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1. INTRODUCTION

Let Q be a bounded domain in RY (N > 2) such that 99 is Lipschitz and 9Q = I'p UT v, withTp NTx, = 0.

Our aim is to study the following problem.

N
0 0 .
B ; B, (@ g + u P2y = in Q)

(1.1) P(p, f,d) N
p(u) +Z/F ai(x’aixiu)m =d

u = constant

on I'ye,

where the right-hand side f € L'(Q2) and 7;, i € {1,..., N} are the components of the outer normal unit vector.

For any Q C RY, we set
(1.2) Ci () ={heC(Q): irelsfzh(x) > 1},
and we denote

(1.3) h* =sup h(x), h~ = inf h(x).
e ze
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For the exponents, 5(.) : @ — RY, 5(.) = (p1(.), ..., pn(.)) with p; € C1(Q) for every i € {1,..., N} and for all
z € Q. We put pas(x) = max{pi(z), ...,pn(z)} and py, (z) = min{p; (z), ...,pn ()} .

We assume that fori = 1, ..., N, the function a; : @ xR — R1is Carathéodory and satisfies the following conditions:

o (H1): ai(z,§) is the continuous derivative with respect to £ of the mapping A; = A,(z,€), that is,

ai(z,§) = %Ai

(14) Ai(z,0) =0,

(z, &) such that the following equality holds.

for almost every x € 2.

e (H,) : There exists a positive constant C; such that

(1.5) |ai(z,€)] < C1(js(x) + €™,

for almost every z € 2 and for every £ € R, where j; is a non-negative function in L?:()(Q), with
1 1

+ =
pi(x)  pi(x)
e (Hs) : there exists a positive constant C such that

Calg =P if ¢ —n| > 1,

(1.6) (ai(z,&) —ai(x,n))(§ —n) = )
Col€ —mlPe i € —nl <1,

for almost every x € Q and for every &, n € RY, with £ # 7.

e (H,) : For almost every = € Q2 and for every £ € RY,

(1.7) €P) < a(x,€).€ < pi(x)Ai(z,€).

e (Hjs) : We also assume that the variable exponents p;(.) : 2 — [2, N) are continuous functions for all

i=1,..., N such that
N

PIN-1) _ p(N-1) 1 p,—pi -1 _ p-N
1.8 77<p74 <7,7 7_>1and L _Z < — 5
(18) N(p-1) N-—p ;pi P; p(N —1)
N
1 1 1
where — = — —.
PN
We put for all z € 012,
N -1
7( )p(z) if p(x) < N,
pa(x): N—p(.’L‘)
00 if p(z) > N.
We introduce the numbers
N(p—1 N N(p—-1
(1.9) g Ne-Y . Ne _ Np-1)
N -1 N —gq N-—-p

Non-local boundary value problems of various kinds for partial differential equations are of great interest by now
in several fields of application. In a typical non-local problem, the partial differential equation (resp. boundary
conditions) for an unknown function v at any point in a domain {2 involves not only the local behavior of v in a
neighborhood of that point but also the non-local behavior of u elsewhere in Q2. For example, at any point in
2 the partial differential equation and/or the boundary conditions may contains integrals of the unknown u

over parts of ), values of u elsewhere in D or, generally speaking, some non-local operator on u. Beside the
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mathematical interest of nonlocal conditions, it seems that this type of boundary condition appears in petroleum
engineering model for well modeling in a 3D stratified petroleum reservoir with arbitrary geometry (see [5]
and [6]). All papers on problems like (1.1) considered cases of generally boundary value condition. Indeed,

in [8], Bonzi et al. studied the following problems:

S
— Z —a; [z, 2—u ) +u" @2y =f inQ
(1.10) v
Zai (xv u)nl) = _|u|’f’(m)—2u on aQa
i=1 O

which correspond to the Robin type boundary condition. The authors used minimization techniques used in [4]
to prove the existence and uniqueness of entropy solution. By the same techniques, Koné and al. proved the

existence and uniqueness of entropy solution for the following problem:

N
B ; a%am % w)+ w2y = fin Q
N

Z a; (ac7 au)m) +Au=g on 01},
(%i

=1

(1.11)

which correspond to the Fourier type boundary condition.

2. PRELIMINARY

This part is related to anisotropic Lebesgue and Sobolev spaces with variable exponent and some of their
properties.
Given a measurable function p(.) :  — [1, 00). We define the Lebesgue space with variable exponent L) (2) as

the set of all measurable functions u : 2 — R for which the convex modular

o) = [ [ul"@da
Q
is finite.

If the exponent is bounded, i.e., if p < oo, then the expression

. u
|| p(.y := inf {)\ >0: pp(.)(x) < 1}

defines a norm in LP()(0), called the Luxembourg norm. The space (LP()(Q), |.|,(.)) is a separable Banach
space. Then, LP() () is uniformly convex, hence reflexive and its dual space is isomorphic to L*' () (Q), where
1

1
—— 4+ ——=1,forallz € Q.
px) = p'(z)
Finally, we have the Holder type inequality.
Proposition 2.1. (see [9])

(i) Foranyu € LPO(Q) and v € L' ) (Q), we have

/ d <_<1+1)|| |v]
uvax u VUl .
o P p()Vlp ()

(i) Ifp1,p2 € C+(Q), p1(2) < pa(2) for any x € Q, then LP>()(Q) — LP*()(Q) and the imbedding is continuous.
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We have the following properties (see [9]) on the modular p,( ).
If u € LPO(Q) and p < oo, then

" _
2.1) lulpcy < 1= Julp ) < ppey(u) < July ),
- +
(2.2) |u|p(~) >1= |u|§(') < p;n(.)(“) < |u|§('),
(2.3) lulp(y < L=1>1) = pp()(u) <= 1> 1),
and
(2.4) |u|p(,) — 0( \u|p(.) — OO) p=— pp(,)(u) — 0( pp(,)(u) — OO)

If in addition, (u,)nen C LPO) (), then limy, o0 [ty —uly() = 0 < limy, o0 pp() (tn—u) = 0 < (up)nen converges
to u in measure and lim,, o0 Pp() (Un) = pp(.) ().

We introduce the definition of the isotropic Sobolev space with variable exponent,
w0 (@) = {ue L70(Q)  |Vul € LPO(@) ]

which is a Banach space equipped with the norm

lull1,pey = ulpcy + [Vulpey-

Now, we present the anisotropic Sobolev space with variable exponent which is used for the study of P(p, d, f).

The anisotropic variable exponent Sobolev space W) (Q) is defined as follow.

whPh(Q) .= {u e LP0O)(Q) gl € LP(Q), forall i € {1, ...,N}} .

X4

Endowed with the norm
gu
8a:i

N
lallpey = lulpa ) + > :
i=1 p,,(~)

the space (W11)(Q), ||.|5)) is a reflexive Banach space (see [10], Theorem 2.1 and Theorem 2.2).

As consequence, we have the following.

Theorem 2.1. (see [10]) Let Q C RN (N > 3) be a bounded open set and for all i € {1,..., N}, p; € L>(Q), pi(x) > 1
a.e. in §2. Then, for any r € L>°(Q) with r(x) > 1 a.e. in Q) such that

ess Tnelg(pM(a:) —r(x)) >0,

we have the compact embedding

WP (Q) — L7O(Q).

We also need the following trace theorem due to [4].
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Theorem 2.2. Let Q2 C RN (N > 2) be a bounded open set with smooth boundary and let p(.) € C(2) satisfy the condition

(2.5) 1<r(x) < mia%{p?(x), e P ()}, Vo € 09,
TE
Then, there is a compact boundary trace embedding
WP (Q) — LO(9).

Let us introduce the following notation:

—

p- = (py - Py)-

Finally, in this paper, we will use the Marcinkiewicz spaces M?(2) (1 < ¢ < oo) with constant exponent. Note
that the Marcinkiewicz spaces M?()(Q) in the variable exponent setting was introduced for the first time by
Sanchon and Urbano (see [11]).

Marcinkiewicz spaces M?(€2) (1 < ¢ < c0) contain all measurable function 4 : 2 — R for which the distribution

function
An(7) == meas({z € Q: |h(z)] > ~}), v =0,

satisfies an estimate of the form A\, (v) < Cy~9, for some finite constant C' > 0.

The space M?(12) is a Banach space under the norm

* 1 (1 ! *
14l 50(0) = sup (t J <s>ds),
t>0 0

where h* denotes the nonincreasing rearrangement of h:
h*(t) :==inf {C : Ay(7) < Cy79, Vy > 0},

which is equivalent to the norm [|A[|} 1, ) (see [1]).

We need the following Lemma (see [2], Lemma A-2).

Lemma 2.1. Let 1 < g < p < oo. Then, for every measurable function v on (,
O Ol
(1) Tt [l
Moreover,

() < %\Ii% {Nmeaslz € Q: ul > A} < [Jull -

(ii) /K lulfdz < p%q(g)% ||u|\3wp(ﬂ)(meas(K))%,for every measurable subset K C €.

In particular, MP(Q) C L% (Q), with continuous embedding and u € MP () implies |u|? € M4 ().

loc

The following result is due to Troisi (see [12]).
Theorem 2.3. Let pi,...,pn € [1,00), 7= (p1,...,pn); g € WHP(Q), and let

q=p" ifp* <N,
(2.6) /

q €[1,00) ifp* > N,
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N N Np

- e > 1and p* —.

