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AsstrRACT. In this paper we have developed an eco-epidemic model of wildebeest, zebra and lion
prey-predator system of Serengeti ecosystem where both prey species and predator are infected
by infectious disease. The interaction between lion(a predator) and prey (wildebeest and zebra)
is assumed to be governed by Holling type II functional response and disease transmission is
assumed to follow a simple kinetic mass action function. The boundness, positivity and existence
of the solutions of the model has been checked and established. Steady states of the model
are identified and the local stability analysis of the axial equilibrium, trivial equilibrium and
disease free equilibrium point are established with the method of Routh-Hurwitz criterion and
the Jacobian matrix. The axial equilibrium point is stable if and only if 1k —t; —d2 < 0,5 <0,

—ty —d3 < 0, {25 —d5 < 0, {225 —dy —t3 < Oand —(dy + 11 + o + r3) < 0. Treatment is a

helpful tool to minimize or eradicate infections in prey-predator system. Therefore, providing
treatment in an infected prey-predator system creates an opportunity to recover from illness
and the prey-predator population can be saved and exist in a stable situation.
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1. INTRODUCTION

The occurrence of disease induced mortality has been not recorded in Serengeti ecosystem
since the removal of rinderpest [5]. It is therefore assumed that the population dynamics in

Serengeti has not been regulated or influenced by disease. However this may not be a correct
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supposition as [5] states that zebra are sensitive to regular epizootics as the consequences
of their social structure. He found that the female remained in close contact with each other
within groups, this maximizes the probability of epizootic transmissions. Sometimes infec-
tions in the ecosystem are not straight forward as the disease related mortality are generally
dependent on an animal’s nutritional status [6]. For instance, for ecto-endoparasites to reach
fatal number, an animal must have inadequate disease resistance which tends to occur when
it is undernaurished. Studying the influence of disease in the population dynamics of species
in Serengeti ecosystem is potentially significant because they play a great role in stabilizing or
distabilizing the ecosystem. For instance, it took more than ten years for Serengeti ecosystem to
stabilize following the eruption of rinderpest disease in wildebeest as well as canine dispenser
virus of 1994 in lion [6]. So far in many ecological studies of prey-predator systems with
disease, it has been reported that predator take high parasites of infected prey [3]. Hence there
has been a growing interest in the study of disease in prey-predator systems and mathematical
modelling in both ecology and epidemiology are the important tool in understanding and
analysing the dynamics of prey-predator systems. Anderson and May were the first to combine
these two modelling systems [9], [10], [8], while Chattopadhyay and Arino were the first
who used the term eco-epidemiology [7]. Several mathematical models have been proposed
and studied on prey-predator systems [1]. Many studies focused on the study of disease
in prey only [4]. Other researchers were interested in the study of disease within predator
only [10], [2] and there are also some studies on disease on both prey and predator. In this
paper we proposed and studied disease in both prey species and predator with treatment
given to infected prey and infected predator. Particularly focus on the disease outbreak among

wildebeest, zebra and lion prey-predator systems in Serengeti ecosystem.

2. MobeL FormuLATION

In this paper the model population is divided into seven compartments. Let us denote z(t)
as the population of susceptible wildebeest, z,(t) as the population of infected wildebeest,
y1(t) for susceptible zebra, y»(t) for the population of infected zebra, 2, (¢) for susceptible lion
and z,(t) for infected lion. This dynamics is assumed to follow Michaelis-Menten kinetics
Holling type II function response. In formulating the model, the following assumptions are

taken into considerations.
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i In the absence of infectious disease the susceptible wildebeest and zebra grows lo-
gistically with intrinsic growth rate r and s respectively and environmental carrying
capacities k and [ respectively.

ii In the presence of infectious disease, susceptible lion become infected lion during
predation not genetically inherited.

iii Only the susceptible prey can reproduce. Logistic law is used to model the birth process
with assumption that births should always be positive. The infected prey is removed
with the positive death rate or by predation before the possibility of reproducing.
However the infected wildebeest =, and infected zebra y, contribute with susceptible
ones, r1 and y; to growth towards the carrying capacity k and [ respectively.

iv Susceptible prey become infected when they comes in contact with the infected when
they comes in contact with the infected prey and this contact process is assumed to
follow the simple mass action kinetics with 3, 3, and « as the rate of conversion.

v The infected lion can recover by treatment at the rates ¢3 and posesses a death rate of
(d4 + €) where d4 and e are the deaths due to infections an nature respectively.

vi The predation functional response of lion towards both susceptible and infected prey
are assume to follow Michaelis-Menten kinetics and is modelled using Hollings type
IT functional form with predation coefficient p;(p; > 0) and half saturation constants a
and d (a > 0,d > 0). According to the above assumptions we have the following set of

differential equations;

dry raq (1 — Dt B g gy 4 py T — BLELEL _ Padizs

dt k a+x1 a+x1

%2 = 1217y — t19 — doy — % — %

% = sy1(1 — le{yz) — Batprya + 1ol — 1%1;11 - 1%1;2
(1) B2 = Byyrys — tays — dsyn — el v

dditl - qzlfxlfl + quy;fl + 7’3T — (2129 — d521

dzy

Tz oz z z
:Oézle—{—qu 1 2+QP4 22+qp6y1 2 +quy22 —t32’2—d42’2

dt a+z1 a+x2 d+y1 d+y2

\ ‘3—7; = 11X + toys + t3zo — diT — T — 1T — r3T.

