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AsstrACT. In this paper we prove the existence of solutions to limit value problems. In the
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1. INTRODUCTION

Difference equations describe different phenomena in several fields such as economics,
physics, mechanics, computer science and finance see for example [1,5,12] and the references
cited therein. Because of its importance in applications, there is a large literature about it. For
example, based on the method of minimization, in [11], Koné and Ouaro proved the existence

of a single weak solution to the following Dirichlet problem
—Afa(k=1,Au(k = 1)) = f(k), ke N[1,T],
where T > 2 isa positive integer.
Also, in [14], based on critical point theory, Mihailescu and his collaborators proved the
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existence of a continuous spectrum of eigenvalues for the Dirichlet problem
—A (JAu (k= 1) P D2A0 (k- 1)) = Mu (k) ["®~2u (k), k € N[1,T],

where 7' is a positive integer, p : N[0,7] — [2,+00) and ¢ : N[1,T] — [2, +00) are bounded
while ) is positive constant.

M. Galewski and R. Wieteska studied in [7], by using variational methods and a critical point
theory, the existence and the multiplicity of positive solutions for a perturbed anisotropic

difference equation with dependence on a numerical parameter:
A (a(k)|Au(k — 1) P D2 Au (k — 1)) + Af (k,u(k)) =0, k € N[1,T7,

with some function ¢, a nonlinear term f and a numerical non negative parameter A\. The
authors derived the intervals of a numerical parameter A\ for which the considered boundary
value problem has at least one, exactly one, or at least two positive solutions. Some useful
discrete inequalities are also derived.

In this paper, motivated by the above facts, we propose the following anisotropic nonlinear

discrete Dirichlet problem

—Afa(k = Da(k — 1, Au(k — 1))] = Af(k,u(k)), k € N[1,T],
(1.1)

uw(0) =uw(T'+1) =0,

where A > 0 is a numerical parameter. Au(k) = u(k + 1) — u(k) is the forward difference
operator, N[1,7] = {1,...,T}, with T > 2, a, v and f are functions to be defined later.

Our paper is organized in the following way. In section 2 we define the general results that we
will use throughout our work. In section 3, under suitable assumptions on the data, we show
that problem (1.1) admits at least a weak nontrivial solution. This is subdivided into four
subsections. In the first we use the minimization method; in the second we apply mountain
pass geometry lemma, then in the third we apply the Ekelands variational principle and finally
we managed to show that the problem (1.1) has at least two nontrivial weak solutions. In

section 4 we proceed to an extension of the previous results.

2. PRELIMINARIES

By a solution to problem (1.1) we mean such a function  : N[0, 7"+ 1] — R which satisfies

the given equation on N[1, 7| and the boundary conditions. In the 7-dimensional Hilbert
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Space
X ={u:N0,T+1 — R:u0) =u(T+1) =0},

with the inner product

T+1

(u,v>:ZAu(l€—1)Av(k—1), Vu,veX,

we consider the norm

(2.1) HuH:(TZH]Au k—1)] ) .

Let the function

(2.2) p:N[0,T] — [2,+00)
and denoted by
o ) + _
b= min (), 0t s plh)

For the data o, @ and f, we assume the following.

() a(k,.): R — R, k€ NJ[0,T] and there exists A(.,.):N[0,7] x R - R
o which satisfies a(k, &) = (%A(k,f) and A(k,0) =0, forall k € N[0, T].
(Hy): Forall k € N[0,T] and & # n
(23) (a(k,&) —a(k,n)).(§ —n) >0
(Hs): Forany k € N[0,T7], £ € R, we have
(2:4) p(k)A(k,€) > a(k, ) > [¢["™
(Hy): Forany k € N[0,T7], £ € Ritexist C; > 0 such that
(25) la(k, )] < Cr(1+ €O,

(Hs) : The function « : N[0, 7] — (0, +00) is such that for all k£ € N[0, T,

(2.6) 0<a= inf (a(k)) <alk)<a= sup (a(k)) < +oo.

keNI[0,T keN[0,T
(Hg) : For each k € N[1, 77, the function f(k,.) : R — R is jointly continuous and there exist
the functions Ay, Ay : N[1,7] — (—00,0); By, By : N[1,T7] — (0, 400) and a function

r:N[1,T] — [2,+00) such that

(27) Av(k) + Bu(k)[E["™ 1 < f(k,€) < Aa(k) + Ba(k)IE|"™"
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where

