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AsstrACT. Let G be a finite group and K a subgroup of G. Let 7 denote a unitary equivalence class
of irreducible representations of K. (G, K, 7) is a commutative triple if the algebra of T-radial
functions on G is commutative under convolution. In this paper, we give some characterizations
of these triples.
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1. INTRODUCTION

Let G be a locally compact group and K a compact subgroup of G. The pair (G, K) is called
a Gelfand pair if L'(G\\K), the algebra of complex-valued integrable and bi- K-invariant
functions on G, is commutative for convolution. This notion has been studied on finite and
infinite groups by a number of authors [3-7] and is by now well understood. Since the trivial
representation of K appears and is fundamental for the notion of Gelfand pairs, some authors
in the papers such as [3,7,9,10,14], have introduced a generalization of Gelfand pair for infinite
groups called commutative triple. Let G be a locally compact group, K a compact subgroup
of G and 7 a unitary irreducible representation of K. The triple (G, K, 7) is commutative
if the algebra L'(G, K, 7, 7) of 7- radial functions on G is commutative for convolution. On
infinite groups they have extended a lot of properties of Gelfand pairs to commutative triples.
Our purpose in this paper is to study commutative triples on finite groups and extend some

characterizations of finite Gelfand pairs obtained in [3]. The permutation representation
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of G, defined on L(G/K), the space of complex valued functions on G/K, fundamental
in the study of finite Gelfand pair, is replaced by generalized permutation representation
of G, defined on cross sections of homogeneous vector bundle over G/K associated with
7. Our work is organized as follows. In section 2, we introduce preliminaries and basic
notations useful for a well understanding of the paper. In section 3, we prove that the triple
is commutative if and only if the generalized permutation representation is multiplicity free
which is equivalent to the commutativity of the algebra of intertwining operators of generalized
permutation representation. Thanks to this result we obtain a necessary condition: if (G, K, 7)
is a commutative triple then (G, K) is a Gelfand pair. This result has been obtained in [3] for
Lie groups with G/K connected and in [14] for connected Lie groups. We have also given
some sufficient conditions to obtain a commutative triple. Finally we obtain some conditions
to construct commutative triples from Gelfand pairs. We end the section by some examples of

commutative triples on symmetric groups.

2. PRELIMINARIES

Let G be a finite group, K < G a subgroup and 7 an irreducible representation of K. We
denote by V, the realization space of 7. L(G, End(V;)) designates the space of all End(V;)-
valued functions defined on G. A function F' : G — End(V;) is said 7-radial if it verifies the
property:

F(kyghs) = 7(ky ") F(g)7(ky )

Vki,ky € K and g € G. Denote by L(G, K, 7, 7) the space of 7-radial functions. This is a
natural generalization of the classical notion of bi- K-invariant functions. We define a scalar

product on L(G, End(V;)) by

(F, Fy) =Y Tr[Fi(9)F;(g)]

where F* is the adjoint operator of F. For Fy, F, € L(G, End(V;)), define the convolution by:
Vge G

Fyx Fy(g) =) Fi(h™'g)Fa(h).
heG

If i, Fy € L(G, K, 1,7), we show that F1 = I, € L(G, K, 7, 7) thatis L(G, K, 7, T) is a subalgebra
of L(G, End(V;)).
The map F + F? is the projection of L(G, End(V;)) onto L(G, K, 7,7), where V ky, k; € K and



Asia Pac. J. Math. 2020 7:25 3of 14

geq
Ff(g) = ?P Z 7 (ko) F(kighks)T (k1)
ki k2 €K
where |.| designates the cardinality in this paper. Set X = G/K the homogeneous space
associated to the pair (G, K). For x € X, we denote by J, the Dirac function at z, that is
1, ifr=y
0, ifr#y

The set {6,z € X} is a natural basis for L(X) the vector space of complex-valued functions on

X. We denote by L(X,V;) = {f : X — V,} the vector space of all V,-valued functions defined

0:(y) =

on X. Let B = {v; : 1 <j <d,} be an orthonormal basis of V;,, where d, is the dimension of