With initial conditions z;(0) > 0; 22(0) > 0; y1(0) > 0; y2(0) > 0; 2(0) > 0; 22(0) > 0;

T(0) > 0. Expressing the model in a more compact form we get;



Asia Pac. J. Math. 2022 9:14 4 of 22

W= {51:61 <t1 +dy + péjj;f@)}
25— o1 292) e 250)}
(2) 2 — vy, {B2y1 (tg +ds + p—%f;;m)}
Lo g (B2 + B8) — (an+dy) | + T
G=a{o{lm s ) e —di- 1)
\% = 11wy +toys +t3z — (dy + 11+ 12+ 713) T

Parameters ry, 2 and 3 are recovery rates of wildebeest, zebra and lion respectively, ¢,, t, and
t3 are treatment rate, d;, d; and ds are the death rates while ¢ is the conversion rate of prey by

predator.
Theorem 1. (Boundness): All solutions of the system (1) are uniformly bounded within R'.

Proof: Assume {z1(t), z2(t), y1(t), y2(t), 21(t), 22(t), T'(t) } to be solutions of the system (1). Let
U =z + 22 + y1 + y2 + 21 + 22 Then, the derivative of U with respect to time (¢) along the

trajectory of the system (1) can be indicated as;

au
dt

% S rTq (1 — $1+x2) + 7’1T (tl + dg)xz + 7’2T — (tg -+ dg)yz

—d521 + T3T — d422 — t322 —+ tll’l + t2$2 + t322 — (dl +7ri+71r9+ T3)T.

dwl d(El dy1 dzl dZ3 ' 1 .
=dn g odin g Gy de gy des oy dE gybstuting the model equations one gets;

—[t] <rxy — dowy — d3ys — dyzy — dszy — di' T

< (r+ 1Dz — (21 + doxo + d3ys + dyzo — dszy + diT) < k(r +1) — hU

Where k = maz {x(0),k}, h =min{l +dy +dy + ds + dy + d5}

The equation ¢ + hU < k(r + 1) has a solution U < £(r +1)(1 — e ™)

Ast — oo, we have U < £(r + 1), implying that the solution is bounded for 0 < U < ¥(r + 1).
Therefore, all solutions of the model (1) in R’ are confined in the region:

T = {($17$2,y1,y2721722,T) ERT:U< %(T-i- 1)+ 6} foralle > 0and ¢t — oo
Theorem 2. (Positivity): All solutions of the model (1) are positive.

Proof: To prove the theorem, we have to show that variables z;(t), za(t), y1(t)
L Ya(t), 21(t), 22(t), T'(t) of the model (1) are non-negative V¢ > 0.From the susceptible wilde-
beest of the model;
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dry __ _ m1+x2 pPiT121 _ p2T222
7 =rri(l ) = Biwyzy + T — BE2 -

Without loss of generality, after removing all the positive terms from the right hand side of
the differential equation, we have the following differential enequality;
by > — <w + Bix170 + ’%) divide both sides by negative yields;

_dx: re +T:C1SE2 P1%121+P2x122
o<+ S + p

T +r$1:c2
1 + 51:61332 + p1$12:512w122

< r:vl 4+ rr129 + B12129 + 11121 + Pari2e = 331(7"951 + 12y + P10 + pr21 + pgzg)
Assume rxy + 122 + p121 + p2ze = C, the the differential inequality is reduced to dxl
z1(rzy + C). This inequality can be arranged for integration by partial fractions as;
1
Ik (x—l(rxl + C’)) dry > [ —dt
f(r—l—%) dry > [ —dt

&n|zi| — Snjre; + C| > —t + Q, where Q is the integration constant.

In|—2~| > —Ct + CQ. Solving for z,, will give us;

m:l—i-C
z1(t) > %,for/l—e Q,
Therefore; z(t) > 0 for 1 — rAe “* > 0. That is x,(t) is non negative for ¢ > X In(rA). By

similar proofs, the solutions of the other model equations can be shown to be positive.

3. EQUILIBRIUM ANALYSIS

In the absence of predator: In the absence of predator, that is, when z;(¢) and 2 (¢) are zero,

then the model (1) become;

(

dry (1 — —leer) — 611‘11’2 — TlT

a — " 3
2= Pizize — tiwg — daTo
(3) dyl = S (1 + —le{w) — Bayrye + 1T

= Boyrye — tays — dzys

dt = tll'l + t2y2 (dg +7ry+ TQ)T.