—co< A= inf Ay(k), A= sup Ai(k) <0;

keN[1,T] keN[1,T]
—00 < Ay = inf Ay(k), Ay = sup Ay(k) <O0;
I keN[1,T] kEN[1,T]
0< By = inf B(k), B = sup Bj(k) < +oc;
— keN[LT] kEN[1,T]
0< By= inf By(k), By= sup By(k) < +oc;
—  keN[LT] kEN[1,T]
r~= min r(k), rt= max r(k)
keN[1,T] keN[1,T]

and there exists

B1,B2 > 1 suchthat B; > max(5;, 52)|As|r™.
We denote

(2.8) F(k,€) = /Oéf(k,s)ds for (k,€) € N[0,T] x R.

There are many functions satisfying both (H;) — (Hg). Let us mention the following.

Example 2.1.
1 p(k)/2
o Ak = 2 _
(6 = s (@ 17 - 1)
with a(k,€) = (14 [¢2)*P2%¢, vEeNO,T),VEER,
o f(k&) = —1+]¢™7 VEEN[LT], VEER,
e a(k)=1, Yk eN[0,T].

Moreover, we may consider X with the following norm

1

T
(2.9) |t m = (Z |u(k:)|m) , YueX and m>2.
k=1
We have the following inequalities (see [3])

(2.10) T/ C )y < |l < TY™uly, YueX and m>2.

We need the following auxiliary results throughout our paper (see [7,8,14]).
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Lemma 2.1.

(1) There exist two positive constants Cy, Cs such that

T+1
(2.11) D [Au(k = DPED > CollullP - Cs

k=1
forall u € X with ||u|| > 1.

(2) For every u € X with ||u|| < 1 we have

T+1
(2.12) EJAU

(3) Forany m > 2 there exists a positive constant c,, such that

T+1

(2.13) Z|u |m<cmZ|Au (k—1)™, VYueX.

(4) For every u € X we have

T+1

(2.14) Z |Au(k — DPED < (T + Dul”" + (T + 1).

(5) For every u € X and for every m > 2 we have

T+1

(2.15) Z |Au(k — 1)™ < 2™ Z |u(k

Theorem 2.1. [13] Let H be a reflexive Banach space. If a functional J € C*(H,R) is weakly lower

semi-continuous and coercive, i.e. lim J(x) = o0, then there exists xo such that

llz[|—o00

;2}% J(x) = J(z0)
and x is also a critical point of J, i.e. J'(x¢) = 0. Moreover, if J is strictly convex, then a critical point

is unique.

Theorem 2.2. [6](Ekeland’s principle) Let E be a complete metric space and & : E — R a lower

semicontinuous function that is bounded below. Let ¢ > 0and u € E be given such that
O(w) < infd + =
u) < 1% 5
Then given X > 0 there exists uy € E such that

(1) @(un) < 2(u),
(ii) d(uy,u) < A,
(ifi) P(un) < P(u) + Sd(u,uy) forall u # uy.
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Definition 2.1. Let H be a real Banach space. We say that a functional J : H — R satisfies the
Palais-Smale condition if every sequence (u,,) such that {J(u,)} is bounded and J'(u,) — 0 has a

convergent subsequence.

Lemma 2.2. [4] Let H be a Banach space and J € C*(H,R) satisfies the Palais-Smale condition.
Assume that there exist xo, x, € H and a bounded open neighborhood ) of zy such that z; ¢ Q and

max {J(xg), J(z1)} < inf J(z).

x€e0f)
Let

'={heC(0,1],H): h(0) =z, h(l)=u1x1}
and

¢ = inf max J(h(s)).

hel s€(0,1]
Then c is a critical value of J; that is, there exists x* € H such that J'(x*) = 0 and J(z*) = ¢, where

¢ >max {J(xg), J(z1)}.

Theorem 2.3. [?] Let E be a finite-dimensional Euclidean space, 1, j11, po : E — R be differentiable
functions, and S = {z € E : p11 <0, us < 0}. Moreover, let T € S be such that

n(T) = igfn(x). Then there exist numbers o, o1, 05 > 0 such that (0¢)* + (01)* + (02)* > 0 and
oon (T) + o1y (T) + oopb(T) =0 and o1 (T) =0,  ooux(T) = 0.

3. EXISTENCE OF SOLUTIONS

In this section, we will prove the existence of at least one weak nontrivial solution to the
problem (1.1).

This section is divided into four subsections.