TF g1 T N

Then, there exists a constant C' > 0 depending on N, py,...,pn if p < N and also on g and meas(Q2) if p > N such that

where p* =

1
N
(27) |g||m><cH[||g||Wm+|| ||m<m} ,

=1

where par = max {p1, ... pn} and 5 = PR - In particular, if u € W P(Q), we have

Lri m)}

W (@) = {£ e W)« £ =0onTp)

2~

(2.8) l9llLaca) < CH U Er

In the sequel, we consider the following spaces.

and
WP (@) = {¢ e Wlljﬁ(')(ﬂ) : & = constant on 'y, }.
Tg’ﬁ(')(ﬂ) = {{ measurable on § such that Vk > 0, Tj(§) € Wé’ﬁ(')(Q)}
and
TN’p( )( ) = {{ measurable on (2 such that Vk > 0, T} (&) € Wi;f(')(ﬁ)},
where

k if s >k,
Ti(s)=1qs  if|s| <k,
—k if s < —k.

For any v € W;,’f(')(Q), we set Uy = Une = Uy,
Definition 2.1. A measurable function u : Q — R is an entropy solution of P(p, f,d) if u € T, 1 p( )( Q) and

/ <Zaz —l ilTk(U_£)> dm+/ |u| M @ =2 T (u — €)da <

/Q FTi(u — &)+ (d — plune))Tlune — €),

(2.9)

forall € € WP (Q) N L2 (Q).
Our main result in this paper is the following theorem.
Theorem 2.4. Forany (f,d) € L' () x R, the problem P(p, f,d) admits a unique entropy solution u.

Before proving Theorem 2.4, we study an auxiliary problem from which, we deduce useful a priori estimates.
The paper is organized as follows. In Section 3, we study an approximated problem and in Section 4, we prove

by using the results of the Section 3, the existence and uniqueness of entropy solution of problem P(p, f, d).
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3. THE APPROXIMATED PROBLEM CORRESPONDING TO P(p, f, d)

We define a new bounded domain Q in R as follow.

We fix 0 > 0and we set ) = QU{z € RN /dist(z,Tn.) < 0}. Then, 00 =T pUl y.is Lipschitz with IpNlne = 0.

Ficure 1. Figure 1: Domains representation

Let us consider a;(z, {) (to be defined later) Carathéodory and satisfying (1.4), (1.5), (1.6) and (1.7), for all
z e

We also consider a function d in L' (T y.) such that

(3.1) ddo = d.

FNe
For any ¢ > 0, we set f. = T1(f) and f. = f.xa(z), d. = T (d) and we consider the problem

> (e, o Pag ()2 L
; 9 a;(x, D Ue) + |ue| P vxo(d) = f. in®

(3:2) P(p, f67CZ6> ue =0 onl'p
N

ﬁ(ué) + Zal(xa

i=1

u)n; = d. on I'ye,

dz;
where the function p is defined as follow.

1
==
‘FN e|
We obviously have Ve > 0, f. € L>(Q2), d. € L>®(T'ne).

(s), where |T' y.| denotes the Hausdorff measure of T y..

e (s)

The following definition gives the notion of solution for the problem P.(p, f, d.).

Definition 3.1. A measurable function u. : Q — R is a solution to problem P.(p, f.,d.) if u € Wé’ﬁ(') (Q) and

ST TN Par(e) -2y, ¢ ; T s W\E
(3.3) /{l;ai(m,%ue){hifdm—i—/(sz uefda::/ﬂfeﬁdx—i—/f (de — p(ue))édo,

Ne

forany € € W},’ﬁ(')(ﬁ) NL>(Q).
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Theorem 3.1. The problem P.(p, f., d;) admits at least one solution in the sense of Definition 3.1.

Step 1: Approximate problem. we study an existence result to the following problem. For any & > 0 we consider

_Z am ue k) +Tk(b(ue,k}))XQ($) — f; an
(34) Pe,k(ﬁ7 f57 de) Ue fp = 0 on FD
N 9 ) )
Te(plucr) + Y i@, 5 —uek)n = de on Ty,
=1 ?

where b(u) = |u|P7(#)=2y,

We have to prove that P. ;.(j, fe, d.) admits at least one solution in the following sense.

e, € WHPO(Q) and for all £ € WLV (Q),

(3.5) N
/§Z§di(m7(jﬂjl‘UE’k) fd$+/ Tk( (ue k) fdﬂ?— / fefdx—‘r/FNe(d —Tk( (ue k)){do

For any k£ > 0, let us introduce the operator Ay, : 1 PC) Q) — (W} p( )(Q)) such that for any (u,v) € Wé’ﬁ(') (Q) x
WD’p(.) (Q)r

N
(3.6) (nfa). o) = [ (Zam, ) j) ot [ Tio)ede + [ Tulpu))od.

Q \;2q T'ne

We need to prove that for any £ > 0, the operator A, is bounded, coercive, of type M and therefore, surjective.

(i) Boundedness of A. Let (u,v) € F x Wé’ﬁ( )( ) with F a bounded subset of W, Lol )( Q) . We have

|<Z( g [l ae) + [ mio)olaa
" / T ldo

=1+ 1+ I3,

where we denote by I3, I> and I3 the three terms on the right hand side of the first inequality.
By (H2)and the Holder type inequality, we have

pi(z)—1

0 0
I; < C’l (/ |7:(z ‘ dx+/ axiu axiv dx)
N 7(1)—1
1 1 0 1 1 o |” 0
<G E (_ +_) |.]ip’(.)‘v + E (_+_) u v .
= \p DP; Oxi |y, ) I \Pi p; Oz () 0z |,

Asu e F,Vie{l,.., N}, there exists a constant M > 0 such that

N i(z)—1
a P
g U < M;
ox; ’
=1 |17 P
SO
pi(xz)—1

<M,Vie{l,..,N}
p; ()

&ri
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(ii)

pi(z)—1

81‘1
As j; € Lpi(')(Q), we have

i=1,.

Let Cy = max {

p§(~)}

N N

0
< 5 n Al .
I < C5(Ch,py, (0)) 7 Cs(5i) (%7  +Ge(Cupr () ,04)2 ol
1 pz(-) =1 pl(')
It is easy to see that
I gk/ |v|da.
Q
Using Theorem 2.1, we have
[0l L1 q) < 7||UHW[1),5<.>(Q)-

So,

IQ S kC7||UHWép()(Q)

Similarly, by using Theorem 2.2, we have

13 < kCgH’U O

|| Wﬂljﬁ(') (Q)
Therefore, A;, maps bounded subsets of Wllj’ﬁ ) (Q) into bounded subsets of (WD’p (- )( Q))". Thus, Ay is

bounded on Wé’ﬁ(') (Q).
(Ag(u), u)

Coerciveness of A;. We have to show that for any £ > 0,
lullyrz0

— 00 as ||u||WBﬁ(,>(Q) — 0.

For any u € Wé’ﬁ(') (Q), we have

(A (u),u) = (A(u), u) Jr/QTk(b(u))udx Jr[ Tr(p(u))udo,

T'ne

where (A(u),u) = Z (/Q ai(x, %u) 8?@ udx) .

i=1
The last two terms on the right-hand side of (3.7) are non-negative by the monotonicity of 7}, b and p.

We can assert that
(Ag(u),u) = (Au),u)

1 D
- Np— || | 1 ,P(. )(Q) —N.

Indeed, since/~ | Ty (b(w))||u|dx +[ |T%(p(w))||uldo > 0, forallu € Wé’ﬁ(')(fl), we have
Q I'ne

(Ar(u),u) = (A(w), u).

So,
N
0 0
> 5o 2
(Ap(u),u) > ;(/ﬁaz(x, 3xiu)8indz>
N 9 pi ()
> .
> ; /aniu dx
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We make the following notations:

>

I=<¢ie{l,..,N}: and 7 =¢ie{l,..,N}: 8u >15.
Ozi ()
We have
) pi(x) o pi(x)
A >
(Ag(u),u) > /anZ dx —&—; /aniu dx
2 + u
8xi pi(.) icT Iz pi(.)
( )
> U
ieJ Oz pi(.)
()
> U
icT Oz pi(.)
N P P
i=1 Ti Api() ieT Ti Api()

o

< a P
u
T \19%i )

We now use Jensen’s inequality on the convex function Z : RT — R*, Z(t) = *=, p,, > 1 to get

?

(A (u ) u) > (M), w)

P
m1p<> )_N-

Hence, Ay is coercive (as p;, > 1).

(iii) The operator Ay is of type M.

Lemma 3.1. (Cf[13]) Let A and B be two operators. If A is of type M and B is monotone and weakly continuous, then
A + B is of type M.

Now , we set (Au,v) := (A(u),v) and (Bpu,v) := / T (b(u))vdx +/ Tk (p(u))vdo.
Q F e
Then, for every k > 0, we have A, = A + Bj,. We now have to show tjlvnat for every k > 0, By, is monotone and

weakly continuous, because it is well-known that A is of type M. For the monotonicity of Bj;, we have to show

that
By — Byo,u —v) > 0 for all (u,v) € WHPO(Q) x W5 ().