\

The system has trivial £,(0,0,0,0,0), axial E4(k,0,0,0,0) and positive E(x1, z2, y1,Y2,T)

where;

_1._ k& B kBirity _ _&
Ty = k r da+t1 r(di+r1)(da+t1)” T2 = da+t1
. _ B2 B2 [B2s1t2 _ B
b= k s d3+t1 + s(ds+r2)(ds+t2)” Y2 = dz+to

_ tixittays
T= di+r1+r2

In the absence of Infectious disease: In the absence of infectious disease, that is when x4 (%), y1 (1),
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Yo(t), 22(t) and T'(t) are zero, then the model(1) become;

W= rn(l- ) - R
@ W) -

dz1 __ gpiziz1 4 sz

dt 1+az1 1+dy1

—dsz

The system consists of trivial E(0, 0,0), axial E4(k,0,0) and positive E;(x1, y1, 21(t)) equilib-

rium points, where;
o r(kfa)+\/77\/k2r+2kra+rx1a2+4kp1

X1 2r
_ s(l—d)w/5\/12s+2lsd+sy1d2 +4lps
1= 2s
2 2
2 = rgpy 5qps

+
ds <a+r(k—a)Wk2r+2kra+rx1a2+4kp1) ds (d+s(l—d)—|-\f5\/l25+2lsd+sy1d2+4lp5)

4. STABILITY ANALYSIS

Stability analysis in the absence of predator: In the absence of predator the system become;

d

% = TﬁL‘l(l — i —]: x2) — 51331%'2 + TlT
dx
d_tQ = (11170 — L1z — doxs

d +

e syp (1 — h yZ) — Bayrye + roT
dt )

d

22 Bay1Y2 — tays — dsyo

dt

dT

E = t1£(]2 + tgyg — le — ’I’IT — T’QT

The Jacobian matrix of the system is given as;

A =P 0 0 71

Biy B 0 0 0

(5) J=1 0 0 C By 1y
0 0 Bays D 0
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A:r(l_mkm)—ﬁﬂzz B = pix1 — 1 — d, 025(1_W)_Bzy2,
D = foyy —ty —ds, E=—(di+r+12)

Theorem 3. The trivial equilibrium Ey is a saddle point with unstable manifold in X-direction and

stable manifold in Y-plane.

Proof : The Jacobian matrix evaluated at Ej is given by;

r 0 0 0 1
0 —ti—dy 0 0 0
(6) J=10 0 s 0 T
0 0 0 —ty —ds 0
t1 0 0 to —(dy + 11+ 13)

Det(JE) = (r—=A) [(—=t1 —da) = A (s = A) [(=t2 — d3) — A [—(dh + 71 +172) — A

M>0, =t —dy<0,X3=5>0,\\y =ty —dy <0and \s = —d; — r; — ry < 0. Three
eigenvalues are negative and two are positive. So the trivial equilibrium point in the absence
of predator is the saddle point with unstable manifold in the X-direction and stable manifold

in the Y-plane.

Theorem 4. The axial equilibrium E 4 is a saddle point if b1k — t1 — ds > 0 and unstable manifold in
X-direction if 1k — t; — dy < 0, then E 4 is stable.

Proof : The Jacobian matrix evaluated at E4 is given by;

T r— ik 0 0 1
0 fik—ti—dy O 0 0
(7) J=10 0 s 0 Ty
0 0 0 —ty—ds 0

t 0 0 to —(dy + 71 +79)
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d@t(JEl) = (7’ — /\) [(61]43 - tl - dg) — )\] (S - )\) [—(tg + dg) — /\] [—(dl +7ry+ 7"2) — /\]
The eigenvalues are;)\1 =7 > O, )\2 = 61](? — 1t — d2 > O, )\3 =8 > O, )\4 = —dl —r;—1r9 <0,

A5 = —tly — ds < 0. Three eigenvalues are positive and two are negative. So the anxial

equilibrium point is a saddle point which is unstable.

Theorem 5. The positive equilibrium point E\ is stable if r(1— %) —pixy >0, praf—t;—dy >0,
s(1— YY) — Boys >0, foyf —ty —ds >0, —(di + 71 +79) > 0, otherwise is unstable,

Proof: The Jacobian matrix evaluated at £ (z1, 22,41, y2,T') is given as;

A ml — By 0 0 r1

B’ B* 0 0 0

(8) J = 0 0 cr % = Py T2
0 0 B2y D 0

t1 0 0 to L

A =r(1— @) — Bixs, B =i —t; —dy, C*=s(1— y1+y2) Boyss,
D =Byt —to—ds, E=—(dy+r+13)

r(1 = 5) = Bt — A] [Biat -t — do — A [s(1 — L52) - Byys —
[Bayi —to —ds — AJ[—(di + 71 +712) = A =0
Hence, the positive equilibrium point is stable when; r(1— m) pfrasy >0, praj—ti—ds > 0,
s(1— y1+y2) Bays >0, [oyi —ta —ds >0, —(dy+ 1 +713) > 0, otherwise is unstable.
Stability analysis in the absence of infectious disease: In the absence of infectious disease,

that is when z5(t), y1(t), y2(t), 22(t) and T'(t) are zero, then the model(1) become;

doy _ (1= 4y iz
dt ! k 1+ axq
doy _ (1 Y1y _ Ptz
dt T T
dz gPiTiz1 | qPsyiz

- —d
dt L tam  1tdy B2
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The Jacobian matrix of the given system is given as;