V. Then the functions 6, ,, : X — V; (z € X,1 < j < d;) given by
vj, if r=y
0, ifz#vy

for y € X, form a basis for L(X,V;). In fact for f € L(X,V,), we have f = Z;l;l fjv; where

fi € L(X). But f; = > [i(2)0s, 80 f =3 cx1<j<q, [i(2)dsv;. Notice that d, ,; = d,v;. The
space L(X,V;) is endowed with the scalar product defined by setting

0o, (Y) =

(f1, f2) = Z<f1(x)>f2(33>>7

reX

for f1, f € L(X,V;). Note that the basis {d,,,,r € X,1 < j < d.} is orthonormal with respect
to(.,.). If A: L(X,V;) = L(X,V;) is a linear operator, setting V (z,y,v;) = [Ad,.,](z) € V;
for z,y € X and v; € B, we have that [Af|(z) = > icq yex(f(),v)V(z,y,v;) forall f €
L(X,V;) and we say that the set of vectors {V (z,y,v;) : x,y € X,v; € B}, represents the
operator A. Let E™ = X X, V; be the homogeneous vector bundle over X associated with
7. We write an element of E™ = X x, V; by [z,v] where z € X and v € V;. We designate
by I'(E7) the set of cross sections of E7. We write the action by g € G onz € X as g.x. This
action is transitive. Let z( be the point stabilized by K. Suppose that the representation 7 of K
extends to a representation p of G on V,. ThenI'(E7) and L(X, V;) are G-isomorphic [12]. The
morphism is defined as follows: to each s € I'(E7) given by s(y) = [¢H, u(g)] where y = g.x
we associate the function f defined by f(y) = p(g)u(g). The representation p defines an action
of Gonwv € V; as follows g.v = p(g)v and in particular k.v = 7(k)v. The actions of G on X and

V: respectively induce an action of G on X x V,, E” and I'(£™) defined as follows:

g.(x,v) = (g.x, g.v)
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g.[z,v] = [g.2,]
and
(g-5)(x) = g.s(g™".x)

forg € G,z € X,v € V;and s € I'(E7). We recall that the generalized permutation represen-
tation of G is the representation of G on I'(E") defined by Vg € G,Vs € I'(E7) and Vx € X

N (9)(s)(x) = g.s(g™'x)
A cross section of E™ may be identified with a vector valued function f : G — V; (see [15],

section 5.3. or [13]) which is right K'-covariant of type 7 i.e.

flgk) =7(k™")f(9)

We denote by L(G, K, 7) the space of functions on G which are right K -covariant of type 7. The
action of G on L(G, K, 7) defined by : ¢.f(h) = U(g)f(h) = f(g~"'h) defines a representation
U of G on L(G, K, ) called induced representation of 7 on G and denoted by U = Ind% (7).
By the identification mentioned above between I'(E7) and L(G, K, 7), the representations A"
and Ind% () are equivalent. A" is unitary for the following inner product

(s.8) = _{s(x),s'(2))-

z€G

In this paper, we confound sometimes the representation and its realization space. We denote
by
Homg(U(ET),L(ET)) = {T : T(E7) — L(E7), T(A"(9))s = A™(9)(T)s,
Vg e G,s e I'(E)} the space of intertwining operators of the generalized permutation

representation.

3. CoMMUTATIVE TRIPLES

Let G be a finite group, K a subgroup of GG, and 7 a unitary irreducible representation of K

on V..

Definition 3.1. The triple (G, K, 7) is a commutative triple if the convolution algebra L(G, K, 7, 7)

of T-radial functions on G is commutative.

If 7 is the one-dimensional trivial representation of K then L(G, K, 7,7) is the algebra of

bi- K -invariant functions on G' and we obtain the notion of finite Gelfand pair.
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Remark 3.2. If (G, K, T) is commutative then so is (G, K, 7’) for any unitary irreducible repre-

sentation 7’ unitary equivalent to 7

In fact, if A : V. — V! is an interwiner operator of 7 and 7/, the map from L(G, K, 7,7) to
L(G,K,7',7') defined by FF — AFA~! where AFA™'(z) = AF(x)A™! is an isomorphism of
algebras.

The remark shows that it suffices to work with an element of the class. We denote by K the set
of unitary equivalence class of unitary irreducible representations of K.