We have
Bru=Bvu=v) = [ (T(b(w) = Teb())(u - v)do
b [ B - Tulpw)) o~ vy
From the monotonicity of b, 5 and the map T}, we conclude that

(3.8) (Bru — Brv,u —v) > 0.
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We need now to prove that for each k£ > 0 the operator B, is weakly continuous, that is, for all sequences
(tn)nen C Wll)’ﬁ(')(Q) such that u, — win Wy Lo(. )(Q) we have Byu, — Bruasn — .

Forall ¢ € Wg’ﬁ(') (Q), we have

(3.9) (Betin, ) = /Q T (b(un)) bz + /F Ty (3(un))pdo-

Passing to the limit in (3.9) as n goes to co and using the Lebesgue dominated convergence theorem, since u, — u
in Wy o )( Q); up to a subsequence, we have u,, — u in L'(Q) and a.e. on Q. As |T}(b(u,))¢| < k|¢| and ¢ €
WP 70 (Q)) < L1(), for the first term on the right-hand side of (3.9), we obtain

(3.10) lim Tk(b(un))gbdz:/QTk(b(u))(bdz.

n— oo

Furthermore, since u,, — v in Wé’ﬁ (')(Q) ; up to a subsequence, we have u, — u in Ll(aﬁ) and a.e. on 9Q . As
| Tk (p(un))d| < k|¢| and ¢ € Wé’ﬁ © (Q) < L'(9Q), we deduce by the Lebesgue dominated convergence theorem
that

(311) i [ T(p(un))éde = / Ti(p(u))da.

n—oo Jf
From (3.10) and (3.11) we conclude that for every k > 0, By (u,,) — Bi(v) as n — oco.

The operator A is type M and as B, is monotone and weakly continuous, thanks to Lemma 3.1, we conclude
that the operator Ay is of type M. Then for any L € (Wé’ﬁ (')(Q))’ , there exists u. € Wé’ﬁ (')(Q), such that
Ap(uer) = L.

We now consider L € (W}Jp (Q))’ defined by L(v / fevdx + devdo, for v e Wi Lo(- )( Q) and we obtain
(3.5)0 e

Step 2: A priori estimates.

Lemma 3.2. Let u.  a solution of P, x(p, fe, d;). Then

|6(ue)| < ki = max{|[d]loc, (50 b~ ") ([ felloc)} ae. on Tive,

[b(ue)] < ko := max{| felloo; (b0 py (I wellldlloo) } a-e. in 2.

(3.12)

Proof. For any 7 > 0, let us introduce the function H, : R — R by

if s <0,

H.(s) = if0<s<r,

=N le <@

if s>

In (3.5) we set 5 = H,(ue, — M), where M > 0 is to be fixed later. We get

0
(3.13) /Zal 0w B, ") g HT(uevk_M)d$+ATk(b(Ue,k))Hr(ue,k—M)dx:

/ feHr(uc ) — M)dz + / (d — T (p(uc, k) Hy (e, — M)do.
FNe
The first term in (3.13) is non-negative. Indeed,

/ z:a2 ue k) 9 —H (e — M)dx = 1 / zN:&i(x, i1L€7k)iu67;€c1lw > 0.
6371 T J{0<uc p—M<7} =1 83)1 61’1
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From (3.13) we obtain
/ T (b(te ) Hr (te )y — M)dx < / feHr (e, — M)dx + / (d — T(p(uc, k) Hy (e — M)do.
Q Q I'ne

Then, one has

/Q (Tub(tte ) — Th(b(M))) o (tte s — M)da+

[ Buatae ) = TGO e~ M) <

= TOOD) H e = M)+ [ 0= TGN H s~ Mo
Letting 7 goes to 0 in the above inequality, we get

/Q(Tk(b(ue,k)) —Tk(b(M)))+dm+/ (T (p(te ) — Ti(p(M))) T do <

T'ne

/Q (fo — Tu(b(M)))signi (us — M)dz + / (d — Tu(5(M)))signg (e — M)do.

1—\Ne

As Im(b) = Im(p) = R, we can fix M = My = max{b~ (| fe]l), g ([F el |d]l<)}. From the above inequality
we obtain

/Q(Tk(b(ue,k)) — Th(b(Mo))) " da +[ (T (p(uer) = Ti(p(Mo))) T do <

FN&

/Q (Fe = Tl felloo)) sign (e s — Mo)da + / (d — Ty(l1dlloo))signg (e s — Mo)do,

T'ne

For k > ko := max{||f., |d]|oc},
it follows that

(3.14) /Q (Tr(b(ue)) — Th(b(Mo))) dar + / (T(p(ue)) = Tulp(Mo))) do < 0.

T'ne

From (3.14), we deduce that

Ti(p(uer)) < Ti(p(Mp)) a.e. on Ty,

Ti(b(uer)) < Ti(b(M)) a.e. in Q.

(3.15)

From (3.15), we deduce that for every k > ki := max{||d|| oo, | felloos B(Mo), p(Mp)},
pluer) < p(Mp) a.e. on Tne

and

bue k) < b(Mp) a.e. in .
Note that with the choice of M, and the fact that D(p) = D) = R, for every k& > k3 :=
max{|[d]loc, [|fellc, b(Mo), 7(Mo)}, we have

b(uek) < max{|felloo,bo o5 (IPnelldl ) } ae. in €,

pluer) < max{||dllocs (50 b 1)(||felloo)} ace. on Tve.

(3.16)
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We need to show that for k large enough,

b(uer) = —max{[|felloo, b0 po  (IPnvellldllc)} ace. in €,

plucy) > —max{|ldllec, (5007 ")(|l felloc)} ae. on Ive.

(3.17)

It is easy to see that if u. j, is a solution of P, x(p, fe, Je), then (—u. 1) is a solution of

o . 0 > .
=3 il g es) + Tblucs)xale) = fo in
Pk(pAa 67626) Ue g =0 onl'p

fue,k)ni - dAe on fNev

where a;(z,§) = —a;(x, =), p(s) = —p(—s), i)(.ﬁ, s) = —b(z, —s)xa(v), fe = _fe and d = —d.
Then, for every k > ky := max{||d||c, || felloo, —b(=Mo), —p(—My)}, we have

—b(uck) < max{[|felloo, b o py (ITneldl|oo)} ae. in €,
—ptte) < max{[|d]loc, (70 b~1)([If: )} ae. on L.
which implies (3.17).
From (3.16) and (3.17), we deduce (3.12). O

Step 3. Convergence. Since u. 1 is a solution of P, (p, f~6, cie), thanks to Lemma 3.2 and the fact that €2 is bounded,
we have j(uc ;) € LY(Tne) and b(uc ) € LY(2). For k = 1 + max(ky, k) fixed, by Lemma 3.2, one sees that

problem P, (p, 1., cfe) admits at least one solution u, [

Remark 1. Using the relation (3.12) and the fact that the functions b and p are non-decreasing, it follows that for k
large enough, the solution of the problem P(p, f.,d.) belongs to L>=(Q) N L>®(T'n.) and |uc| < c(b, k1) a.e. in Q and

lue| < e(p, kg) ae. on T ye.

1
bi (@) "f

Now, we set @;(z,&) = a;(x,&)xalx) + -
following problem denoted by P.(p, f., d.).

p'i(g”)’zgxﬁm(x) for all (z,£) € Q x RN and we consider the

N9 9 Pi(@)=2 g
_Z al’i CLi(I, 9 ; )XQ( ) W %Ue (‘Tvluﬁxfl\ﬂ(x) +
1
|u |PIVI(SL’)*2UEXQ _ ];E -
(3.18)

ue =0 onl'p
N

- - o - )

p(ue) +Zai<x,%ue)’fh = de on FNE.
=1 ?

Thanks to Theorem 3.1, P.(p, f., d.) has at least one solution. So, there exists at least one measurable function

ue : 2 — R such that
N
E;/Qai(z, f §dx+Z/ <€p1(r)

+ [ TudPe s = [ gédo [ e )l

pi(z)—2 9 o -
UE %uga.%g) dx

(3.19)
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where u, € W5P(€) and £ € W57 (Q) N L=(Q).

The next result gives a priori estimates on the solution u. of the problem P.(p, f., d.).

Proposition 3.1. Let u, be a solution of the problem P.(p, f.,d.). Then, the following statements hold.

(i) Vk >0,
N 9 pi(x) N 1 9 pi(x)
> [, (mmeal) ey /\ (HomBwl)  do < Kdle + 1)
i=1 v =1 7
(i)
[P et [ faolds < (e, + 1)
(iii) Vk >0

pi(z) N
Z / (g litwl ) o < ks ey + 1l
Proof. For any k > 0, we set f = T (ue) in (3.19), to get

N

0 0 0 0
) pi(z)—2
E /Q (al(x, (’Mzu )5‘ k(e ) dx + E / (6%(:5 el 9 —u, s Tk(u6)> dx

(3.20) i=1

/ Jue| P20 Ty (u)d = feTk(ue)dw +/ (de = pluc)) T (ue)do.
Q I'ne

(i ) Obviously, we have

0 0
pi(z)—2_Y% Y
Z/Q (em @) ' 9, el axiufaxiT’“(UGO de

/ plue)Ti(ue)do >0 and/ || M @ =20, T (ue) > 0.
I'ne Q

Moreover,

Vv
S

al )
Z/mn <ew> |, L) pi(x)) o
1

/feTk Ue dx—i—/ d Ty (ue)do <k/ |f€|dx+k:/ \d.|do
FNe

FN(‘

<k (/Q |f|dx+/m |d|da) .