_T1) _ P1z1 —piT1

7“(1 k ) (14azq1)? 0 14+azy

= Y1y _ __Psy1 —P5Y1

(9) J 0 s(L—4) (+dy))? T+dy,
—gqpi1zi qp5z1 _d5 + gp1x1 + qps5Yy1

1+ax; 1+dy1 1+axy 1+dy
Theorem 6. The trivial equilibrium point Ey is a saddle point with stable manifold in the X-direction

and unstable manifold in the Y-direction

Proof: The Jacobian matrix at £,(0, 0,0) is given as;

r 0 0
(10) J=10 s 0
0 0 —ds
Hence, eigenvalues are, \; =7 > 0, Ay = s > 0 and A3 = —d5 < 0 which is a saddle point.

Theorem 7. The axial equilibrium E4(k,0,0) is stable if r < 0, s < 0, d5 + fﬁ;’; < 0 otherwise

unstable.

Proof : The Jacobian matrix at F, is given by;

(11) J=los o
0 0 —ds+ {2
A =7, =5 A3=—ds+ fﬁ;’;, hence unstable.

Theorem 8. The positive equilibrium point E(xy,y1, z1) is stable if a; > 0, ay > 0, a3 > 0 and

ajay > as otherwise unstable.

Proof: The Jacobian matrix evaluated at E(xz1, 41, 21) is given as;

iy piz] —p1%]

T‘(]_ k ) (1+ax¥)? 0 14-az}

12 J = Y1y psyi —p5y;

(12) 0 s(1—= ) (+dy})? Ttdy;
—qp17] qps 2] —d- + qp1x] + qpsy;

1+axy 1+dy7 5 1+axy 1+dy7
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(A* _ L) [(B* _ L)(C* —L) + quyfzf} _ piz} [(B* _ L)(*qplzf)} -0

(1+dy7)? 14ax} 14ax}
L3 _ (A* + B* +O*)L2 + (A*B* —|—A*C* +B*C* _ QPEZ/TZT QP%IIZT ) L

(I+dy})? * (1+az)?
2 Ak, ok ok D,k % Tk
qp; A™yi 2] gpizizB*
+ (1+dyr)? + (1+az})? 0

The characteristic equation is given by; L? + a1 L* + a;L + a3 = 0
a=A"+B "+ C"

2k ok 2,k %
L Ax % % Yk * vk 4PEYi 2 apiT1 %
ay = A'B* + A'C* + BC" — S, 4 i

ap A y; 2} + apiaizi B*
(AFdyp)? " (taz))?

By Routh stability criterion, the equilibrium point is stable if, a; > 0, a; > 0, a3 > 0 and

az —

aias > as, otherwise is unstable.
To study the stability analysis of equilibrium points of model(1), it is better to linearize model

(1) using the variation matrix. Then the variation matrix obtained from model(1) is given as;

rr1 —pi1x1 p2x1
A k /lel 0 0 14+axq 14+ax; 1

61$2 B 0 0 —Dp3T2 —p4aT2 0

14ax2 1+dyr

sy _ —psy1 —pey1
0 0 ¢ T~ By Thay a2

(13) J = 0 0 B2y D bz —psl2 )

1+dy:  14dy2

ap1z1 0 _apsz1 0 B

(1+az1)? (1+dy1)2 azy T3
qp2z2 qpaz2 qpez2 qpsz2
(taz1)?  (taz1)?  (4dg)?  (1+dg2)? az2 o0
0 t1 0 to 0 t3 G
Where;
_ _ o zTitx2) _ _piT121  _ _Pp2Z222
A= ’f‘(]_ k ) ﬁlIQ (1+axy)? (14az1)?
oz oz
B = pixy —t —dy — (f—?—ai:21)2 — (fiai:;)?
_ _ Y1ty _ _DPsYiz1 _ _PeY222
C=s(l = 57%) = Boyo — G2ay — 0¥
— _ _ _ prz1 _ P]Z2
D= ﬁ2y2 t2 d3 (1+dyz)? (1+dy2)?

__ gpix1 qapsy1r _
E= 1+axy + 14+dy1 Qz2 d5

_ qpaz1 qpaz2 qpey1 apsy2 4
F= az+ 14+azy + 14+azo + 1-+dy1 + 1+dy2 t3 d4
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G:—dl—Tl—T’Q—Tg

Theorem 9. The trivial equilibrium point Ey(0,0,0,0,0,0,0) exists and is always locally asymptoti-

cally unstable.