The following is a characterization of finite commutative triples.

Theorem 3.3. Let K < G be finite groups and 1 € K. X =G/K.

The following are equivalent:

(i) (G, K, 1) is a commutative triple i.e. L(G, K, T, T) is commutative
(ii) Homg(I'(E™),T'(ET)) is commutative

(iii) the generalized permutation representation \™ of G is multiplicity-free.
Proof. (i) < (i1). It suffices to show that

L(G,K,7,7) =2 Homg(I'(ET),['(ET))

An operator 7' : I'(E7) — I'(E7) is expressed by a set of vectors {V (z,y,v;) : z,y € X,v; € B}
in the sense that :
[Ts](x) = > 1<jca, yex (8(), )V (2, y,v;), where {v; }1<;<q, is an orthonormal basis of V. If T

is an intertwiner, it satisfies the condition T'[A\"(g)]s = A" (g)[7"]s which yields

(3.1) g.V(g_lx, y,v;) =V(x,g.y,9.v;)

Considering the action of G on G/ K, let x, be the point stabilized by K. The function v —
V(x,y,v) is linear. Indeed for v,u € V. and A € C,y € X: §y rp1u = Ay + 6y . Now we
consider the function ¢ : X x V, — V, defined by ¢(z,v;) = V(zo, z,v;). ¢ is K-equivariant
thanks to equation (3.1). Let us consider the function ¢ : X — End(V;), defined by ¢(z)v; =
V(zo, z,v;).

1

We associate to ¢ a function ¢ defined on G by ¢(g) = g~ '.p(g7 .20), that is

-1

(9] = g (g™ o) [v] = (g™ wo)lg ™ 0] Vo eV,
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¢ is T-radial. Indeed for k1, k; € K, g € G, v; € V..

P(krgka)[v;] = (kigks) ™" @[(k1gks) " .xo][v;]
= ky'g kol g Ry o) [y)
=ky g7 (ks g mo) [k vy
= ky g7 (ks tg o) [ (kv
= o(ky g~ o) [ky g~ (k)]
= V(z0, k5 g~ .20, k;lg_lT(kfl)Uﬂ
= ky 'V (o, 9 o, g (Ky y)

= T(kz_l)V(xo, g ., g_lT(kfl)vj)

ky D@(g) (ki )wj]

Thus we can define the map: A : T — ¢ from Homq(I'(E7),I'(E7)) to L(G, K, 7, 7).

This map is naturally injective. Let us show that it is a morphism of algebras. In fact, let
T={V(z,y,v;)}, S ={R(z,y,v;)}and T'S = {W(z,y,v,)}. Let put A(T) = ¢, A(S) = ¢ and
A(TS) = O. Let g € G and v; € V,, one has

O(g)[vi] = g~ .0(g7 " zo)[vs]

_1.1)1')

= [TS)(3y-1.20.9-1.0;) (T0)
= T[S((sg*l.zo,gfl.vi)](mo)
= Z <S((5g—l,x0,g—1.v¢>(y)=Uj>v($07y7vj)

1<j<d, yeX

= Z <R(y>971-$07971-vz‘)>Uj>V(3707yan)

1<j<dryeX

= Z (R(t.zo, 9 "0, g~ 03), v;)V (20, t. 70, V;)

1<j<d-,teG

= Z (t.R(zo,t 'g " xo, 7 g7 ), ;) V (20, Lo, v;)

1<j<d- teG

= W(x(b g_l‘x()? g
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é(.g)[vl] = Z <R(x07tilgil'x()atilgil'vi)vUj>v<x()7t'x07t'vj>

1<j<d- teG

= Z (p(t g o) [t g i, v;)o(tmo)[tvy]

1<j<dr,teG

= Y (0(tg) il v)FE ) [)]