(3.21)

Using the inequalities above and (1.7),
it follows that

Ty (u
3@

(3.22)

Pi(x) .
dx<k</ \f|dx+/ |d|da>.
Q Tne

N
d d
. 7 v o6 Ye) € Z 7 p € € 2
In (320),as;/ﬂ<a (z 8xiu)8xiTk(u )> dz >0 /mp(u )T (ue)do > 0 and
/ Jue) )20, T (ue) > 0;
Q

therefore we obtain

(3.23) Z/Q\Q (epz @ |8m T (we)

Adding (3.22) and (3.23), we obtain (7).

W)) de <k (/ | f|dz +/ |J|da) :
Q I'ne

(i) The two first terms in (3.20) are non-negative and using (3.21), then we have from (3.20) the following

/ p(ue) T (ue) da+/ |ue| Pre (@)= zueTk(uE)d:c<k</ \f|dx+/ |J|da>.
f‘Ne FNe
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We divide the above inequality by £ > 0 and we let k goes to zero, to get

/ ﬁ(ue)sign(ue)daJr/ ue| P @) =2y, sign(u)dz = / \ﬁ(u€)|da+/ |ue| P @) =1 dg
I~jNe Q fNe Q

([ )

IN

(iii) For all k > 0, we have

forany 0 < e < 1.

According to (i), we deduce that

N

) . .
> [ (Gt ) do < K(ldle, + 1)
i=1 ¢

We have the following results.

Lemma 3.3. Assume (1.4)-(1.8), f € L*(Q) and d € L' (T n.). Let u, be a solution of the problem P.(p, fc, d.). If there

is a positive constant M such that

N

(3.24) / k9@ da < M, forall k > 0,
{Juel>k}

then,

N ~

Z/ i) k) dy < ldll 17y, + 1 fllLr @) + M, forall k>0,

=1 —— U k

{ ori = }

where «;(.) = pi(.) foralli=1,...,N.

qi()+1

Proof. Having in mind that by Proposition 3.1-(iii), for all £ > 0,

pi(x) .
d:cgk(/ \f|d9c+/ |d|da>.
Q Tne

Therefore, defining 9 := T} (u.)/k, we have , for all & > 0,

8Tk uE
axz

pi(x)

8Tk ué
a C Or;

o

N
kDi (z)—1
; /Q ox

Pi(l’) .
dr < (/ \f|dx+/ |d|do).
Q Tne
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From the above inequality, the definition of «;(.) and (3.24), we have

Lemma 3.4. Assume (1.4)-(1.8), f € L' (Q) and d € L*(T' ). Let u, be a solution of the problem P.(p, f-,

is a positive constant D such that

N
Z/ 9 a;i(.) qu )dl‘< Z/ a;i(.)
i=1
{ 2 k} { D"
N
Z/ k(@) dg
i=1 {|u6| > k}
Oue @)
N
333
< . (@) | 122l
< Z/ PRRRCI® k
=170 | —u, > ks lue| <k
8.1‘1'
(x)
N qi(x)— Pi
<3 fi1o o e [
‘ 0 ! ox;
i=1 7 Ue > k7 |’U/€| < k
oxi
pilT
N qi(z)— ( ) )
< N k z)+1 Ue
8(Ei ) =~
N oy D @@ + 1)
< , k pi(z)
= Z/ o |0
i=1 D e > kiue <k
Ox;
pb(w)
g el % de+ M
X
> ki lue) < k
< (/ |f|dm+/ |d|da) M.
Q 1—‘Ne

k() dg
k}ﬂ{lueﬁk}

pi(z)

a;(x)

dr + M

(z)
de + M

pi()

dx + M

y

pi(x)

Oue de + M

aii

meas{|uc| > k} < DPn (kp+ ) vk >
Proof. Let k > 0; by using Proposition 3.1-(iii), we have
OTi(u) | al OT, (u,) [ -
< — Q
e <2 /{lamua } oz, | M Nmeos(®)
i=1 >1

Ox;
T pi(x) ~

< 0 gz dx + Nmeas(Q)

< k (/Q |fldz + /fNe |a7/|da) + Nmeas(Q)

< C'(k+1),

with C' = max ((/ |f|dm+[ |a7/da) ;Nmeas(fl)) .
Q T'ne

O

d.). There
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We can write the above inequality as

N

D

i=1

P 1
< C'(1+k)or HTk(“e)HWl,p,} @ < [C(1+ k)] om.
Pm D

8Tk (ue)

3%—

By the Poincaré inequality in constant exponent, we obtain
1T (ue)ll, @ = D(1+k)rm.

The above inequality implies that
[ Ttacirnds < D714 1),
Q

from which we obtain
(1+k)
kpm

[mopre= [ maoras [ mwpi,
& {luc|>k} {Juc|<k}

/ |Tk(ue)|P;dz§ﬁ|Tk(u€)|in1_ndz
{lucl>k} o

kPmmeas {|uc| > k} < / Tk (ue)|Pmdx < DPm (1 + k)
)

meas {|uc| > k} < DPm

)

because, as

we have

and

O

Lemma 3.5. Assume (1.4)-(1.8), f € L'(Q) and d € L*(Tn.). Let u, be a solution of the problem P.(p, f.,d.). There

is a positive constant C' such that

N =
0 Pi
2 T < 1 .
(3.25) ;/Q<3x e (ue) )dm_C(lH— ), Vk >0
Proof. Letk > 0, we set Q; = {u| < k; 6—uE < 1} and
T

0
Qs {|u| < k; oz, Ue

Using Proposition 3.1-(iif), we have

bl ) 2L

>1 }, two subset of Q.

0

< Nmeas(ﬁ)—i—i::/ (’aiTk(ue)

< Nmeas(@) +k (1l + 1l ey, ) < O+ 1),

with C = max { Nmeas(Q); (11 1@ + 1l 10y, ) }- 0

Lemma 3.6. Assume (1.4)-(1.8), f € L'(Q) and d € L*(T'x.). Let u, be a solution of the problem P.(p, f.,d.). For all

k > 0, there is two constants Cy and Cy such that
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(i) HUeHMq*(Q) <Cy;
o 9

(11) H%uEHMp;q/P(Q) —

Proof. (i) By Lemma 3.5, we have

p;
de < C(1+k), Vk>0andi=1,...,N.

0
8(Ei Tk (Ue)

o If k > 1, we have
N

which means T}, (u.) € WhP1Pn)(Q).

p

O ru)|  de < 'k,

8%—

Using relation (2.8), we deduce that

N %
||Tk(ue)|\L<ﬁ>*(QS01H %Tk(ue) _
i=1 v L?i (Q)
So,
1 ®~
— * N Py Np_
Te(u)|P dz < C / Ti(ul)| d ’
Jy et e < T [ [ 7etw] o
r 1 1@
N N —
< C// H(k_)sz
i=1
r »*
i 1
< " |ki=t D;
(p)"
S C//k ﬁ
Thus,
[ m@ ™ < [ n)? i
{luec|>k} Q
()"
< Ck P
and so,
2

(k)P meas{z € Q:|u| >k} < C'k P ;

which means that

1
P (=-1)
p

A, (k) < C'k =C'k7, Vk>1.

€
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o If 0 < k < 1, we have

A, (k) = meas{xefl:\ue|>k}

IN

meas(Q)

IN

meas(Q)k™7 .

So,
A, (k) < (C" + meas(Q)k™9 = Crk™7 .
Therefore,

l[well pga @) < Cr-

(ii)e Let o« > 1. For all k£ > 1, we have

})
> o ue| < k}) + meas ({’aue
8xi

} dz + Ay, (k)

Oue
A du, () = meas ({‘3:172 >

8!,62‘
= meas 3'LL6

e

(9.131'

fro (o
{Jue|<k} \ &

aPi Ok +Ck~7

> o |ue| > k})

IA

>as|ue|<k

Oou,
aa:i

IN

Pi
) dx + Ay, (k)

IN

IN

B (a‘pi_k n k-q*) ,

with B = max(C’; C).
x

Letg:[l;00) = R,z — g(x) = +a79,

aPi

We have ¢'(z) = 0 with z = (q*ap_) T +1,
1
We set k = (q*api_ ) ¢* +1 > 1 in the above inequality to get,

_ . L
Agy, (@) < B a P x (q*a”;) ¢ +1 4 (q*ap;) g +1
ox; L
[ 1 _ 1 —q i 4"
< Bl(g)r+1 Xaipi (1q*+1>+(q*)q*+1 <ol +1
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1 (L —q —p; 4"
< Bl(@)T Tl xa \ +()T T xad
T
—p —
< Ma g +1
_q
-p; =
< Ma P,

! = Np-1 N(p-1
where M = B x max | (¢*)7" +1:(¢")¢ t1 | andas¢* = ]E/gj__p),q: ]gp__l).
So,

¢ ¢"(N - p)
g +1 Np—-1)+N-p
_ (N -p)
Np—p
_ Np-1)
(N—-1)p
-4
D
o If 0 < a < 1, we have.
- |du.
)\aus(a) = meas ({er: 821- >a})
83:1-
_q
~ —-p; —
< meas(Q)a P
Therefore ,
L,
Ay, (@) < (M+meas(Q))a P Va>0
&ni
So,
Hauﬁ §027
3:1:,- "
P 4
where H = M(Q) P O

Proposition 3.2. Assume (1.4)-(1.8), f € L'() and d € L*(T'n.). Let u. be a solution of the problem P.(p, fe,d.).
Then,

(i) ue — win measure, a.e. in Q and a.e. on Iy,

. . Ty (ue)  OTp(w) .= =
(ii) Foralli=1,...N, oz, oz, =01in LP (Q\ Q).

