn+l m and Va3 have more

2

than one vertex. Therefore for any G, in the construction of DS(G;) two new vertices
{y“+l n-l ]—1’ Van—3} are introduced. Define f : V(DS(G;)) — V(DS(G;)) as follows:
2
fu) =u,1=1,2 fv) =v], k=j, k=i, k=12 ..,n-1;f(w) =wl,1=1,2,..n-1;
i . 1 . 1 i .
f(x)) = xll, 1=1,2,..n; f(yl) = yll, l=2n-3,n+ lTJ —1and f(vj) = V]i.
Then f is clearly an isomorphism from DS(G;) to DS(G;). Thus DS(G:) = DS(G;), for all i

andj, 1<i,j<n-1. Finally, it is enough to show that DS(G:) = DS(G,).
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Let g : V(DS(G1)) » V(DS(Gn)) be defined as follows:
gup) = wh; g(ud) =yl ; g(vi) =vi; gwi) =wi; gd) =xi, k=12, n-1;

g(yiwl nT.ll_l) = y2+[ ST Again g is clearly an isomorphism from DS(G:) to DS(G,) and

therefore DS(Gi) = DS(Gy), for any i, 1 < i < n — 1. Thus we have constructed n non
isomorphic graphs Gy, G, ..., Gn with same degree splitting graph. For example, when n
= 4, the four non isomorphic graphs Gi, G, Gs, Gs and their degree splitting graph H are
shown in Figure 6. |

It is also true that there are graphs which are degree splitting graphs of unique
graphs. Therefore in this chapter, we concentrate on the conditions needed for the
existence of non isomorphic graphs to have isomorphic degree splitting graph. Let us
discuss about the various conditions under which two graphs have the same degree
splitting graph. The following theorem discusses one such condition.
Theorem 2.2 In a graph G with | Vi| > 2, for some k > 2, if there exists a distinguished
vertex v such that N(v) = Vi U {w}, where w is the distinguished vertex of degree k + 1
and |Vjy, || =0, then there exists a graph H such that G 2 H and DS(G) = DS(H).
Proof Let G be any graph. Let w be the distinguished vertex of G with degree k + 1.
Suppose v is another distinguished vertex of G such that N(v) = Vi U {w}. Take | Vi| = a
in G. Then clearly dg(v) = a + 1. Let V(G) = {v, w, vi, vy, ..., Vaa}. Consider the degree
splitting graph DS(G) of G. Let uj, uy, ..., um be the newly added vertices in DS(G). Then
d*(v) = dg(v), d*(w) = da(w) and de(vi) < d*(vi) < de(vi) + 1. Since | Vi| = 2, let u; be the
newly added vertex in DS(G) for some j, 1 <j <m, corresponding to V.

Let H be the induced subgraph of DS(G) induced by {vi, v, ..., Va2, W, u}. We
claim that G 2 H and DS(G) = DS(H).
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We know that d*(u)) = | V| = a in DS(G). Clearly in DS(G), v ¢ N(u;) and for any
u,i=zjand 1 <i<m, u ¢ N(u) . Therefore du(u;) = a. But given that |V,| = 0 in G. Hence
we can conclude that G  H.

Clearly in G, |V,| =0, |Va41] =1, | V| = 1. Also v is a neighbour of w in G. This
means that du(w) = de(w) — 1 = k. Therefore we getin H, || =1, [Vg41| =0, | Vi | =0.
The remaining members Vi in the vertex set partition are the same in G and H. And so
DS(H) has the same number of newly added vertices as that of in DS(G). Let them be
W1, W2, ..., Wn and without loss of generality, let wi correspond to the set for which w
corresponds to in DS(G). Then wj is of degree a + 1 and hence it is a distinguished
vertex in DS(H).

Now define a mapping f from the vertex set of DS(G) to that of DS(H) by f(v) = w;, f(u,)
=w,l1<t<mandt=j f(u) =u, f(w) =w, f(vi) = v, 1 <s<n-2. We can easily verify {
to be an isomorphism. Therefore DS(G) = DS(H). Hence the theorem.

For example, a graph G with the required conditions and the corresponding graph H

and their isomorphic degree splitting graph are shown in Figure 7.
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uz

DS(G) = DS(H)

Figure 7
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The next theorem discusses a similar condition for the existence of non
isomorphic graphs with same degree splitting graph.

Theorem 2.3 In a graph G with | Vx| > 2, for some k > 2 and |Vwi| =0 = [V}y, |, if there
exists a distinguished RA vertex v such that N(v) = Vi — {u}, for some u € Vi, then there
exists a graph H such that G 2 H and DS(G) = DS(H).