We define the energy functional corresponding to (1.1); J : X — R by

(3.1) I(w) =Y alk— DAk —1,Au(k = 1)) = A>_ F(k,u(k)).

The functional J, is differentiable in sense of Gateaux and its Gateaux derivative reads

T+1 T

(3.2) (Ji(u),0) = ok = Da(k — 1, Au(k — 1)Av(k — 1) = X f(k,u(k))v(k),

k=1 k=1
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forall u,v € X.

A critical point to Jy, i.e. a point u € X such that
(3.3) (J\(u),v) =0  forall veX

is a weak solution to (1.1). The previous results have been proven in [9, 10, 15].

Lemma 3.1. Assume that (2.5), (2.7) holds and r— > p*. Then for any A\ > 0 the functional J)

satisfies the Palais-Smale condition.

Proof Assume that {u,} is such that {J)(u,)} is bounded and J}(u,,) — 0. We have X finitely
dimensional, it is enough to show that {u, } is bounded. Assume that {u,} is unbounded, we

have, for n large enough, ||u,|| sufficiently large. We consider n large enough and by (2.5),

(2.7), (2.10), (2.14), (2.15) we have

T4+l Auy, (k- 1)

I(un) < aZ/ (k= 1,5)[ds — A (—@zw %Z )

T+1 _
Auy, (k — 1)|Pk=1
< Ga)y, (!Aun(k - DI+ [Boin - ) )
k=1 p
T 1 T
) (—wﬁzw P, )
k=1 k=1
<

T4+1 unp T4+1
Cla<\/T+1:Hun||+( p)H I + >

| AV Teallunl|? +

Since r~ > p* and ||u,|| = +o0; we have J,(u,) — —oo. This is contradictory. Hence the

sequence {u, } is bounded.

3.1. Casep™ >rt.

In this subsection we will show that the problem (1.1) admits at least one weak nontrivial

solution using the minimisation method.

Proposition 3.1. Assume that (2.4),(2.7) holds and p~ > r™*, then J) is coercive for all A > 0.
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Proof according to (2.4) and (2.7), we have

T+1 T

I(w) = Za(k: — DAk =1, Au(k = 1)) =AY F(k,u(k))
> = Z -t - (5 > u(k) [ + Az Y ru<k>\) .

To prove the coerciveness of the functional J,, we consider ||u|| > 1, and from the above

inequalities (2.10), (2.11) and (2.13) we deduce that

Iw) = - 2o A (?Z|u<k)|’"*+?2|u<k>r+ @WEMW)

Chra Q

= - p__+03
—  T41 - T+1 T+1
-A (—cﬁZ]Au -1 —i——c,,Z]Au -1 +\A2|\/_CQZ]A1L —1)] )
CgOz

B By _
2 2oen (ot Ze @0l HAV el
Hence p— > r*, J) is coercive.

Theorem 3.1. Assume that (2.5) and (2.7) holds and p~ > r*. Then, there exists \g € (0, +00) such

that for all X > X, the problem (1.1) has at least one weak nontrivial solution.

Proof. Asin [11], J, € C*(X,R) and weakly lower semicontinuous. Moreover by Proposition
3.1 we prove the Theorem 2.1. Let u. € X a global minimizer of .J, a weak solution of problem
(1.1). We show wu, is not trivial for all p~ > r* and A > .

For ty > 1 be a fixed real and ko € N[0, T + 1], we define v, : N[0,7 4+ 1] — R such that
ug(ko) =to and wug(k) =0 forany k € N[0,T + 1]\ {ko}, we have u; € X. By (2.5) and (2.7)

tp(kO*l)_i_tp(kO) B B
I(ug) < Cia <2t0+ 0 p= 0 - A <—|é|to+ r=+1t6 )

B
<0ty o (-1 + 2)

B
S 4clatg+ _ )\tO (— maX(ﬁla ﬁ2>|é| T T:Ji>

where
+—1

ACath
—max(f, Bo)| A | + 2
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We have J)(ug) <0 forany X & (Ao, +00).
It follows that Jy(u.) <0 forany X > Ay, u. is a weak nontrivial solution of problem (1.1)

for A large enough. O

32. Caser  >p".

We have previously shown that if »— > p* J, satisfies the Palais-Smale condition. We can

thus use the mountain pass geometry Lemma.

Theorem 3.2. Let r~ > p* and the condition (2.7) holds. Then, there exists A\, € (0, +o0) such that

for X\ € (0, A1) the problem (1.1) has at least one weak nontrivial solution.