Proof. (i) By Proposition 3.1 (i), we deduce that (T} (u.))e>o is bounded in Wllj’ﬁ(')(ﬁ) — LPm0)(Q) —
LP=(Q) compact. Therefore, up to a subsequence, we can assume that as € — 0, (T (u.))e>0 converges
strongly to some function in LPm (Q), a.e.in Q and a.e. on T ..

Let us see that the sequence (u.).>o is Cauchy in measure.
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(3.26)

(3.27)

(3.28)

(3.29)

(ii)

Indeed, let s > 0 and define:
By = [lue, | > k], Ba = [Jue,| > k] and E3 = [[T)(ue,) — Ti(ue, )| > ],
where k& > 0 is fixed. We note that

Huel —’U,52| > S] C E1 UE2 UE3;

hence,

meas([fue, — e, > 5]) <

-
e

Let § > 0, using Lemma 3.4, we choose k = k(6) such that

w| >

meas(Ey) < g and meas(Ey) <

Since (T} (uc))e>o converges strongly in LP= (Q), then, it is a Cauchy sequence in LP= ().

Thus,

OO\Q:

meas(FE3) < 7/ |Th (te,) — T (e, ) [P dac <
for all €1, €2 > no(s,6). Finally, from (3.26), (3.27) and (3.28), we obtain
meas([|tue, — Ue,| > s]) < 0 for all €1, €2 > ng(s,d);

which means that the sequence (u.).>¢ is Cauchy in measure, so v, — u in measure and up to a
subsequence, we have u, — u a.e. in Q. Hence, o), = Tk (u) a.e.in Qandso,u e To 1.50) (Q)
According to the proof of (i), we have Tj(u.) — Tx(u) in WD’p o) Q) — W L7 (Q) which implies on one

hand that foralli =1, ...N, OTi(ue) _, OT(w) in L?: () and on the other hand that foralli = 1, ...N,
Ty (ue) 0T (u)

6561‘ 81‘,'
and then foralli =1,...N,

in L?: (Q)

8Tk(u€) R BTk(u) in

27 (O
oz, oz, Lri (Q\ Q).

Leti=1,..., N, by Proposition 3.1-(i), we can assert ( aTg(uE) ) is bounded in L? (Q\ Q). Indeed,
€ i e>0
let k > 0, we set Q! = {x € Q\ Q;|u(z)| < k; gue(m) < e} and
x;

QQZ{xEQ\Q;MSk;

aiue(x) > e}; using Proposition 3.1- (i), we have
T

N =
1 8Tk(ue) Pi / 8Tk Ue
_ - =7 dr = dx +
;/{2\9 (6 (“)xz Z 01 € a.’L’Z
Py
Z/Qz< &’clTk (ue) )dw

N

< Nmeas(@\ Q)+ 3 Y ™

< 2 /Q\Q (6 o, Lk (ue) >d9€
< Nmeas(@\ Q) +k (1120 + 1l 1 z,)

< C'(k+1),
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with € = max { Nmeas(@\ Q) (Il @) + Il 1 ) }-

/( [uss [ (2

Therefore, there exists ©; € L”i (Q \ ) such that

19Ty (ue)
e Ox;

For any ¢ € L®)™ (1 \ ), we have

0Ty, (ue) 1 0Ty, (ue)
(3.30) /Q\Q o, —2epdx /Q\Q (eaxi — @k> (e)dx + € oo

0Ty (ue
ox;

0Ty (ue) |
o0x;

— @ in LP (Q\ Q) as e — 0.

’l ) dz, for any i=1,...,N.

As (e1)).o converges strongly to zero in L) (Q\ ), we pass to the limit as ¢ — 0 in (3.30), to get

8Tk (ue)

01 P; (O
oz, 0in LP: (Q2\ Q).

Hence, one has
8Tk (UE) N 8Tk (u)

—0in L% (O
o2, oz, 0in LP: (Q\ Q),

foranyi=1,..., NO

Lemma 3.7. b(u) € L*(Q) and p(u) € L'(Tye).

Proof. Having in mind that by Proposition 3.1-(if),

/Q Ib(use) e + / 7)o < (1l + 1l )
Ne

We deduce that
(331) [ bwide < 17l + W)
and
(332) S 1Al < 1Sl + s o)

By Fatou’s Lemma, the continuity of b, g and using Proposition 3.2, we have
(3.33) hm 1nf/ |b(ue)|dz > / |b(w)|dx,
(3.34) lim mf/ |p(ue)|do > [ |p(u)|do.

=0 Jr.. P

Using (3.31)-(3.34), we deduce that

/Q b(w)ldz < (1 fllac@ + 152 o,y)
and
|16 < (Ufle) + 1l e, )

Therefore, b(u) € L*(2) and p(u) € L' (T ne).
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Lemma 3.8. Assume (1.4)-(1.8) hold and u. be a weak solution of the problem P.(p, fe,dc). Then,

0 )
(i) g, e Comuerges in meastre to

u.
Lg €L
(i) a;(x, QI;C(u )) — a;(z, 81(;]“7@)) strongly in L' (Q) and weakly in LPO)(Q), for all
Z; €T
i=1,..,N.

In order to give the proof of Lemma 3.8, we need the following lemmas.
Lemma 3.9 (Cf [8]). Let u € TYP)(Q). Then, there exists a unique measurable function v; : Q — R such that
0 ,
ViX{|u|<k} = T%Tk(u)for ae.x €N Vk>0andi=1,..,N;
where x 4 denotes the characteristic function of a measurable set A.

0 u. Moreover, if u belongs to W P()(Q), then v; € LPi()(Q) and coincides with the
T

The functions v; are denoted

standard distributional gradient of u i.e. v; =

oz,
Lemma 3.10 (Cf [11], lemma 5.4). Let (vy,)nen be a sequence of measurable functions. If v,, converges in measure to v

and is uniformly bounded in LP1) () for some 1 << p(.) € L>(X), then v,, — v strongly in L' ().
The third technical lemma is a standard fact in measure theory (Cf [7]).

Lemma 3.11. Let (X, M, 1) be a measurable space such that p(X) < oo.

Consider a measurable function v : X — [0; co] such that
i({z € X :7(z) = 0}) = 0,
Then, for every € > 0, there exists ¢ such that

w(A)) <e, forall A € M with / ydx < 6.
A

0
Proof of Lemma 3.8. (i) We claim that <u€> is Cauchy in measure. Indeed, let s > 0, consider
€c

axi
A == >hU i > h
n,m - 8(El Unp, 8% Um 7

B, m = {|un — upm| > k} and

)

Cnm == iun <h, ium < hy |un — um| < K, iun — ium > s, where h and k will be
’ Ox; Ox; ox; ox;
chosen later. One has
0

U,

Let ¥ > 0. By Lemma 3.6, we can choose h = h(1}) large enough such that

9 9
meas(Ap m) < 3 for all n,m > 0. On the other hand, by Proposition 3.2, we have that meas(B,, ) < 3
for all n, m > ng(k, ). Moreover, by assumption (H3), there exists a real valued function y : Q© — [0, o0}

such that meas{zx € Q: v(z) =0} = 0 and

foralli =1,...,N,[£],|¢'| < h, |€—¢'| > s, forae. z € Q. Indeed, let'sset K = {(&,7) € RN xRN : [¢] <
h,|n| < h,|€ —n| > s}. Wehave K C B(0,h) x B(0,h) and so K is a compact set because it is closed in a
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compact set.

Forallz € Qand foralli =1, ..., N, let us define ¢ : K — [0; oo] such that

P& n) = (ai(2,§) — ai(z,n)).(€ = n)-

Asfora.e. x € Q, a;(x,.) is continuous on RY, 1 is continuous on the compact K, by Weierstrass theorem,

there exists (£, 10) € K such that

V(&ﬂ?) € K) w(fﬂ?) > ’(/}(507770)'

Now let us define v on {2 as follows.