Proof Let G be any graph. Assume that | Vi| > 2. Take | Vi| = a in G. Let u be a vertex
of degree k in G and let v be a distinguished RA vertex in G such that N(v) = Vi - {u}.
Now dg(v) =a-1.

Let V(G) = {u, v, vi, V3,...,Vaa}. Let DS(G) be the degree splitting graph of G with
the newly added vertices u;, uy, ..., um.

And since | Vi| > 2, let uj correspond to Vi, for some j, 1 <j <m. Now in DS(G),
d*(u) = d(u) + 1 = k + 1 and d*(u)) = a. Since v is a distinguished vertex in G, d*(v) =
de(v)=a-1.

Consider the induced subgraph H of DS(G) induced by {vi, v»,..., Va2, u, u}. Now
we prove that H is not isomorphic to G but DS(G) = DS(H).

It is clear that V(H) = (V(G) - {v}) U {uj}. Hence for any v;, 1 <i<n -2, de(vi) =
du(vi). Also du(w) = a, du(u) =dg(u) + 1=k + 1.

Since G does not contain any vertex of degree a, u; is a distinguished vertex of
degree a in H. Hence we can conclude that G % H.

Now we consider DS(H). Clearly |V,_4| =1, |V| =0, | V| =0in G. Since v ¢
H, we have |V,_1| =0, |V;] =1, | Vixa| =1in H.

The remaining members V; in the vertex set partition are the same in G and H.
And so DS(H) has the same number of newly added vertices as that of in DS(G).

Let them be w1, w, ..., wn and without loss of generality, let w; correspond to the
set for which u; corresponds to in DS(G). Then wj is a distinguished vertex of degree a —
1.

Now define a mapping f from the vertex set of DS(G) to that of DS(H) by f(v) =

wij, f(u) =wyl<t<mand t=j, f(u)=u, f(u) =u, f(vi) =vs, 1 <s<n-2.



Asia Pac. J. Math. 2020 7:13 13 of 26

We can easily verify that f is an isomorphism. Hence DS(G) = DS(H).
For example, a graph G with the required conditions and the corresponding

graph H constructed and their isomorphic degree splitting graph are shown in Figure 8.
|

DS(G) = DS(H)

Figure 8
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Yet another condition for the existence of non isomorphic graphs with same
degree splitting graph has been discussed in the following theorem.
Theorem 2.4 In a graph G with | Vi| > 2, for some k > 2, if there exists a distinguished
vertex v such that N(v) = Vi — {u} U {w}, where u € Vi and w is the distinguished vertex
of degree k + 1, and if < G - {u,v} > 2 < G - {v,w} >, then there exists a graph H such
that G 2 H and DS(G) = DS(H).
Proof Let G be any graph with vertex set V(G) = {u, v, w, vi, vy, ..., Va3} where v and w
are distinguished vertices of degree | Vi| and k + 1 respectively. Let u be a vertex of
degree k. Let N(v) = Vi — {u} U {w}. Consider the degree splitting graph DS(G) of G. Let
ui, Uy, ..., Um be the newly added vertices in DS(G). Let u; correspond to Vi, for some j, 1 <
j<m.

Consider the graph H = < vy vy,..., Va3, W, u, u; >. Now we prove that H is the
required graph such that G 2 H and DS(G) = DS(H).

It is clear that V(H) = (V(G) - {v}) U {u}. Hence for any v;, 1 <i <n -3, de(vi) =
du(vi). The vertices v and u; contain a neighbour of degree k + 1 and the remaining

neighbours of degree k in G and H respectively.
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DS(G) = DS(H)
Figure 9
It is easy to note that du(w) = dg(w) — 1 and du(u) = de(u) + 1, since u; € V(H).
Also du(w) = da(v) = |Vi|. Hence u is a distinguished vertex in H since v is a

distinguished vertex in G.
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But since < G - {u, v} > 2 < G - {v, w} >, u is not an isomorphic image of w.
Therefore u; which is adjacent to u cannot be an isomorphic image of v which is
adjacent to w. Hence we can conclude that G % H.

Now we construct DS(H). Both the graphs G and H have the same vertex set
partition. Therefore | Vi| =2 in H.

Also DS(H) has the same number of newly added vertices as that of in DS(G). Let
them be wi, wy, ..., wn and without loss of generality, let wi correspond to the set for
which u; corresponds to in DS(G). Then wj is a distinguished vertex of degree | Vi]|.