Proof: Consider the Jacobian matrix evaluated at E,

T 0 0 0 0 0 1
0 —t;—dy 0 0 0 0 0
0 0 s 0 0 0 s
(14)  J=1]o0 0 0 —to—d; O 0 0
0 0 0 0 —ds 0 T3
0 0 0 0 0 —t3—d4 0
0 t 0 t 0 t3 —(dy + 711472+ 73)

det(Ep) = (r— AN [(—=t1 —da) = N[ (s = A) [(—t2 — d3) — A] (—d5 — A)

[(—ts —dy) = AN [(=dy — 71 — 19 —13) = A =0

where; \{ =1, Ay = —t1—do, \3 = 8, \y = —to—d3, A5 = —d5, \g = —1l3—dy, \y = —d1—1r1—r9—73.
Five eigenvalues are negative while two eigenvalues are positive. This implies that the trivial

equilibrium point is a saddle point which is unstable.

Theorem 10. The axial equilibrium point E4(k,0,0,0,0,0,0) exists and is always asymptotically
stable in model (1) if and only if model parameter satisfy the condition 1k —t; —dy < 0, s <0,

—ty—ds <0, ffalz —ds <0, ffa’; —dy—t3 < 0and —(dy +r1 +re+13) < 0. Otherwise is unstable

Proof : Consider the the variation matrix below,
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ko r—pBk 0 0 Tk Thes T
0 Bk—ti—dy 0 0 0 0 0
0 0 S 0 0 0 Ty
(16| 0 0 0 —ty —ds 0 0 0
0 0 0 0 b — 0 r3
0 0 0 0 0 2k — g — t 0
0 t 0t 0 ts —(di +r1+712+713)

it is clear that, the axial equilibrium point £4(k,0,0,0, 0,0, 0) exists and is always asymptoti-
cally stable in model (1) if and only if model parameter satisfy the condition 51k —t; — ds < 0,

$<0,—ty —d3 <0, fﬁ;’z —ds <0, fﬁ’z —dy—t3 <0and —(dy + 71 + 19 + r3) < 0. Otherwise

is unstable

ray —p12] —pax]
Al Brxy 0 0 1+axy] 1+axy 1
0 B 0 0 0 0 0
S >k _ * _ *
0 0 Ol % o B2yr P5Y; P6Y; o

I+dy;  1+dy}

(16) J=| 0o 0 o0 D, 0 0 0
s O e Evan
0 0 0 0 0 R 0
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A=r(1-73) - %(ﬁle —t —dy — p3zy)(—di — 71 — 12 —13)

B = G2 (Bt — ty — da — ps2) (s

* qp2x] qpe Yy B __ppsniyy g4 _ *
Q”1+1+M; 1+My%—@)( =71 = 72 = 78) + iy (2~ ds — pr2i)

qps27] * qp2x] qpey;
(14+dy})? <OZZl + 14axy + 14+az]

¢ = 1_47-?(212 (=t2 —ds — pr27)(Bra] — ty — da — p3z]) —
<az>1k yoaperi | apeyi ty — d4> [T(

1+axy 1+axy

1+dyy \ 14+az] 1+dyy

_ﬁ)_

l

—@—@)

) -

P12}
(1+az1)

D = 7p6yf (qplxI + qp5y1‘ - d5) (/61‘7’1){ - tl - d2 o pgz;) + (

D527
1+dy;

) (—t2 = ds — prz7)

P1P6TI Y]

p2r]

1+axy

z* *
(qm Py sy —d5>

1+am}“ 1+dyf

7 —lo — dy — pr2y

P1P6TI Y]

B = [rar(1 - ) — 255 (=dy = 1 = 12 = ra)(—ta — da — pri)

qp2e] qp1z] apsy; * qp2e]
+(1+dy{)2 (1+aa:{ + 14+dy; d5 azy + 1+ax}
— ol —dr — 7y — 1 — ) — 2171
F = 7"2( d1 T T2 7”3) 1taz]

qp527 * qp2x] qpeyy
Ty )2 (O‘Zl T e

G _ —PGTZ?JT

= W(_dl — 71 —T9 — T3)(—t2 — d3 —p72>1k) + a

R x\ [ gp1z] apsy7

1+axy

qpey]
1+axy

— d5> (ozzf +

qp2r]
l—i—am{

~ty—dy)
(B2} — t1 — da — p3z7)
—t3—d4) —di =11 =Ty =73

P1P6TT YT

+azxy)

(1+dy7)

+ apeyT ty — d4>

1—&—&1’1k

5. LocAL STABILITY OF THE CO-EXISTENCE EQUILIBRIUM POINT

a1; a2 Qi3
Q21 Q22 423
a3; Aaszz ass
(17) J = Q41 Q42 Q43
51 As2  Gs53
Qg1 Ae2 Ag63
Q71 Q72 A3
Where;
_ _ xitxa) _ _Ppix1z1 _ _Pp2222
a1 = T<1 k ) ﬁle (14az1 )2 (1+axz1)2
__rr _ _ __ —p1x
arz = 5 = fixy, a3 = 0, a1 = 0, ar5 = 505,