V(@) = (€0, m0) = (ai(x, &) — ai(x, ))-(§ = mo)-

Since s > 0, the function + is such that meas ({x € Q:y(x) =0}) = 0. Let 6 = J(¢) be given by
Lemma 3.11, replacing € and A by % and C,, ,, respectively. Taking respectively £ = T} (u,, — u,,) and

5 = T (U, — uy) for the weak solution u,, and u,, in (3.19) and after adding the two relations, we have

i/ (w(w 8u)—al<x iu ))(8(u —u ))dm

2 i<k} i aax n i ’afEi m 8.’EZ n m
/ 1 |Ou, pi(@)= 8un 1 pi(w)=2 Ouyy, (8(un - um))

n — S — dz
0 epi(@) Oz epi (@) oz; 0x;

8.’131‘
+ / (|un|PM(w)—2un _ um|pM(I)—2um)(Tk(un —up)da
Q
Ne

Ouyy,

8:@

tn) = P(tm)) T (U — um)do

r
=2 / feTr(un — upm)dx Jr[ (ZeTk(un — um)do) ,
I'ne

where Q = {Q\ QN {|u,, — up| < k}}. As the three last terms on the left hand side are non-negative and

/ Fo Tt — tyn)da + / A Te(tn — wm)do < k(| oy + 1l 1 o)
I'ne

we deduce that

Z/ ( (:C 8un>—a- (x 8um>) (a(u”_um))dx
{lun—um|<k} ’ 8% ’ ’ 8@”1 81‘,’

< 2k([[fllzr o) + ]| 2 (Fre)):

Therefore, using (H3) we have

/cn,,m e / . (“ ( ai )‘“i (m ;;;um» %(un—um)d:ﬁ
S o) o) v

Qk(Hd”Ll(fNe) + L) <9,

IN

IN

IN

00.\ 53

by choosing k = 5/4(||ci||L1(fN€) + 1 fll1(q))- From Lemma 3.11 again, it follows that meas(Cym) <
Thus, using (3.36) and the estimates obtained for A,, ,,,, B, » and C,, ., it follows that

0 0
, oy — = <
(3.37) meas ({’axzun axium‘ > s}) <49,



Asia Pac. ]J. Math. 2020 7:4 25 of 36

(3.38)

for all n,m > ny(s,?), and then the claim is proved.

As consequence, (au€> converges in measure to some measurable function v;.
i eeEN

In order to end the proof of Lemma 3.8, we need the following lemma.

dx;

9
(b) Forae. k € R, o—Tj.(u) = viX{ju|<h}

(c) 8i‘Tk(u) = ViX{|u|<k} holds for all k € R.

Lemma 3.12. (a) Forae k €R, T} (uc) converges in measure to v; X {|u|<k}-

0 0
Proof. (a) We know that D le — v; in measure. Thus D, UeX{lul<k} — ViX{|u|<k} in measure.
T £

0
Now, let us show that (x{ju.|<k} — X{ju|<k}) ol 0 in measure.
For that, it is sufficient to show that (X{|ug|<k} — X{|u\<k}) — 0 in measure. Now, for all 6 > 0,
0
{'X{|u€<k} = X{lu|<k}] ‘MUE‘ > 5} C {IX{luci<k} = X{lul<r}| #0} C {lu] = k} U{ue < k <
ubU{u <k <uU{u <—-k<u}U{u<—k<uc}. Thus,

0
meas ({ o = xiuieol [ > 6} ) < meas (1l = )

+meas ({ue < k <u})

+meas ({ue < —k < u})

(

+meas ({u < k < ue})
(
(

+meas ({u < —k < wu}).

Note that

meas ({|u| = k}) < meas({k —h <u<k+h})
, since w is fixed function.

+meas({—k—h <u<—-k+h})—0ash—0forae k>0
Next, meas ({u < k <u}) <meas ({k <u < k+ h})+meas ({|ue —u| > h}), forall h > 0.

Due to Proposition 3.2, we have for all fixed » > 0, meas ({Juc —u| > h}) — 0ase — 0.
Since meas ({k <u<k+h}) — 0ash — 0, for all ¥ > 0, one can find N such that for all
n > N, meas ({|u] =k}) < g + g = 1 by choosing h and then N. Each of the other terms
on the right-hand side of (3.38) can be treated in the same way as for meas ({ue < k < u}).

> (5}) — 0 as ¢ — 0. Finally, since 88 T (ue) =
T

Thus, meas <{|X{u€<k} —= X{Jul<k}| I e
7

A UeX{|uc| <k} (@) follows.

Ox
(b) Using the Proof of Proposition 3.2-(ii) we have aa Tr(ue) — 0 Ty (u) weakly in LPi (Q). The

0 -
oz, Bz, Ty (u) weakly in L1(£2). On the

0 0
other hand, by (a), ng(ue) converges to V;X|y|<k} in measure. By Lemma 3.10, since %Tk(us)

is uniformly bounded in L?: (Q) (see Lemma 3.5) hence in L?: (Q), the convergence is actually

previous convergence also ensures that

T}, (ue) converges to

strong in L'(Q); thus it is also weak in L*(£2). By the uniqueness of a weak L*-limit, ;X {ju|<k}

8 Tk(u)

9

coincides with
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(3.39)

(3.40)

(3.41)

0
(c) Let0 < k < s, and s be such that v;x{|,|<s} coincides with a—TS (u). Then,
Z;

O 1 9

k
8(Ei

Ty (T (w))

k
axi

0
= g Lx(r i<k

7

= ViX{|u|<s}X{|u|<k}

= ViX{lul<k}-

Now, we can end the proof of Lemma 3.8. Indeed, combining lemmas 3.12 (c) and 3.9; (i) follows.

Next, by lemmas 3.10 and 3.12, we have for all ¥ > 0,7 = 1,...,N, a;(z, %Tk(ue)) converges to
a;(z, a%Tk(u)) in L'(Q) strongly. Indeed, Let s, k > 0, consider
laun O,
Ey= — < <
= {5 - G| > ol < e < 1,
By — { R | o o fun| > i, ftm] < k} and
8:@
B = { Qi | S s ] <k, [t > k}
61‘,‘
We have
T (un T (U,
{‘8 k(u ) - 9 k(u )‘ >S} C E4UFE5 U Eg.
(91‘1‘ 89@
V¥ > 0, by Lemma 3.4, there exists k(9) such that
9 9
meas(Es) < 3 and meas(Eg) < 3
Using (3.37)-(3.40), we get
0 0
meas ({’%Tk(un) — axiTk(um)‘ > s}) <49,
for all n,m > nq(s,v). Therefore, 51;(115) converges in measure to 8?7@) Using lemmas 3.5 and 3.10,
;i L
T (U Ty, .
we deduce that 9 akiu ) converges to 0 akx@) in L*(Q). So, after passing to a suitable subsequence
T (u, ' T, (u. T
of <8 k(u)> , we can assume that OTi(ue) converges to OTi(w) a.e. in Q. By the continuity of
ox; >0 ox; ox;
O (1) T (1)

a.e. in Q. As Q is bounded, this

ai(z,.), we deduce that a; (m, converges to a; (x,

convergence is in measure. Usir(?gx Zlemmas 3.10 and 3.12, we(gcglqcelduce thatforallk > 0,7 =1,...,N,
a;(z, %Tk(ue)) converges to a;(z, %Tk (u)) in L1 (2) strongly and a;(x, %Tk(ue)) converges to xj €
LPi0)(Q) weakly in LPi()(2). Since each of the convergences implies the weak L'-convergence, y}, can
be identified with a;(z, %Tk(u)); thus, a;(z, %Tk(u)) € Lpg(')(Q)

O

Lemma 3.13. (Lebesgue generalized convergence theorem) Let (fy,)nen be a sequence of measurable functions and f a

measurable function such that f, — f a.e. in 2.
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Let (gn)nen C LY () be such that |f,,| < g, a.e.in Qand g, — g in L*(Q).Then,

/anda:%/Qfdx.

Proposition 3.3. Forany k > Oand anyi=1,..., N , as € tends to 0, we have
0T}, (ue o1,
k(ue) | OTh(u)

(i) oz, oz, a.e. inf),
(ii) a;(x, 87;“5_%))6%:&%) — a;(x, 8?7;@)8?;@) a.e. in Q and strongly in L'(Q),
(iii) 812;3(:6) — 81(%(@ strongly in LP+(*) (Q).
Proof. We must show that
, Ty (ue), , O0Tk(u) Ty (ue) 0Ty (u) B
(3.42) lﬂ%z / < T ) — a;(z, 9o ) B, o dz = 0.

Indeed, if the above equality yields, we can assert that foralli =1, ..., N,

. (ai( Oy 8Tk(u))) <8Tk(u5) - aTk(u))de_
Q

€0 0x; 0x; O0x; Ox;

Let ¢ be fixed; since

1) 1= (st Ty — oy T ) (T L B

up to a subsequence, we have g¢(.) — 0 a.e. in Q.
This implies that, there exists Z C 2 such that meas(Z) = 0 and ¢gi(.) = O a.e. inQ\ Z.

Let z € 2\ Z. Using the assumptions (Hz) and (H,), it follows that the sequence (W) is bounded
i e>0

in RY. So, we can extract a subsequence which converges to some ¢ in RV. Passing to the limit in the expression

of gi(x), we get
0= (ai(x,g) —a;(x, W)) (é— w> .

P T, ;
This yields £ = M, Vo € Q\ Z. As the limit does not depend on the subsequence, the whole sequence

8:51-
OT(ue(@)) converges to £ in RY. This means that O () - T (u)
81'1 8:101 8:@

e>0
We have to show (3.42). The proof consists in three steps.

a.e. in Q.