1<j<d, teG

=20 @)l )@t g)-[o)

teG 1<j<d,
= (gt vi]

teG
So O(g)[vi] = & = d(g)[v;] that is A(TS) = A(T) = A(S).
(iii) = (i1) Suppose now that \” is multiplicity-free, that is T'(E7) = @Y , S; with S; inequiva-
lent irreducible representations Vi € {0,1,..., N}. Let T € Homg(I'(E7),I'(E7)) and denote
by T; = 1Tjs, the restriction of T" to S;. Since KerT; is a G-invariant subspace of \S; and 5;
is irreducible then KerT; = S; either KerT; = {0}. Hence if T; is not trivial, then S; and
ImT; = {T;v,v € S;} are isomorphic. Since ImT; = {T;v,v € S;} is a G-invariant subspace
and I'(E7) is multiplicity-free then S; = ImT;. By Schur lemma there exists A\; € C such that
Tis = \;s V s € S;. Hence for any T' € Homg(T'(E7),['(ET)), there exists (Ao, A1, ..., \g) € CV 7!
such that Ts = S5 \isk. If Q € Homg(T(ET),T(E7)) and (8o, £1, ..., Ba) € CN*! such that
Qs = Eév:o Brsy then:

N N N N
TQs =T Brsel = > BT (se) = Y Mbse = D MQ(si) = QT's.
k=0 k=0 k=0 k=0

So Homg(I'(E™),['(E7)) is commutative.
(17) = (4i1) Suppose that I'(E7) is not multiplicity-free. Thus there exists two G-modules

irreducible S; and S; which are equivalent. Let L : S; — S; be an intertwiner operator.
NE)=SeS;aV,

where V is an orthogonal complement of S; @ S;. We define two linear operators 7; and 7}

onT'(E7) by setting T} : s = s; +s; + v+ Ls;and T; : s = s; + s; + v — L~ 's;. We have
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T;,T; € Homg(I'(ET),I'(E7)). Infact, Vs e I'(E7),Vz € X, Vg € G,

N(9)T]s(x) = g.[Tis)(g™" @) = g-[Ti(si + 55 + )97 @)
= g.[Lsi|(g~".2) = Llg.sil(g~".x) = L\ (9)si] ()

= Ti[A"(g)s](x)

and

N(9[T)s(x) = g.1Qs)(g ' x) = g.[T;(si + s, + )] (9" )

Now for s; € S;, we have [T;Tj|(s;) = T;(L™'s;) = LL™'s; = s; and [QT](s;) = Q(L(0)) =
Q(0) =0. So Homg(I'(E™),I'(E™)) is not commutative. O

From the previous proof, we deduce the following results.

Corollary 3.4. Let (G, K, 7) be a commutative tripleand I'(E™) = EBfV: o Si be the decomposition of

I'(E7) into irreducible inequivalent subrepresentations. Then

(i) If T € Homg(L'(ET),I'(E7)), then any S; is an eigenspace of T
(ii) If T € Homg(I'(E7),I'(E™)) and X, is the eigenvalue of the restriction Tis,, then the map

T +— ()\0, )\1, ey )\N)

is an isomorphism between Homg(T'(E™), T'(E™)) and CNT1.

(iii) N+ 1 =dim(L(G,K,7,7)) = dim(Homg(I'(ET),T'(ET))).
An other consequence of the previous theorem is this necessary condition.
Corollary 3.5. If (G, K, 7) is a commutative triple then (G, K) is a Gelfand pair.

Proof. As mentioned in the preliminaries, I'(E7) is isomorphic to L(X, V). Since L(X, V;) and
L(X)® YV, are isomorphic then I'(E7) is isomorphic to L(X) ® V;. The generalized permutation
representation A" is equivalent to the G-representation on L(X ) ® V, defined by 77 (¢9)(f ®v) =
AMg)f ® g.v, where ) is the permutation representation defined by A(g)f(z) = f(¢"'.z). In
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fact, if we consider the isomorphism S : L(X) ® V., — I'(E") defined by: S(f ® v)(z) =

[z, p(g5 ") f(x)v], where x = go.70, we have :

N(9)(S(f @v))(z) = g.5(f ®v)(g".2)

=g.lg "2, p(g ') f(g7!