Q14

Q24

34

Q44

Q54

Qg4

Q74

ais

ags

ass

A45

Aas5

Ags5

75

Q16

Q26

36

Q46

Q56

Qg6

76

p2z1

1+ax1’

ayr

Aoy

asr

Qg7

as7

ag7

a7

Q17 =71, Q21 = 51@,

e ey (L =71 =72 = 19)
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_ i . _ p3T2z1 _ PaT2za
a2 = P1x1 —t1 — do — G0 — Uan

— — _ Tb3x2 _ TPax2 — — —
a3 =0, a24 =0, ag; = Thazs’ 826 = Tigy, 7 271 = 0,a3 =0,a3 =0
— _ yitye) __ _bsyiz1 _ _Ppey222
azs = s(1 i ) — Bays (+dy)? — (+dy1)?
— s — P51 — —Pe¥1 — — — —
azq = = — Py, ags = THg, U436 = Tigy s 037 = T2, g1 = 0, as2 = 0, asz = Sayo
— _ _ _ prz1 _ P8Z2
Q44 = BQZ/Z t2 d3 (1+dy2)? (1+dy2)?
— —pry2 _ —Psy2 qp1z1

— — — — _49p5*1 —
45 = Ty, M6 = Tygy,r M7 = 0, as1 = (tazy )2’ @52 = 0, as3 = (tdy)?” @4 = 0

_ apz | apsy _
455 = Trapy T irdgy — %2 = ds

qp4z2

— — — __4p2z2 — — __4pez2 — __4pgz2 —
56 = 21, A57 = 13, 461 = [Tiap )27 462 = [Tiaz)2’ 63 = [Trdy )2’ @64 = ([Tydys)zr 465 — Q22

_ gpar1 qpaT2 apey1 apsy2 _ 4 _
ags = az1 + 1+azy + 1+azs + 1+dy1 + 1+dys ts —ds

agr =0, a71 =0, aza = t1, a73 =0, az74 = t2, a75 = 0, azg = 13

ar7 = —dy — 11 —T9 —7T3

Finding the determinant of the above matrix, we obtain the matrix below;
N+ AN+ BN+ CX + DN+ EN+ FA+G=0

1.LA>0

2AB-C>0

3.ABC + AE — A2D —C? >0

4.(CD — BE)(AB—-C) — (AD - E)?* >0

5.D % [(CD — BE)(AB — C) — (AD — E)?| > 0

A
B = froy =t — o~ i — iy
€= o(L = B52) — Pt — iy — e
D= Baye = 1o = ds = 7 — Whiger?

_ gp17y qapsy1r —
E= 1+axq + 14+dy1 Qz2 d5

_ qpat1 qpazo qpey1 apsy2 4+
S az + 1+ax1 + 1+ax2 + 1+dy1 + 1+dy2 t3 d4

G:—dl—Tl—Tg—Tg

6. GLOBAL STABILITY OF THE ENDEMIC EQUILIBRIUM POINT

Theorem 11. (Global Stability): Endemic equilibrium point E*(x1, o, Y1, Y2, 21, 22, 1) exists and is

globally asymptotically stable.

Proof: Define the appropriate Lyapunov function:

I*I*2 I*I*2 k)2
(18) L(zy,w2,y1, 2, 21,22, T) = (& B L4, 2 5 20, le)
_a*)2 2_2*2 Z—Z*z _x
+a3(y2 21/2) +a4(121) +a5(222) +a6(T 27—’)2
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Where; a1, as, as, ag, as, ag > 0 are chosen properly such that % <0,

V(x1, 22, Y1, Y2, 21, 22, T) € RY and % < 0. This implies that E* of the system is lyapunov stable
and % < 0,V(x1, 22, Y1, Yo, 21, 22, T) € R’ near E*. This implies £* is globally asymptotically

stable point. Now differentiate the lyapunov function L with respect to .

(19) L — (3 — 21) B 4 oy (w0 — 25) 22 + an(y1 — 1) L + as(ye — y3) 22

baue1 = )% + as(za — )82 + ag(T — T7)4L

Now substitute the model equation (2) into (19), we have the following equation;

ar __ * T1+T2 piziz1 p2122
P (371 — ‘Tl) |:TZ'1<1 — T) — lel.'EQ + TlT T akm Tm}

+a(xe — .CC;) |:ﬁ133'1$2 — tlili'z — dg&?g — EsZ2EL p_4x2z2]

a+xo a+x2
N Y1ty _ DPsYiz1 _ PpeYiz2
+az(yr — ) _Syl(l ) = Boyrye + T — BREs — PR ]
_ _ __ Pry2z1 __ p8y222
_52?/192 tayya — dsys — THE- Lrvs }

+ T3T — (XZ1R29 — d521

)

)