Proof. Let
Q={ueX:|ul <5}

with 5 € (0,1).

For u € Q, by (2.10), (2.12) and (2.13)

T+1 5
> g A o p(kfl)_ B r(k) A
() > = |Au(k—1)] A | + | 2|Z|u

p k=1 r k=1

o, 2-pT + By d + Bz :
> ST A | 2 bl Z|u )| A VT Zm

k=1

o' B By

> - (r—ch+<T+1>|| I+ (D) full +|A2|\/Tc;||u||)

For v € 02, we obtain

Ia(u) > —A\B ( 2(T + 1) max(c,—, ¢t ) + |A2|\/T02)

p+
So for every A € (0, )
Jy(u) >0 for all u € 992

with

1%5(10 -1
%(T + 1) max(c,—, ¢+ ) + |&|\/TCQ‘

A =
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Take u € X such that (k) > 1, fork e N[1,T]

T+1 u _ p(k—1) T . T A
nw < ey ([du(e-n S A(—@ S ulky ety |u<k>r’“> .
k=1 p k=1 k=1

Letu; € X defined in the following way : u;(k) =t for k € N[1,7] and

Fort > 1, we have

(0) 4 ¢p(T) B, _
() < Cia (Qt + +> — AT (—|A1|t + :jtr )
— r

B, _
< ACat? - AT (—|Alyt +=t )
- T
Since r~ > p™, tli+m Jr(u;) = —o0; then there exists ty such that for u,, € X\
—+00

Ia(ugy) < lIL1€1(191§12 Ixn(u).

Jy € CY(X,R), and according to Lemma 2.2 the problem (1.1) has at least one weak nontrivial

solution. O

3.3. Casep™ >r".

In this part we apply Ekeland’s variational principle.

Proof. Take A € (0, A;). In the proof of Theorem 3.2, for every u € 052, we have Jy(u) > 0.

Using Weierstrass theorem we obtain

inf Jy(u) > 0.

u€I

Taking u(k) € (0, 3), we have

T+1 wl(l— p(k—1) T ) T
nw < Gy ([Buf-pj+ SHEDED) A(—w TGS |u<k>|’"<k>> .

For t € (0,5), assume that

Lo G A <— max (31, B2)|Ai| + %)
20,@ (al + p%) '

We choose ko € N[1,7] such that r(ky) =r".
Let up € X be a function such that uo(ky) =t and ug(k) =0 forany k€ N[1,7]\ {ko}.
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We obtain

tp(ko—=1)  4p(ko) By
P — r

_ - By
200 [ t+— | = A —[Alt+=1t" ).
P - T

There exists ay, 31 > 1 suchthat o;t? >t and [it" > t.
We have

IN

_ 1 B _
I(ug) < 2Ca@t? (a1 + —) - A (—ﬁl\é\ + r=+1> t"

=

- B, -
< QClatp (al + ) - A <— maX(ﬁl, /32)|é| + T:+) t" < 0.

S

Thus, Jy\(up) <0 foruy € Int(Q).
Therefore,

—oco < Iinf J < 0.
oo < nf )

So,we have

inf  Jy(u) < inf Jy(u).

uelInt(Q) ued

Using the proof of [14] we have

inf — inf .
0<e< inf, Jx(u) ue}l;t(m Jx(u)

Applying Ekeland’s variationnal principle to the functional J : @ — R we find u. € Q2
such that

Ia(ue) < irelngA(M—FE
< Ja(u) +ellu—ul| for u#u..

Since

: < :
Ja(ue) < threlgf2 Ja(u) +e < ueglltf(m Ja(u) +e < ulel%fQ Ja(u),

we deduce u. € Int(f2).
Now, we define L, : @ — R by

Ly(u) = Jx(u) +ellu —u|| for u# u..

We have u. as a minimum of L, and therefore

Ly(ue + tv) — Ly(ue)
t

+efvll =0
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for any v € Q and a small enough positive t.
We deduce that
Ia(ue +tv) — Jy(ue)
t

+ellvf = 0.
Letting t — 0, it follows that

(Ji(uc),v) +el|v]| >0
and we obtain

13 (ue) | < e

There exists a sequence {z,} C Int(2) such that

Jn(zn) — inf Jy(u) and  J\(z,) = 0

u€eS)

Since {z,} is bounded in X there exists z; € X such that, up to a subsequence, {z,} converges

to 2o € X. Thus
In(z0) = 1r€1§2 Ja(u) and Jy(z0) = 0.