2]

= [z, p(g5 ' 9) (g "))

= [z, p(go )M(g) f(2)p(g)v]

=S(\g)f @ gv)(z) =SH (9)(f @v)(z)

So, it follows that the intertwiner operators algebras Homq(I'(E™),I'(E7™)) and Homeg(L(X) ®
V., L(X) ® V;) are isomorphic. Now let us consider

T € Homg(L(X), L(X)) where Homq(L(X), L(X)) is the algebra of intertwiner operators of
the permutation representation A. Denoting by Idy, the identity operator on V;, we show that

T ® Idy. is an element of Homg(L(X) ® V,, L(X) ® V). In fact,

V(9T @ Idy, )(f @ v)(x) =" (9)(Tf @ v)(z)
= \Ng)Tf(x) ® gv
— TA(g)f ® g
= (T'® Idy,))(M9)f ® g.v)(x)

= (T'® Idy, )Y (9)(f ® v) ().

Since (G, K, ) is a commutative triple then according to Theorem 3.2,

Homg(I'(E™),T'(ET)) is commutative and so is Homg(L(X)® V,;, L(X)®V;). Thus for T, T" €
Homa(L(X), L(X)) we have (T ® Idy. )o(T' ® Idy.) = (T’ @ Idy. )o(T ® Idy. ). So TT' = T'T
thatis Homq(L(X), L(X)) is commutative. Thanks to Theorem 4.4.2 in ( [3] page 125), (G, K)
is a Gelfand pair. O

We denote by x™ the generalized permutation character that is the character associated with
the generalized permutation representation \™. We know thatif B = {v;, : 1 <i <d,}isan
orthonormal basis of V; then the set {, ., : * € X, v; € B} is an orthonormal basis of I'(E7).

For g € G, the Frobenius fixed point character formula [12] gives

X(9) =Y N (9)0s00) = (2, 03) € X % B.g.(z,05) = (a,v:)}-

zeX v;EB
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and it is straightforward to verify Burnside Lemma [3] that is

1

il Z X" (g) = number of G orbits in E”

geG

Since G acts on G/K transitively, then it is also straightforward to prove that there exists
a bijection between the set of orbits of G on E” x E” and those of K on E” and obtain the

Wielandt lemma [3] which is cornerstone for the proof of the following result.

Theorem 3.6. Let G be a finite group, K be a subgroup of G, 7 € K and denote by X = G/K the
corresponding homogeneous space. Suppose we have a decomposition I'(E™) = EBiV:O Sy into pairwise
inequivalent G- subrepresentations with N + 1 =the number of K-orbits on X. Then the Sj, are

irreducible ¥V k € {0,1,..., N} and (G, K, T) is a commutative triple.

Proof. We consider if necessary another decomposition of I'(E7) into irreducibles that is
[(E7) = @¢_, mwS, where my, is the multiplicity of Sy in T'(E7) and the S, are irreducible
G-subrepresentations. It is clear that N < d and we have, using Wielandt’s lemma, that:

N+1<d+1< Zzzomk < Zzzomi = N + 1. It comes that d = N and Eizomk =N + 1.
So ZZ:O my = d+ 1. Since my > 1forall k € {1,2,...,d}, we have m;, = 1 for all k. O

Theorem 3.7. Suppose that K and K’ are two subgroups conjugate in G and T (resp. 7') an irreducible
representation of K (resp. of K') such that V. = V... Then (G, K, 7) is a commutative triple if and

only if (G, K', ') is a commutative triple.

Proof. Since K and K’ are two subgroups conjugate in GG, there exists a G-spaces isomorphism
¢ from X = G/K onto X' = G/K' (See [3]; page 81). Let us consider the map 3 : I'(E") —
['(E™) defined by:

B(s)(z) =s0¢p H(z)VseT(ET), x € X'.
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3 is an isomorphism and intertwines A and A.