Now define a mapping f from the vertex set of DS(G) to that of DS(H) by f(v) =
wj, f(w) =wyl<t<mand t=j, f(u)=u, f(u)=u, f(w)=w, f(v)) =vs,, 1 <s<n-3.

We can easily verify that f is an isomorphism. Hence DS(G) = DS(H).

As an example, graphs G and H with the required conditions and their degree

splitting graphs are shown in Figure 9.

|

The following theorem gives a method of constructing two non isomorphic
graphs which contains any given graph as an induced subgraph and same degree
splitting graph.
Theorem 3.5 Any graph H is an induced subgraph of two non isomorphic graphs G,
and G; such that DS(G:) = DS(G).
Proof Let H be any graph. Let us now construct two non isomorphic graphs G: and G
with same degree splitting graph in which H is an induced subgraph.

Let k = 2m, m > 1 be the smallest even integer such that k > A(H) + 2, and let w
be a vertex of minimum degree in H.

Consider the complete graph Ki with vertex set V(Ky) = {uy, w, ..., um, w1, wy, ...,

Wn}. Let F={uw;/ 1 <i<m}beal-factor in K«. Let H; = (Kk — F) v K; and let v be the
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vertex of K. Fix an edge e = uiwj, i = j in H;. Now the graph Gi can be obtained from (H;
—e) U Hby adding a new vertex x and two new edges u;w and xw;.

In a similar way, we construct the graph G, from (H: — vu;) U H by adding a new
vertex y and two new edges vw and yu.

We claim that G; 2 Ga. By our construction, v is the only vertex of degree k in
both Gi and G.. But v is an RA vertex in G; and a non RA vertex in G, Since
isomorphism preserves RA property also, it becomes obvious that G; # G..

Next we claim that DS(G:) = DS(G). Clearly G; and G, have same number of
vertices with same vertex set partition. Also | Vi| in G; is equal to that of | Vi| in Gz. In
particular, |Via| = k. Hence in constructing degree splitting graphs, both the graphs
need same number of vertices. Let the newly added vertices in DS(G:) and DS(G;) are
denoted by xi, X, ..., Xc and y, ya, ..., y: respectively. Without loss of generality, let y;
correspond to the partition of DS(G,) for which x; corresponds to in DS(G:) . Now define
a mapping f : V(DS(G1)) — V(DS(G)) by f(x) = y; f(u) = w; for any u € V(DS(G:)) and
f(x;) = y;, 1 <1i < r. One can easily verity that f is an isomorphism. Thus DS(G:) =
DS(Gy).

For example, two non isomorphic graphs G: and G, containing Ps as an induced

subgraph with same degree splitting graph are shown in Figure 10.
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- ———¢
DS(Gy = DS(G2)
Figure 10

Theorem 2.6 Let G and H be two non isomorphic connected graphs such that DS(G) =
DS(H). Then G and H are of same order.
Proof Suppose, if possible, let G and H be two non isomorphic connected graphs of
order n and m respectively with n = m such that DS(G) = DS(H). Therefore DS(G) and
DS(H) have same cardinality.

That is, n + a = m + b where a and b are the numbers of newly added vertices in

G and H respectively. Without loss of generality, assume that n < m. Consequently we
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get a > b. Therefore DS(G) contains more newly added vertices than that in DS(H).
Hence there exists a positive integer j such that | V;| >2inGand |Vj| <1in H.

Since |V;| =2 in G, we have | V1| = 2 in DS(G) and hence in DS(H). But |V;| <
1 in H. First we assume that H contains a distinguished vertex w of degree j + 1 whose
degree will be unaltered in DS(H). Then all other vertices of degree j + 1 in DS(H) are
newly added vertices.

In DS(H), let Vi1 = {w, w1, wy, ..., wi}, r 2 1. Then clearly N(w;) " N(wj) = ¢ in H
foralli=j,1<i,j<r.

Case (i) Suppose r > 2. Then in DS(H) w1 and w: are two RA vertices. Therefore DS(G)
contains at least two RA vertices, say vi and v, of degree j + 1.

But in G, viand v;are of degree j and hence have a common newly added vertex
in DS(G), which is a contradiction. Note that the same argument holds even such
distinguished vertex w of degree j + 1 does not exist in H.

Case(ii) Suppose r = 1. Then Vj.1 = {w, w1} in DS(H). This forces that in DS(G), Vj.1 = {v,
vi}. But |Vj| = 2 in G. Therefore v and v; are of degree j in G and have a common
neighbour of degree two in DS(G).

Therefore in H, w must be adjacent to a pendant vertex u and there must be j
more pendant vertices, say ui, Uy,..., u; in H to have wi to be a (j+1) — RA vertex.