%y is one weak nontrivial solution for problem (1.1). O

3.4. Multiple solutions.

In this section we prove the existence of at least two weak nontrivial solutions of the problem
(1.1).

Theorem 3.3. Assume that (2.4), (2.7) holds. Let r— > p™ and ¢ > 1.

g(025p7 703)%*0’162
FOV ﬂny )\ E (07 6r+(‘&| /TCQ+2maX(CT+ Cpm )E(T+l))

solutions where one solution satisfies ||u|| > 1.

the problem (1.1) has at least two weak nontrivial

Proof. Let
Qpim {ue X lull <0}; Q= fue X flull = v},
where v € (1,0).
Assume that uy € X isa local minimizer of J, in Q= Qs N€,.
If up € Int(?) by using Lemma 2.2 we get J)(up) < urélai& Ja(w).
Now suppose that uy € 95, by Theorem 2.3 there exist 0y, 01, 02 > 0 with
o8 + 0} + 035>0 suchthatforall ve X

(3.4) o1 (||u0|]2 — 52) =0 and oy (1/2 - ||u0|]2) =0
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and
00<J;\(U0),U> + 01<UU,U> — O'2<U0,’U> =0.

Since ug € 0§25, we have |luo|| =9 and o9 = 0.

Taking v = uy and 0y =1 we see that

> alk—1a(k — 1, Aug(k — 1) Aug(k — 1) + a1|uo||* = XD f (K, uo(k))uo (k).

By (2.4) and (2.11)

T+1
(3.5) Za(k; — Da(k — 1, Aug(k — 1)) Aug(k — 1) + oy |Jue||* > (0251’7 — C’3> + 0162

k=1

Using (2.7), (2.10) and (2.13)

IN
>

Aol >~ uo(k)| + B2 Y luo(k)["™ + B2y IuU(k)I’”>

IN
>

( LIVT Zuo(k)2+cr+EZAuo(k)r++crEZ|Auo(k)|r)

k=1 k=1 k=1

IN

3 (14Tl + e BT+ Dlfull™ + - Bo(T+ Dol )

Ao <]&’\/ Ty + 2max(c,+, ¢, ) Ba(T + 1)) )

IA

So
a (0" = C) +ai0? < A (|Aalv/Tes + 2max(cyr, e ) Bo(T + 1))

This is contradictory.

Hence ug € Int(Q?) is a nontrivial minimizer of J,.

In the proof of Theorem (3.2) we show that there exists u; € X\ such that Jy(u;) <
23, L)

According to Lemma 2.2, there exists u* € X such that u* is a critical point of Jy.

Finally, uo and u* are two different weak nontrivial solutions to the problem (1.1) and since

up € Int(2), it is easy to see that |lug|| > 1. O
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4. AN EXTENSION

In this section, we show that the existence result obtained in (1.1) can be extended to more

general discrete boundary value problems of the form

—Ala(k — a(k — 1, Au(k — 1))] + [u|*™2u(k) = Af(k,u(k)), k € N[1,T7,
(4.1)

u(0) =u(T+1) =0,

with ¢ : N[1,T] — (2, +00).

A function v € X is a solution of problem (4.1) if for any v € X,

(4.2)
> a(k—1alk — 1, Au(k — 1) Av(k — 1) + > [u(k)|"™2u(k)v(k) = XD f(k,u(k))v(k) =0

Theorem 4.1. Assume that (2.5) and (2.7) hold. For all p~ > r there exists Ay € (0, +00) such that

forall X > Ay the problem (4.1) has at least one weak nontrivial solution.

Proof. In this part we use the proof of Theorem 3.1. For v € X, we define the energy

functional J, by

Ja(u) =Y alk—1)A(k— 1, Au(k — 1)) + Z ]u|Q(k XY F(kuk)).
k=1 k=1

The functional J, is well defined, weakly lower semi continuous and is of class C'(X,R)

with a derivative given by

(J\(u), v>:§a(l€ — Da(k =1, Au(k — 1)) Av(k —1) +§;|u|q(k)_2u(k)v(k:) - /\sz;f(k, u(k))v(k),
for all u,v € X.
Since
ZT: %]u\q M >0
we have o
(4.3) Ja(u) > % alk — 1Ak —1,Au(k — 1)) — )\i F(k,u(k)).