) |z + 2
)

atz1 atxo d+y1 d+y2
+ag(T — T*) [t1zy + toys + t3z0 — 4T — riT — 13T — r3T]

1z T2 z z
z1%9 + qp2Tiz2 + qp4x222 + apey1z2 + qpsy2z2 —t322 _d4z2i|

Now take out x4, 22, Y1, Y2, 21, 22, T from each bracket and write a change as follow;

% = (= ap)(w o) [r(1 = 22) = oy + 0L - 22 p ]

T1 a+x1 a+x1
+ay(xe — xd) (e — 23) [ﬁlml — i —dy — B2 — %}
aa(yr — yi) (s — y1) [s(1— B52) — By + 2L — ot puz |
+os(yz — y3) (Y2 — ¥3) _5291 —ty—ds— - — %}
+ay(z — 25) (21 — 27) _% + e+ % — azg — d5}
Fas(2 = 23) (2 — 23) |z + P+ B F B T B s d4]

+056(T—T*)(T—T*) [%—F%—F%—dl—rl—rg—rg}

By rearranging, it is obtained that;

aL _ _eR\2 | _ ZTit@o _nT | piz1 | Pp222

dt (xl xl) |: T(l k )+ﬂ1x2 x1 + a+x1 + a+:}c1i|
*\2 p3z1 P4az2

—au(ay = 25)? | <frm + b+ dy+ 22+ 22|

2| _ _ yitye _ roT P521 D622
8(1 l ) + B2y2 Y1 + d+y1 + d+y1:|

2 _52y1+t2+d3+%+5j§2]

)
)
)2 -—m—m—%—l—a@%—dq
)
)

2| _ __gp2x1 __ gp4ax2 __ 4peY1i __ 4qpsy2
<y a+x1 a+x2 d+y1 d+y2 i3+ d4}

T —T*)? [—bg2 — B2 — B2 4 d) 1y 41y + 7y
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Thus, it is possible to set oy, oo, ag, au, as, ag such that L < () and endemic equilibrium point

E* is globally stable point.

7. Basic REPRODUCTION NUMBER

The basic reproduction number denoted by R, and defined as the expected number of
individual getting secondary infections among the whole susceptible population (Bornaa,
2016). This number shows a potential for the spread of disease within a given population.
When R, < 1, each infected individual produces an average less than one new infected
individual so that the disease is expected to die out. On the other hand, if R, > 1, then each
individual produces more than one new infected individual so that the disease is expected to

continue spreading in the population.

Theorem 12. The basic reproduction number for infected wildebeest at a disease free equilibrium point
(DFEP)

* _ dsa dsd raqs(kqlpi —kds —dsa) . . .
E*(x1,0,1,0,2,0,0) = <qp1id5,0, e O am i) (aps )kl )0, 0) is given as;

Roi — Bidsakl(gp1—ds)(gps—ds)
01 kl(gp1—ds)?(qps—ds)(t1+d2)+parags(kqlpr —kds —dsa) ©

Proof : Consider the infected wildebeest in (1), we have the following model equation;

dxo __ _ o _ P3T221 _ Pp4aT222
dt 51£L‘1I2 1T d2$2 14-az2 1+axs

= —t — _ b3z _Pp4z2
- <ﬁ1$1 ty — da 14axa 1+aac2> X2

Now, let us define the function; F' = 3121, V =t + dy + 232 4 Pa22

14+axo 14+axs

To evaluate F at V at DFEP E*(z4,0,91,0, 21,0,0) is given as;

_ _Bidsa
= qp1—ds’

o paraqs(kqlpr—kds—dsa _ kl(gp1—ds)(qps—ds ) (t1+d2)+psrags(kqlpr —kds—dsa)
V= (tl T d2) T (gp1—ds)(gps—ds)kl (gp1—ds)(gps—ds )kl
Fy-1— Ry, = Brdsakl(gp1—ds)(gps—ds)

" kl(gp1—ds)?(gps—ds)(t1+d2)+psrags(kqlpr —kds —dsa)

Theorem 13. The basic reproduction number for infected zebra at a disease free equilibrium point
(DFEP)

_ dsa dsd raqs(kqlpi —kds —dsa) . . .
E*(x1,0,91,0,21,0,0) = <qp17d5,0, i (apr—do) (s — o) )0, 0) is given as;

Rey — Badsdkl(gps —ds)(gp1—ds)
02 kl(qps—ds)? (gp1—ds)(t2+d3)+prrags(kqlps—kds —dsd)

Proof : Consider the infected zebra in (1), we have the following model equation;

— _ _ _ Pry2z1 _ pP8y2z2
= Batpyz — taye — dsyo Tidys  ltdys

_ _ . _ btz _psz2
= <ﬁzy1 ty —ds — {5~ —1+dy2>yz
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Now, let us define the function; F' = oy, V = ty + d3 + L= 522

14-dy2 1+dy2

To evaluate F at V' at DFEP E*(x1,0, 4,0, 21,0, 0) is given as;