In DS(H), d*(w) = 2. Therefore in G, v must be adjacent only to pendant vertices
so that their degrees get increased to two in DS(G).

Then the induced subgraph of G induced by N[v] is the star graph K,;and hence
it forms a component in G. Clearly vi ¢ N[v]. Therefore G is disconnected which is a
contradiction.

This forces that n = m. The similar argument holds even such distinguished
vertex w of degree j + 1 does not exist in H.

Hence the theorem. [

The above result is not true if we drop the condition of connectedness of graphs.
For example consider the disconnected graphs G and H of order 11 and 12 respectively

and their isomorphic degree splitting graphs are shown in Figure 11.
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DS(H)

Figure 11
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3 Algorithm to check a given graph to be degree splitting or not:

We have already seen that every graph is an induced subgraph of its own degree
splitting graph. On the other hand, we can think of finding the existence of induced
subgraph H of a graph G such that DS(H) = G. That is, we are interested in finding out
whether every graph is a degree splitting graph of some other graph or not. The answer
is obviously ‘impossible” as we have already characterized regular and biregular RA
degree splitting graphs in [5]. Therefore we try to develop an algorithm to check
whether the given graph is a degree splitting graph or not.

Before developing a core algorithm, we first short out the list of graphs to be
actually checked. Some graphs are obviously degree splitting and some obviously not.
The following facts are necessary to identify such graphs.

Fact 3.1 For the null graph G of order n, DS(G) = Kj,...

It is easy to note that K. is the only degree splitting graph which is acyclic.
Therefore, any tree other than star is not a degree splitting graph.

Fact 3.2 A connected graph, other than star, having more than one pendant vertex is not
a degree splitting graph.

For, if v is a pendant vertex in DS(G), then either v is an isolated vertex of G or v
is the only pendant vertex in G. If v is an isolated vertex of G, then DS(G) is
disconnected, a contradiction. If v is the only pendant vertex in G, then DS(G) contains
only one pendant vertex, a contradiction.

Fact 3.3 C, is the only unicyclic degree splitting graph.

For, every newly added vertex forms a new cycle in DS(G). Therefore G must be

a tree which allows only one new vertex in DS(G). This is possible only when G = P; for

which DS(G) = C,.
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Fact 3.4 A degree splitting graph DS(G) is disconnected if and only if G is disconnected
with components Gi, G,,..., Gn and there exists a subgraph H = G;, U G, ..U G;,
where1<i<m,1<j<ksuchthatD(H)nD (G-H)=¢.

For, a degree splitting graph DS(G) is disconnected, implies that, G is
disconnected and suppose G does not contain any such subgraph H, such that D (H) N
D (G - H) = ¢. Then for every induced subgraph H; of G D (H:) n D (G - Hi) = ¢ and
hence DS(G) is connected, which is a contradiction. The converse is obvious.

Fact 3.5 A disconnected graph is a degree splitting graph, if and only if, each of its
components is a degree splitting graph.

Hence we can restrict ourselves to a procedure that checks a connected graph to
be degree splitting or not. By Theorem A, the degree splitting graph DS(G) is regular
if and only if G = K; or (Kx—F) v K;, where F is a 1-factor of Kx and k > 1 and by
Theorem B, for a graph G, DS(G) is a biregular RA graph, if and only if, G = Ky, or
K;,2n+1'

Hereafter in this section by a graph G, we mean a connected, cyclic, but not
unicyclic, non — regular and non — RA graph. In order to check whether the given graph
is degree splitting or not, we have to search for the existence of an induced subgraph H
in G, such that DS(H) = G.

First of all, let us partition the vertex set V(G) =SuU ViU ... U Vi where S={w €
V(G) / wisaRA —vertex}, Vi={v e V(G) / d(v) =iand v ¢ S}. When S = ¢, then G
contains no RA vertices and hence fails to be a degree splitting graph and the procedure
stops here itself. Therefore assume that S = ¢. Also since G is a non RA graph, V(G) =S
and so at least one such set V; exists.

Note 3.6 If G is a degree splitting graph of H, then |V;| > 2 in G implies that | Vj1| > 2
in H.
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Before constructing an algorithm to check whether a given graph is a degree
splitting graph or not, first we prove few theorems which give necessary conditions for
a graph to be degree splitting.

Theorem 3.7 Let G be the graph with vertex set partition defined as above. Suppose for
any set V; with | V; | > 2, there is no vertex w € S, such that V; c N(w) or V; - {v} c
N(w) for some ve V), then G is not a degree splitting graph.