In fact, first it is clear that 3 is linear. Then,V s € I'(E7),Vz € X'and V g € G,

/

X" (g) 0 B(s)(z) = g.B(s) (9™ 'x)
=g.[(s0¢7 ") (g7 "2)]

= [\ (9)s](¢7 " (2))
= Bo A (g)s(x)
and we have X" (g) o 8 = B o \"(g). Finally, V s;,s, € S(E,),Y 2 € X’
B(s1)(x) = Blsa)(x) = s10 ¢ (z) = 530 ¢ () hence s; = s, since ¢ is bijective. [3
induces an isomorphism ® : Homg(T'(E7),T(E7)) — Homg(T'(E™),T(E™)) given by: for
T € Homg(I'(E7),T'(ET)),
O(T)=poTop "
We have V T € Homg(T'(E™),(E7))
A (9)o®(T)=A"(g)ofoTop™
=pBoAN(g)oTof™!
=poT ol (g)of™"
—BoTof oA (g)
= ®(T) o A" (g)
® is clearly linear. Now let Ty, T, € Homg(T'(ET),T(E"))

() =)= PoTiof ' =FoThof =T =T

then ® is an isomorphism. So using Theorem 3.2. above, we have done. O

Remark 3.8. The equivalence between (i) and (iii) in Theorem 3.2. implies, thanks to Frobenius
reciprocity Theorem, that (G, K, 7) is commutative if and only if 7 appears at most one times

in any unitary irreducible representation of G.

We denote by Ress(U) the restriction to B of the representation U of A.
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Theorem 3.9. Let K, L be two subgroups of G such that K < L. Let T and § be irreducible repre-
sentations respectively of K and L such that m(7, Res%.(8)) = 1. If (G, K, T) is a commutative triple
then so is (G, L, ).

Proof. Let U be a unitary irreducible representation of G. Res¢(U) is written

Res(U) =>_ m(p, ResZ(U))p
pel
and

Res(ResZ(U)) = > m(p, Resf (U))Resi(p)-

peL
By the transitivity of the restriction, we have Resk (Res¢(U)) = Res%(U) and
m(r, Res§(U)) = m(p, Res (U))m(r, Resi(p))
pel
= m(6, ResS (U))m(r, Resk(8))+
™ mlp, Res§ (U)m(r, Resk(p)
pEL,prts
But (G, K, 7) is a commutative triple, so thanks to above remark we have m(7, Res%(U)) < 1.
It follows from the last equality that
m(d, Res% (U))m(r, Resk(§)) < 1. Now by hypothesis m(r, Resk(§)) = 1 so we deduce that

m(8, Res$(U)) < 1. Consequently, thanks to above remark, (G, L, §) is a commutative triple.

O

Corollary 3.10. Let K, L be two subgroups of G such that K < L. If (G, K) is a Gelfand pair then
forall 6 € L containing the one dimensional trivial representation 1 of K, (G, L, §) is a commutative

triple.

Proof. : Since (G, K) is a Gelfand pair then (L, K) is a Gelfand pair [1]. So according to a
classical property of Gelfand pair [5], we have m(1x, Res%(5)) < 1. But ¢ contains 1x so
m(1g, Res%(§)) = 1 and using the previous Theorem we obtain that (G, L, §) is a commutative

triple. O

We now give some examples to achieve the work. Let n be a positive integer. A composition of

n is an ordered sequence of non negative integers a = (ay, as, ..., a;) such that a; +as+...+a;, = n.
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A partition A of n is a composition A = (A1, A, ..., ;) of n such that Ay > Ay > ..\, > 1. We
recall that there exists a canonical one to one correspondence between the set of all partitions
of n and the set of all irreducible representations of the symmetric group S,, [11].
If ) is a partition of n, the irreducible representation canonically associated to A is denoted by
SA.

(1) Let p be a partition of n — 1. We know by the Branching rules [8,11] that :

Resszfl(SA) = @S’\_,
-
where A\~ is a inner corner of A\ [11]. So we have :

g \ 1 ,if y is a inner corner of \
m(S*, Resg:_ (57%)) =

0 ,if otherwise
So, it follows that (.5, S,,—1, S*) is a commutative triple.
(2) Let a be a non negative integer such that 1 < a <n — 1. Let u = (1, pt2, ..., pt,) be a
partition of n —a. Wesay A > pif h < kand Ay > p11 > Ao > o > ... > Ay > pip,.
According Littlewood-Richardson rule (see [8,11]) (it is a particular case) we have:

1 LifA>p
m(S* @ S@, Resg' 6. (5%) =

0 ,otherwise

So for any partition po = (1, pto, ..., pn) of n — a, the triple
(Sp, Sn_a X Sy, S* ® S@) is a commutative triple.
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