Step 1. We prove that for every function h € W (R), h > 0 with compact support,

R Oue , O[h(ue) (T (ue) — Ti(w))]
lim sup Z ai(z, 5—) o dx
(3.43) HO HN/Q ( o o )

_ L Que . (oy—o Oue Oh(ue) (Ty(ue) — Ti(u))]
i(z)—227 7€
+ lim sup g /Q\Q <€p @ ‘633 e e Do, dx <0.
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Taking € = h(uc)(Th(uc) — Ti(u)) as test function in (3.19), we have

S [ (o g o ) )~ i) )

=1
N
1 0 0 0
=, |pi(@)—2_ 2 _
s 3 [ (il 2 et B Th) = T )

T / b(use) [ (te) (T () — T () = / Felh(u) (Ta(uae) — Tie(w))d
n / (d — p(ue) [B(use) (Ti () — Ti(w)))dor

Note that
[ b be) (T = Telw)lds = [ [plue) = ba)lh(u) (i) ~ Tulu))da
Q Q
+ / b(u)h(ue)(Tk(ue) — Tx(u))de.
Q
Since
/Q[b(ue) = b(u)]h(ue)(Ti(ue) — Ti(u))dz >0
and
tim [ bu)h(as0) (T () — D)) =0,
Q
we get
(3.45) lim sup/ bue)[h(ue)(Ti(ue) — Tx(u))]dz > 0.
e—0 9}

We also have
[ Plud) [h(ue) (Th(ue) — Ti(w)]de = / (A1) — () o(uae) (T () — T (o)
FNc FNc

T / P(u)h(ue) (Ti(ue) — Ti(u))da.

Since
[ 00 = () (Tia) = Tl = 0
and
lim [ p(w)h(ue) (Th(ue) = Tk (u))dz = 0,
I'ne
we get
(3.46) lim Sup[ pluec)h(ue)(Tx(ue) — Ti(uw))dz > 0.
e—0 T'ne
By Lemma 3.13 , we have
(347) lim / Feh () (Ti(e) — Th(w))de = 0
and
(3.48) lim A dh(ue)(Th(ue) — Ty (u))dz = 0.

Letting € goes to zero in (3.44) by using (3.45)-(3.48) we get (3.43).
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Step 2. We prove that

al Oue , Ou
(3.49) lim sup limsupZ/ ai(z, — )= < 0.
[I<|ul<l41]

s a)a <
l—o0 e—0 8551 8131

i=1

Taking w; (ue) as test function in (3.19), where w;(r) = T1(r — T;(r)), we get

0 0 )
T, —Ue) = U | dT
Z-/Qﬂ[Ku |<l+1]< ai(z Ox; )3331'

pi(x) T
(3.50) +Z/\Qﬁ[l<u |<i+1] ( z)|5$ el )d
+ [ b (T (= Tia)ds = [ 1T = Tia)de
+ / (d — () (Th (e — Ty(uw))dor

1
In (3.50), the integrals Z/Q\Qﬂ et (M|£Ue|pi(7ﬁ)> dz,

/ b(ue)(Th (ue — Ti(u))dx and [ p(ue)Ti(ue — Ti(u))do are non-negative and it is easy to see that
Q

Ine

lim sup lim sup/ fe(Th(u (u))dx = 0 = limsup lim sup/ d(Ty (ue — Ty(u))do.
T'ne

l—o0 e—0 l—o00 e—0

Hence, (3.49) follows by passing to the limit in (3.50).

Step 3. We prove that for every k > 0,

(3.51) lim supz /Q <ai(:c, %us).%(rﬁk(ue) — Tk(u))) dz < 0.

For all | > 0, we define the function h; by hy(r) = inf{1, (I + 1 — |r|)*}.

For all I > k, we have

i/ﬂ (ai(xv %“e)%[hl(ue)(ﬂ(ue) - Tk(u))]) dx

N
B Z/H |<Kk] (hl(ue)ai(x’ %“6)%(77@(%) - Tk(U))) dz

7,]; a

+; /[Iue>k] <hl(u6)ai(x’ QUE)M(_TMU)O e
N
+§_;/Q (hf(ue)(Tk(ue) — T(u))as(, ai )ZIJ de =

Ey + E; + Es.

Since [ > k, on the set [Ju.| < k] we have h;(u.) = 1 so that we can write (E}) as

N 8 a
(Ey) = ;/ﬂ <az‘(% %Tk(ue))%(Tk(ue) - Tk(“))) dx.

K3

Hence, we obtain

limsup(E;) = hmsupZ/ ( uQ)%(Tk(uE) — Ti(u))

e—0 %

) as
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Let us write the term (E») as

N

0
(E2) = -Z/[lu5>k] (hl(ue)ai(«%', %ﬂﬂ(ué))%Tk(u)) dx.

Using Lebesgue dominated convergence theorem, we get

N

i sup() = — 3 /[| - (W), T () T ) e =

e—0

For the term (E3), we have

(B;) < <hl ) (T () — T ()i (z, 2 )auf)dx

YOz < Oy
1o} ou
S 2k / (ai Ty 7 Ue €> dLE
-Z 1< |ul<l+1] ( ox; )8302»

=1

Using the result of the Step 2 we deduce that
lim sup lim sup(E3) < 0.
=00 e—0

Applying (3.43) with h replaced by hy, [ > k we get

limsupZ/ < 7aTk us))a(Tk(Ue) _Tk(u))) dr

e—0 i— 1 8@‘1 81'1
1 8u€ Oue Ofhy(ue) (T (ue) — Tk(u))) )
+lim su E / < pil@)=2_¢ dr < —limsup Ej.
e—0 P i=1 Q\Q ep (I | 83;1 axz e—0 bEs

This last inequality imply that

umsupz / (it 20 X0G) =T,

e—0 al'z 8z2
(3.52) / 1 0Tk(ue) | p, (o)—2 OTn (ue) Ol (ue) (Th (ue) — Ti(w))]
““:"fspr A e L o A 7 o, b

< —limsup Es.
e—0

Note that

_— 1 3Tk(ue) pi(z)—2 aTk(Ue) a[hl(ue)(Tk(ue) — Tk(u))] "
imen- [ (o % )

0 epi(z) ;i 0x; ox;

1 8Tk(ue) pi (:1: 3Tk(u£) 5‘(Tk(u€) - Tk(u))
= limsup Z - <€p1(1) o2, | o2, oz, dx

e—0

1 aTk(UE) i ()
= lim supz /Q\Q <€pz(w) e |Pi dx > 0;

e—0
=1

T, .
since Vi = 1,..., N, 381;(-11) = 0 on Q\ Q, where in the first Step we have used the fact that #;(u.) = 1 on
[lue| < E]. Hence from (3.52), we get
_ 0Ty (ue) O(Ty,(ue) — Ty(u)) -
. < — .
(3.53) IH?_%JPZ/ < x, oz, ) oz, dr < hrenjélp Es

i=1
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By letting [ goes to oo in (3.53), the inequality (3.51) follows.
Thanks to (3.51), we deduce that for all & > 0,

N
. Z . 8Tk (ue) o 8Tk (u) 8Tk (UE) . 8Tk (u) o
21—13(1) i—l/Q <a1(1’, 6.131 ) CLZ(I', 6331 ) 8.131' 8331 dz = 0.
(ii) The continuity of a;(x,¢) for any i = 1, ..., N with respect to £ € RN gives us

a; (x, 8Tk(u€)> - a; (33, aTk(u)) a.e. in £,

foralli =1,..., N. Then, we obtain foralli =1, ..., N,
8Tk (ue) 8Tk (ue) aTk (u) 8Tk (u .,
a;i(z, oz, ) oz, a;(z, e ) e a.e. in €.
) T, T, . T, T . . )
For i fixed, setting y! = a;(z, 0 k(ue))a k(ue) and y* = a;(z, 0 k(u))a k(u), we have y' > 0, y! — ¢ a.e.in Q,
Ox; Ox; Ox; Ox;

y' € Ll(ﬂ),/ yedz — / y'de. Since/ ly! — y'|dz = 2/ (v’ — yi)+d:c+/(yi —y')dx, and (y' — y))* <y, it
Q Q Q Q Q
follow by the Lebesgue dominated convergence theorem that lirr(l) |y — y*|dx = 0, which means that
€E— Q

) 8Tk (ue) 8Tk (ue) ‘ 8Tk (u) 8Tk (u)
i (CL’, 6581 ) 8951 i (37, 8931 ) axl
(iii) By (Ha), foralli =1,..., N, one has

strongly in L' ()0

0T (ue)

0Ty (ue)
’ 85171 ’

(93%

Ty (ue) ") < ai(

)

Using the L!-convergence of (ii) and the generalized dominated convergence Theorem, the result of (iii) follows

O

4. EXISTENCE AND UNIQUENESS OF ENTROPY SOLUTION

We are now able to prove Theorem 2.4.

M = 0in LP (Q\ Q),

Proof of Theorem 2.4. Thanks to the Proposition 3.2 and as Vk > 0, Vi = 1,..., N, .

then Vk > 0, Ty (u) = constant a.e. on Q \ Q. Hence, we conclude that u € T]\l,’eﬁ(')(Q).

We already state that b(u) € L'(€).