Proof Let G be any graph with no such RA vertex w. That is G contains a vertex set
partition V; with |V;| > 2 and no RA vertex w. On contrary, if possible, suppose G is a
degree splitting graph of some graph H. Then DS(H) = G. Now by Note 3.6, | Vi1| 22 in
H.

It is easy to note that if v € V;in G, then v must be of degreej—1in Hor vis a
distinguished vertex of degree j in H. Since |Vj1| = 2 in H, then by definition a new
vertex wi is added corresponding to Vj: in DS(H) = G.

Suppose H does not contain a distinguished vertex v €V;. Then N(wi) = V;in G
which is a contradiction. Suppose H contains a distinguished vertex v € V;.

Then N(w:) = V; - {v} in G, again a contradiction. Hence G cannot be degree splitting.

|
Theorem 3.8 In a graph G, if for some j, | Vj| =1 and V; " N(S) = ¢ and if |Vju| > 1,
then G is not degree splitting.

In other words, if G contains a distinguished non RA vertex of degree j whose
neighbours are all non RA vertices and if | Vj.1| > 1, then G is not degree splitting.
Proof Let G be a degree splitting graph of some graph H. Let | Vj| =1 for some j in G.
In addition, suppose that V; " N(S) = ¢ in G. The distinguished vertex v of degree j in G
is a non RA vertex and N(v) contains no RA vertices. Therefore v is a distinguished
vertex in H also. Also if |Vj.1| = 2 in G, then by Note 3.6, |V;| > 2 in H, which is a

contradiction. Hence G cannot be degree splitting.
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|
Corollary 3.9 A degree splitting graph with |V;| > 2 cannot contain a distinguished

vertex of degree j-—1.

|
Theorem 3.10 A degree splitting graph G cannot contain a degree j such that all vertices
of degree j are all RA vertices.
Proof Suppose a degree splitting graph contains a degree j such that all of its vertices
are RA vertices. Then the induced subgraph of vertices of degree j is an RA graph and
thus by Theorem C, it is isomorphic to a regular graph or a biregular bipartite graph,
which forms a component of G. This is impossible since G is connected. Therefore G

cannot contain a degree j such that all vertices of degree j are all RA vertices.

|
Theorem 3.11 An RA vertex v in a graph H is a k - RA vertex in the degree splitting
graph G of H, if any one of the following is true:
(i) v is a distinguished RA vertex in H.
(ii) | Viw | =k + 1in H.
Proof Let H be any graph in which v is a k — RA vertex. Then d*(v) = d(v) or d(v) + 1 in
G. Clearly v is a non — pendant vertex in H. Hence N(v) (c Vi) contains at least two
vertices. Suppose that v is an RA vertex in G also. If d*(v) = d(v), then clearly v is a
distinguished RA vertex in H in which case it is a (k + 1) — RA vertex in G.
On the other hand, let d*(v) = d(v) + 1 in G. Then there must be a newly added
vertex w such that w € N(v) in G. By the definition of degree splitting graph, every
neighbour of v is of degree k + 1 in G. Therefore, d(w) = k + 1. Obviously, d(w) is

nothing but | Vau) | in H. Hence the theorem.
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Using the theorems let us now develop an algorithm which checks the given
graph to be degree splitting or not. Let G be the given graph with vertex set partition as
mentioned earlier.

Algorithm 3.12

Step1Setm=1and H=G.

Step 2 Check whether m < A(H), if yes, continue. Otherwise goto Step 10.

Step 3 Check whether | V| =0.1If yes, m =m + 1, goto Step 2.

Step 4 Check whether | V| > 1, if yes, continue. Otherwise goto Step 8.

Step 5 Check for the existence of wn € S, such that N(wn) © Vi If exists, let H=H — wn,
and m =m + 1, goto Step 2.

Step 6 Check for the existence of wn € S, such that N(Wm) © V- {v} for some v € V. If
exists, continue. Otherwise goto Step 11.

Step 7 Check whether |Vua| < 1. If yes, H=H — wy, and m = m + 1, goto Step 2.
Otherwise goto Step 11.

Step 8 Check whether Vi, N N(S) = ¢. If yes, then H = H — wn, where wn € S such that
N(Wmn) 2 Vi, and m =m + 1, goto Step 2.

Step 9 Check whether [Vn.a| < 1. If yes, and m = m + 1, goto Step 2. Otherwise goto
Step 11.

Step 10 Check whether dg(v) = du(v) + 1, for all non distinguished vertex v € S in H. If
yes, G is degree splitting, goto End.

Step 11 G is not degree splitting.

End
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