__ Badsd
F= qps—ds’

_ prrags(kqlps—kds—dsd __ ki(gp1—ds)(gps—ds)(t2+d3)+prrags(kqlpr —kds—dsa)
V= (tQ + d3) + (gp1—ds)(gps—ds)kl (gp5—ds)(qp1—ds)kl
FV-! = Ry — Badsdkl(gps—ds)(gp1—ds)

02 = %i(qps—ds)2(qp1—ds)(ta+ds)+prrags(kqlps —kds —dsd)

Theorem 14. The basic reproduction number for infected lion at a disease free equilibrium point
(DFEP)

_ d dsd rags(kqlp1—kds—dsa) S .
E*(@1,0,1,0,21,0,0) = (qms—ads’o’ qp55_d5,0, (qp1—ds)(qps—ds)kl 0,0 ) s given as;

(tz+da) [Oézl (qp1—ds—dsd)(qps —ds —d?ds ) —gpadsa(gps —ds —d*ds ) —qpeds d(qp1 —ds —a? d5)]
(gqp1—ds—a?ds)(qps —ds—dsd)

R03 =

Proof: Consider the infected zebra in (1), we have the following model equation;

dzg __ qp2T122 qpaT222 qpPeY122 qpsy2z2 _

@ = izt SIS IR S t329 — dyzo
— _ _ qp2T1 qpax2 qpey1 qp8y2

- (azl ts —da+ atzr T ates Todty T d+y2> 22

Now, let us define the function; ' = az; and
V=ts+ds— ij;l — 27:‘_*;2 — ‘fffgll - ‘gf;’j. Hence F' and V' at DFEP is given as;

o aZ1(t3+d4)
F= qp1—ds—a?ds

V-l — t3+ds(gps—ds—dsd)
((gp1—ds—dsd)—gpadsa—qpedsd)(gp1 —ds —a?ds) *

infected lion is given as;

R — (t3+d4)[a21(qm*ds*dsd)(qps*d5*d2d5)*qmdsa(qm*d5*d2d5)*qp6d5d(qm*dsfazds)]
03 — (gp1—ds—a?ds)(gps—ds—dsd)

Hence the the basic reproduction number for the

8. NUMERICAL SIMULATION

Analytical studies can never be completed without numerical verification of the derived
results. In this section we present a computer simulation of some solutions of the system (1)
using Rung-Kutta iteration scheme. Beside verification of our analytical findings, these nu-
merical solutions are very important from practical point of view. Parameters are chosen
following realistic ecological observation, so they are hypothetical. Parameter values are;
r=112,s =10,k =30,1 =20, =12, 06, =1, a =12, = 0.001, r, = 0.01, r3 = 0.02,
pr=02,p=03,p3=04,p,=02,p5 =02,p5 =02,p;, =03,ps =04,a=0.5d=0.5,
t1 = 0.01, ¢ty = 0.02,t3 = 0.01, d; = 0.05, dy = 0.4, d3 = 0.08, dy = 0.01, ¢ = 0.25. Figure 1 show

how the population varies with time.
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FiGuURre 4. Variation of lion population with different values of o

Figure 1,2,3 and 4 shows that high infection results in the whole prey-predator population
declining at a certain level. Therefore it is better to implement treatment mechanism to sustain
stability of the ecosystem. Figure 5, 6 and 7 shows that as the treatment rate increase on
infected prey-predator then the infected prey and predator is recovering and move to the
susceptible classes, hence this contribute to the susceptible prey-predator population to rise in

number.

90—

— t1=0.1 M
a0} — t1=0.2 ]
2 t1=0.5
l
=2 70N .
g 1
= |
a :

o601 i
Q£
=
5[] 1 1 1 1
0 10 20 30 40 &0

Time (vears)

Ficure 5. Variation of wildebeest population with different values of t
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Ficure 7. Variation of lion population with different values of t5

9. DiscussioN AND CONCLUSION

In this paper, it can be concluded that, the formulated model is mathematically meaningful,
valid and biologically well posed by providing boundness, positivity and existence of the
solutions of the model. Trivial, axial, disease free and endemic equilibrium points are inves-
tigated. Moreover in our model, it is observed that, the trivial equilibrium point is always
asymptotically unstable. The axial equilibrium point is stable if and only if 1k — t; — dy <0,
$<0,—ty—d; <0, fﬁ;’; —ds <0, fﬁfllz —dy—t3 <0and —(d; +r1+7r2+73) < 0. Treatment is a
helpful tool to minimize or eradicate infections in prey-predator system. Therefore, providing

treatment in an infected prey-predator system creates an opportunity to recover from illness
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and the prey-predator population can be saved and exist in a stable situation. Thus, it is rec-
ommended to apply treatment on prey-predator to make the whole prey-predator population
safe and abundant in nature. One can extend this paper by assuming the predator grows
logistically or by adding parameters like death rate on prey or by including other variables
like vaccination, immigration, migration on prey-predator systems and this things can be

considered as limitations of this paper.
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