To show that u is an entropy solution of P(p, f, d), we only have to prove the inequality in (2.9).
Letyp € Wllj’ﬁ(') () N L>(Q2). We consider the function ¢; € Wé’ﬁ(')(fl) N L>°(Q) such that

p1 = PXa + PNXa\Q

we set & = T, (uc — 1) in (3.19) to get
N
0 0
Z_Zl/ﬂ (ai(w7 %ue)%Tk(ue - @)) dx

N
(4.1) / L i pi(w)—2i i B
+ Zzzl e epi () |axl Ue| oz, Ue oz, Ti(ue — pn) | dx

/Q b(ud) T (e — 0)dx = / Juéde + / = )Ty~ o o

The following convergence result holds true.
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Lemma 4.1. Forany k >0, foralli=1,..,N,ase =0,

0

0
_ _ in LPi()
oz, Ti(ue — ) — oz, (u — ) strongly in LPi\(Q).

Proof. Letk >0,i=1,..., N. We have
0

0 0
) — (u—¢ Pi(®) gy = / — U — ulP® dy
O : ON[ue—p| <k, |u—p| <k ‘3% O
ou. Ou,
< / |55 — 2= P da, with L=k + [[¢llo
nfluc <l lul<y OTi Oz
- (1) = = Ty(w)" @) da

— 0 as ¢ — 0 by Proposition 3.3 — ().

This completes the proof of the Lemma 4.1.
We need to pass to the limit in (4.1) as ¢ — 0. We have

é/ﬂ <ai(x,£ius)f% (e )dx_2/< o, 2t ));%Tk(ue_w) "

with [ = k + ||¢|| e, then, by Lemma 3.8-(ii) and Lemma 4.1, we have

gg%Z/( (o, ) 2 - )dm—2/< (o, T3 ) P T )| s

that is

(4.2) lg%i/g(a(x a%u ai 3 (e )dxz/< 8?% )gciTk(u@)) da.

For the second term in the left hand side of (4.1), we have

1 0 0 0
i = |2, |pi(@)—2 - _ >
(4.3) lim sup E /Q\Q ( —| lu€| oz, Ue oz, T (ue goN)> dx > 0.

ePi(®) ' O,
=1
Indeed

1 0 (a2 O 0
(g e Tt =) ) o

= - =, pi(z)—2 B i
; /Si\Qﬁ[us—LpSk] (epi(m) |8Iz ‘ 8 axz( <PN)>

> 19 w0
i=1 Q\Qm[‘ue—ip\ﬁk] fpi(x) al‘z -

Let us examine the last term in the left hand side of (4.1).

Hence, we get (4.3).

we have
/b(ue)Tk( dm—/bue b)) T (u dx+/b VT (e — )da
Q

As b is non-decreasing,

(b(ue) = b(@))Tx(ue — ) > 0 ae. in Q
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and we get by Fatou’s Lemma that

timin [ (b(ue) — b)) Tulue — @)d > / (b(w) — b)) Tic(u — p)d.
Q Q

As ¢ € L>(Q), we obtain b(p) € L>(Q) and so b(¢) € L'(Q) (as Q is bounded) and by Lebesgue dominated

convergence theorem, we deduce that

lim | b(o)Tk(ue — @)dx = / b(p)Tx(u — p)du.

e—=0 Jo Q

Consequently,

(44) lim sup/ b(ue) Ty (ue — p)dx > / b(w) T (u — p)dx.
e—0 Q Q

It is easy to see by the Lebesgue generalized convergence theorem that

tim [ £ = )de = [ [Tilu =)o,

e—0

lim (ZeTk(ue —on)do = / JTk(U — ¢n)do.
Q

e—0 Tne

(4.5)

We know that V& > 0, T),(u) = constant on Q \ €, then, it yields that u = constant on Q \ Q2. So, one has

(4.6) lim d Ty (ue — @)dz = dT)(un — @N).

e—0 TNe

At last, we have

/f ()T (e — o )do = / (Pue) — pion)) Tilue — o)dor + / Aon)Ti (e — o )dor
As p is non-decreasing,
(A(ue) — Plon)) Tilue — o) > 0 ae. on Fye

and we get by Fatou’s Lemma that

(p(un) = plen))Tk(un — pn)do

5—

lim inf / (3(ue) — ploon)) Tilue — on)do >

e—0

T'ne

= (plun) = pleN))Tk(un — @N)-

As oy € L™(T'n.), we obtain j(py) € L®(Tn.) and so 5(¢n) € L'(Tne) (as Ty, is bounded) and by the
Lebesgue dominated convergence theorem, we deduce that

tin [ pow) Tl — ow)do = [ plow)Tilux = p)do = pliox) Tilux - o).

€ Ine Ine
Hence,

(47) lim sup / Pud)Te(ue — on)do > plon)Tilun — o).

e—0
Passing to the limit as e — 0in (4.1) and using (4.2)-(4.7), we see that u is an entropy solution of P(p, f, d).
We now prove the uniqueness part of Theorem 2.4.

Let u and v be two entropy solutions of P(p, f,d).
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Let h > 0. For u, we take £ = T}, (v) as test function and for v, we take £ = T}, (u) as test function in (2.9), to get

forany £ > O with k < h,

N o 0
48) /Q <l_zl a;(z, ETT,U) o7, Ti(u — Th(v))> dx + /Q b(u)Ty(u — Th(v))dx <
/Q P T — Ta(o))da + (d — plure) Ti(une — Ta(v))
and
N
o) /Q (; ai(z, a%”) 86; Te(v — Th(u))> dr + /Q b(v) T (v — Th(u))da <
Aka(v — Th(u))dw + (d — p(vNe)Tk(vNe — Th(u))

By adding (4.8) and (4.9), we obtain

/Q (i a;i(z, a%u)a%mu - Th(v))> dx

(St g T Jas =t
(4.10) Jr/ﬂb(u)Tk(U — Ty (v))dx +/Qb(v)Tk(v — Ty(u))dz := B(h,k)

+p(une)Te(une — Th(v) + p(vne)Th(vne — Th(w)) = C(h, k)

S /Qka(u — Th(v))dz + /Q fT (v — Ty (u))d .= D(h, k)

+dTy (une — Th(v)) + dT(vve — Th(w)) — E(h, k).

Let us introduce the following subsets of (2.

Ay = [lu—v| <k, |ul < k|| <h]
A = [Ju—Th()] < kv > B]

A = [Jo—Ta(w)| <k, [u] > A]

Ay = [Ju=Th(v)| < k,Ju] > h,Jo| < I
Ay = [lo—Ta(w)] < k,Jo] = b, Ju| < ]

We have

N
Z a;(z, %v)%(v - u)) dz = Ir(h, k).
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The term I (h, k) is non-negative since each term in I (k, k) is non-negative.

For the term I5(h, k), as

/2 (2% — aiz ) dm+/ (Zaz — aiz ) dx = I (h, k),
Y N Y )0
Iy(h, k) > — </Az (Z a;(z, 8xiu)axiv> dat—i—/ (; a;(x 3:52 &El > das) .

N
0 0
Let us show that — </A2 <Z a;(z, é)xzu)&mv> da:) goes to 0 as h — oo.

S0,

i=1
We have
0
a;(z dx| <
Az (z 1 81‘2( )> ‘
p,b(af) 1 8U
Cva: |ji| oyt = .
' ( rit) O LPi() ({h<|u|<h+k}) 9z LPi() ({h—k<|v|<h})

pi(z)—1

Forall i = 1, ...N, the quantity (|yi|p 1)+

is finite since
Iz, LPiO) ({h<|u|<h+E})
u="Thyr(u) € T]\l,’ep(')(Q) and j; € LP()(Q); then by Lemma 3.4, the last expression converges to zero as h tends

to infinity.

. 0 0 )
Similarly we can show that — < /A ) (Z a;(z, %v) oz, (u)) da;) goes to 0 as h — oo, hence, we obtain

N
0 0 0
411 limsup A(h, k 2/ (ai x, —u) — a;(x, —v ) u—v)| dr.
(411) mow ARz [ [g (@ g = sl 50) ) 5= )]
By using the Lebesgue dominated convergence theorem, it yields that
(4.12) lim B(h,k) = / (b(u) — b(v)) Ty (u — v)dz and lim D(h,k) = 0.
h— 00 Q h— 00

For h large enough, we get

(4.13) lim C(h,k) = (p(un) — p(vn)) Tk(uny — vn) and hli_)nolo E(h,k) =

h—o0

Letting h goes to oo in (4.10) and combining (4.12)-(4.13), we obtain

18 /Hu—v|<k] Lﬁ; (ai(x, %u) —a;(z, 811})) 8(331' (u— v)] dx

+/Q (b(u) — b(v)) Tk (u — v)dz + (p(un) — pvn)) Tk(uny — vn) < 0.

All the terms in the left hand side of (4.14) are non-negative so that we get Vk > 0,

(115) [ . [

1=

and

/Q (b(u) = b(v)) Ti(u — v)dz = 0

(p(un) = p(vn)) T (un — vn) = 0.

(4.16)
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0
Relation (4.15) gives — (u — v) = 0 a.e. in ; we deduce that there exists a constant ¢ such that u — v = ca.e. in

ox;
Q. We deduce from (4.16) b(u) = b(v) = 0 a.e. in 2. As b is invertible,

u=wva.e. in{

plun) = p(vn);

which prove the uniqueness part.
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