According to Proposition 3.1 we deduce that the functional J), is coercive.

Let u, be a global minimizer of J), taking wuo such that uo(ky) =t and wuy(k) =0, for
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k € N[0, T + 1]\ {ko} where ¢, > 1 is a fixed real, we have
q+

t B
J(ug) < ACiatt + ;T — Ao (— max (1, f2)| A | + r=j) :

where
+—1

_ td
AC ity Tt 4 0

)\2:

By
—max(fy, B2)|As| + pory
It follows that Jy(uy) < 0 forany A > Xo. u, is one weak nontrivial solution of problem
(4.1).

Lemma 4.1. Assume that (2.5), (2.7) hold and r~ > max (p™, ¢T). Then forany A > 0 the functional

J» satisfies the Palais-Smale condition.

Proof. By mimicking the proof of Lemma 3.1, we obtain

T+ Dlu,||P” T+1 T
N(u,) < Cia (x/T+1HunH+< ;Hu | - = >+Zm|un(kz)|q<k>
k=1

T(T+1)% By, .-
o luall

2
-\ —|é|ﬁ02||un||2 +

T+ Dlun|lP” TH1Y\ (T + 1)|Jun 9"
< Cla<\/T—+1|\unH+( Nl | T >+ oI+ D]

p p q
2 (T+1) B,
| a2+ D T By
Since r~ > max (p*,¢*) then the sequence {u,} isbounded. O

In what follow, we apply the mountain pass geometry Lemma.

Theorem 4.2. Let v~ > max (p*,q") and the condition (2.7) holds. Then for X € (0,);), the

problem (4.1) has at least one weak nontrivial solution.

Proof. We will refer to the proof of theorem 3.2.
Let

Q={ueX:|ull <5}

with 8 € (0, 1).
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Foru € Q
o T+1 (k1) F T T
a - 2 .
) = 23T Au(k 1 - (7 Sl + 4] Y |u<k>|> .
k=1 k=1 k=1

Forall A € (0,)\;) we obtain il%fQ Ja(u) > 0.
ue
Let u; € X be defined as follows : u; (k) =t for k€ N[1,7] and u(0) =u, (T +1)=0.

For ¢t > 1 we have
+ + By -
— r
Since r~ > max (p*,q"), tliiﬂ Ja(uy) = —oo; thenitexist ¢; such that
— 400
uy, € X\Q  I(uyy) < 5161(19% Ja(u).

The functional J, € C*(X,R), and the assumptions of Lemma 2.2 are verified, then the

problem (4.1) has at least one weak nontrivial solution. O

We apply Ekeland’s variational principle with min(p~, ¢~) > r~; we will use the result of case

p o >r.

For A\ € (0,\)
inf Jy(u) > 0.

u€eI
For t € (0,5), assume that

) A (— maX(ﬁhﬁQﬂé‘ + %1)

t < (min(pf,qf)—rf
— 1 1
QC'loz (&2 + PT + 2015(1,)

we choose kg € N[1,T] such that r(ky) =r".
Let up € X be a function such that uo(ky) =t and ug(k) =0, forany ke N[1,T]\ {ko}.
We obtain

_ tr 7 B, _
JA(UO) <2C0ia|t+— | +——2A —|A1|t—|—:+t7" )
p q - r

There exists oy, B> > 1 such that a,t™™®¢) >¢ and SBot” > t.
We have

L 1 1
J < 20, qt™inP.a7) —
,\(UQ) < 1 (Oég +—+ 20 aq-

B _
) - (— max (1, B2)|Ai] + 7":+) < 0.

Thus, Jy(up) <0 for ug € Int(Q).

By the same reasoning we prove that the problem (4.1) has at least one weak nontrivial
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solution.

Now we will prove that problem (4.1) has at least two weak nontrivial solution.

In the case of multiple solutions we will use the Theorem 3.3 and the same sets defined
previously.

Indeed, let uy € X alocal minimizer of J, on Q= QsNQ,. If uy € Int(Q2) we have
J)\(Uo) < urélai}llé J)\(U)

Assume that u, € 9€);, we have oy =0, taking v =y and oy =1 we get

T+1 T T
> a(k = Da(k — 1, Aug(k — 1)) Aug(k — 1)+ [ug|™ +o1 [Juol|* =X>_f (k, uo(k))ua (k).
k=1 k=1 k=1

By the same reasoning we prove that problem (4.1) has at least two weak nontrivial solutions.
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